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Foreword

Much of the foundation for curriculum renewal in
Saskatchewan schools is based on Directions
(1984). The excitement surrounding the
recommendations for Core Curriculum
developments will continue to build as curricula
are designed and implemented to prepare
students for the 21st century.

Mathematics, as one of the Required Areas of
Study, incorporates the Common Essential
Learnings and the Adaptive Dimension. In

addition, other Core Curriculum initiatives such
as Gender Equity, Indian and Métis content and
perspectives, and Resource-based Learning are
also addressed.

As we strive to achieve the goals of mathematics
education in Saskatchewan schools, much
collaboration and cooperation among individuals
and groups will be required. Mathematics
teachers are a key part of the process.
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Introduction
Philosophy, Aim, and Goals

The philosophy of mathematics education in
Saskatchewan is reflected in the program aim
and goals. In addition, the philosophy is closely
related to the concept of Core Curriculum based
an Directions (1984) and the Goals of
Education for Saskatchewan.

The aim of the mathematics program is to
graduate numerate individuals who value
mathematics and appreciate its role in
society. This is an attempt to enable students
to cope confidently and competently with
everyday situations that demand the use of
mathematical concepts. Specifically, this means
interpreting quantitative information, estimating,
performing calculations mentally, and developing
an intuitive knowledge of measurement and
spatial relationships. In addition, the
mathematics program is intended to stimulate
the spirit of inquiry by developing a variety of
problem solving skills and abilities. Lastly, there
is a need to make effective use of technology
where it is most appropriate.

The curriculum goals are intended to
provide for students the mathematical
__ preparation essential to:

* function as consumers and workers; that is, to
develop the skills and knowledge of concepts
necessary to meet the needs of the average
worker and consumer. This can be
accomplished by developing an understanding
of the relationship between problem solving in
the real-world and the mathematics taught in
schools;

¢ function as informed responsible citizens; that
is, to develop the ability to analyze and
interpret quantitative information.

* obtain a liberal education; that is, to develop
logical thinking skills, effective work habits
and an appreciation of mathematics;

® become capable problem solvers; that is, to
develop the desire, confidence and ability to
solve problems;

* communicate mathematically; and,

¢ pursue further study in mathematics and
mathematically related areas.

Emphasis is placed on how to compute, measure,
estimate, and interpret mathematical data and
when to apply these same skills and techniques.
An understanding of why these processes apply
is also stressed. The intent is to develop
self-reliant, self-motivated, confident life-long
learners.

Foundational Objectives

The Foundational Objectives describe the most
important understandings and abilities which
should be developed over the course of a unit or a
year. They provide guidance to teachers in unit
and yearly planning and should be within the
range of abilities of the majority of students.

The Foundational Objectives form the basis for
curriculum evaluation.

The Foundational Objectives are listed at the
beginning of the sections dealing with the
Mathematies A 30, B 30, C 30 Curriculum.
Included with them, for awareness, are the
General Outcomes of the Western Canadian
Protocol, (1996).




Using the Curriculum
Guide

Course Overview

The content of this course is broadly based and
practical. The structure of the program includes
seven mathematical strands.

i) Data Analysis and Consumer Mathematics
i1) Numbers and Operations
iii} Equations

iv) Algebra

v) Functions

vi) Geometry
vii) Trigonometry

Problem solving is an integral component of all
strands, and is to be incorporated throughout the
program. The concept of function is
stressed, as the understanding of many of
the strands of mathematics depend upon
knowledge of this concept. Concepts are
further supported by a number of learning
objectives/skills, all of which emphasize and
develop the Foundational Objectives of
mathematics and the Common Essential
Learnings. Mathematics A 30, B 30, and C 30
are intended to meet the needs of all students.
These courses are flexible enough to recognize

mathematical concepts, and the level of
performance expected when choosing among the
teaching strategies available.

There are many ways that the Adaptive
Dimension can be incorporated into
Mathematics, They include:

¢ altering the method of instruction to
meet individual needs;

* altering the setfing so that students may
benefit more fully from instruction;

* altering the pace of the lesson to ensure
that students understand the concepts;
and,

* altering the method in which students
are required to respond to the teacher
and/or to the instructional approach.

It should be remembered that the less rigid the
setting and the approach, the easier it is to
adapt. Any method, or some combination of
methods, is acceptable. Suggested ideas are
given for helping students to achieve
various skills/objectives in this guide in the
Instructional Notes and in the Adaptations
column, Additional ideas are provided in
Instructional Approaches: A Framework for
Instructional Practice (Saskatchewan Education,
1891) and The Adaptive Dimension in Core
Curriculum (Saskatchewan Education, 1992).

---and-encourage-the-development-of-eptions-to—- -
meet the needs of students with both high and
low achievement levels.” Mathematics A 30, B 30
and C 30 are intended for students who have
good ability in mathematics and who require
mathematics in any future pursuits,

Any single resource will not cover all of the
concepts and skills of this curriculum guide.
Instead, a variety of resources/materials should
be employed to select activities and content that
coincide with student learning styles, individual
teaching styles, and the philosophy of the
curriculum.

The development and sequencing of the concepts
should follow a logical progression using certain
necessary principles to show the relationships
between the concepts. Teachers should not
restrict themselves to using just one instructional
strategy when teaching a concept. Teachers
might consider the intellectual aptitude of their
students, what they already know about the
concept, the nature of the concept, its
significance in the structure of the other

Conceptual Overviews

The conceptual overviews for each of
Mathematics 10, 20, A 30, B 30, and C 30 are
listed in the section Aids for Planning.

The sequencing of these concepts is at the
discretion of the teacher. However, a logical |
order showing the relationships among the
various concepts should be considered. For
instance, several examples from consumer
mathematics can be used to reinforce the concept
of linear functions. In order to develop
understanding, creative arrangement of the
concepts is encouraged. The order in which the
concepts are developed could be modified, or
several concepts could be integrated.

It should be noted that all the learning
objectives for grade 9 have not been
included in the Secondary Scope and
Sequence. Only those concepts that carry
through to successive courses have been
indicated.




Reference List for the Scope
and Sequence

There are two versions of the "Scope and
Sequence" in this guide. One "Scope and
Sequence" is a listing of the Foundational
Objectives and the supporting learning objectives
for each grade, while the second "Scope and
Sequence” shows the development of each of the
strands over the course of the entire program.

Guide To Using Resource
Materials

As was indicated earlier, no single resource
matches the Mathematics curriculum. To
facilitate a resource-based approach, the use of
a variety of resources instead of a single
textbook is highly recommended.

Teachers may find it necessary for each student
to have a basal textbook that covers the majority
of the content. If so, then other reference texts
must be used. Some teachers may wish to have
their students work in groups of two or three and
use multiple recommended texts. In any case,
the approach should coincide with student .
learning styles and individual teaching styles. It
is also recommended that non-print materials
such as software and videos be used in order to
enhance the delivery of the course.

A resource-based learning approach
requires long-term planning and
coordination within a school or school
division. In-school administrators, the
teacher-librarian, and others need to take an
active role to assist with this planning.

Instructional approaches which emphasize group
work and develop independent learning abilities
make it possible to utilize limited resources in a
productive way.




Core Curriculum
Components and
Initiatives

Core Curriculum: Plans for Implementation
(1987) defines the Core Curriculum as including
seven Required Areas of Study, the Common
Essential Learnings, the Adaptive Dimension,
and Locally-Determined Options. Mathematics is
one of the Required Areas of Study.

Core Curriculum initiatives also include Gender
Equity, Indian and Métis Perspectives, and
Resource-based Learning. These initiatives can
be viewed as principles which guide the
development of curricula as well as instruction in
the classroom. The components and initiatives
outlined in the following statements have been
integrated throughout the curriculum.

Common Essential Learnings

Understanding the Common Essential Learnings:
A Handbook for Teachers (1988) defines and
expands on an understanding of these essential
learnings. These may be considered the "New
Basics".

Mathematics offers many opportunities for

incorporating the Common Essential Learnings

(C.E.L.s) into instruction. The purpose of this
incorporation is to help students better
understand mathematics and to prepare students
for their future learning both within and outside
of the K-12 educational system. The decision to
focus on particular C.E.L.s within a lesson is
guided by the needs and abilities of individual
students and by the particular demands of
mathematics. Throughout a unit, it is intended
that each of the Common Essential Learnings
will be developed to the extent possible.

It is important to incorporate the C.E.L.s in an
authentic manner. For example, some areas of
mathematics may offer many opportunities to
develop the understandings, values, skills and
processes related to a number of the Common
Essential Learnings. The development of a
particular C.E.L., however, may be limited by the
nature of the subject matter under study.

It is intended that the Common Essential
Learnings be developed and evaluated within
subject areas. Therefore, Foundational

Objectives for the C.E.L.s are included within the
overviews of the strands in this guide. Because
the Common Essential Learnings are not
necessarily separate and discrete categories, it is
anticipated that working toward the achievement
of one Foundational Objective may contribute to
the development of others. For example, many of
the processes, skills, understandings and abilities
required for the C.E.L.s of Communication,
Numeracy, and Critical and Creative Thinking
are aiso needed for the development of
Technological Literacy.

Incorporating the Common Essential Learnings
into instruction has implications for the
assessment of student learning. A unit which
has focused on developing the C.EL.s of
Communication and Critical and Creative
Thinking should also reflect this focus when
assessing student learning., Assessment should
allow students to demonstrate their
understanding of the important concepts in the
unit and how these concepts are related to each
other or to previous learning. Questions can he
structured so that evidence or reasons must
accompany student explanations. If students are
encouraged to think critically and creatively
throughout a unit, then the assessment for the
unit should also require students to think
critically and creatively.

It is anticipated that teachers will build-from-the--- - - -

suggestions in this guide and from their personal
reflections in order to incorporate the Common
Essential Learnings into mathematices,

For example, involving students in groups to
solve realistic problems helps to develop Personal
and Social Values and Skills. Similarly, realistic
problems provide a medium to promote the
important aspects of human communication:
listening, speaking, reading and writing.
Additionally, critical thinking can be developed
in the mathematics program by providing
students with an opportunity to evaluate
statistical claims made in advertising and by
asking "what if" questions in geometry.
Numeracy is naturally developed throughout,
especially in the interpretation of quantitative
information and the use of probability, ratios,
and proportions. All serve to assist students to
cope confidently and competently with everyday
situations. Having students actively using the
calculator as a problem solving tool and applying
computer spreadsheets to organize data and
technological information develops their
awareness of technology in an ever changing




world. Independent Learning is fostered by
encouraging students to investigate the
applications, history, and further study of
mathematics. In creating such opportunities and
experiences, students will become capable,
self-reliant, self-motivated, and life-long learners.

Resource-based Learning

Personnel, collections, facilities, and budgets in
Saskatchewan school libraries vary a great deal,
and the quality of school library programs and
services is therefore not consistent. Possibilities
for resource-based instruction are related to the
level of administrative and staff commitment to
developing well-staffed and well-equipped school
libraries.

Resource-based teaching and learning is a means
by which teachers can greatly assist the
development of attitudes and abilities for
independent life-long learning. Resource-based
learning is student-centred. It offers students
opportunities to choose, to explore, and to
discover. Students who are encouraged to think
critically in an environment rich in resources are
well on their way to becoming autonomous
learners.

It is important for the mathematics teacher to
cooperate with library staff to integrate
__non-print, human, and print resources with

classroom assignments. The classroom teacher

plans in advance with library staff, and respects
the library resource centre as an extension of the
classroom and a place for active learning. The
librarian selects materials for the collection
based on reviews in professional journals and
invites or encourages the input of classroom
teachers. The teacher-librarian, if available,
could assist with planning assignments,
integrating appropriate resources, and teaching
students the processes needed to find, use, and
present information.

The library resource centre staff could support
the mathematics curriculum by: -

‘a) displaying curiosity, and modelling open-ended
investigation, and problem-solving approaches;

b) demonstrating use of electronic networks and
databases to link to sources that support
-mathematics interests;

¢) organizing and circulating print and non-print
resources which support the mathematics
curricalum. Resources might include
manipulatives, commercial games, videos,
filmstrips and films, software, newspapers and
magazines, reference books containing
statistics and other numerical data, maps and
globes, scale drawings, and measuring
instruments;

d) maintaining a resource file of speakers and
presenters in the community who can
contribute their mathematics career
experience to the classroom;

e) assisting the mathematics teacher to set up
learning stations in the classroom or library
using library resources;

f) cooperating with the mathematics teacher to
teach students methods of library organization
including computerized systems, and practical
uses of indexing of all kinds;

g) providing resources for students at all levels of
ability including exceptional children;

h) maintaining a collection of professional
material on subjects of interest to
mathematics teachers;

1) providing a link to information electronic

“"databases and materials froin other libraries,
the central board office, universities, -
museums, governments, and industry,;

J) providing enrichment materials which
anticipate students’ interests such as books of
puzzles, mathematical games, material on
crafts and hobbies using mathematical
principles, magazines which deal with
mathematics/science, and sports records; and,

k) providing interdisciplinary learning, to help
students comprehend and anticipate the links
between mathematics and other discipline
and areas of study. '

) helping to access Internet sites; for example,
(http:/fermat.math.uregina.ca/math_central/)

- has been developed at the University of
Regina by the Mathematics and Statistics
Department with cooperation from the
Education Faculty for all K-12 teachers,
student teachers, and students in the Province
of Saskatchewan.




Instructional Approaches

It is necessary for teachers to use & broad
range of instructional approaches to give
students a chance to develop their
understandings and abilities to investigate, to
make sense of, and to construct meanings from
new situations; to make and provide arguments
for conjectures; and to use a flexible set of
strategies to solve problems from both within and
outside mathematics. In addition, greater
opportunities can be provided for small-group
work, independent learning, electronic
networking, peer instruction, and whole-class
discussions in which the teacher serves as a
moderator.

Such instructional methods will require the
teacher’s role to shift from dispensing
information to facilitating learning, New
topics, whenever possible, should be introduced
through real-life problem situations that
encourage students to explore, formulate and test
conjectures, prove generalizations, and discuss
and apply the results of their investigations. As
a result of such instruction, students should be
able to learn mathematics both creatively and
independently and thereby strengthen their
confidence and skill in doing mathematics. ¥n
fact, problem solving should not only be a

means of instruction but also a goal. The . .

relationship of problem solving to other teaching
strategies is very fundamental. One way
students can obtain practice in using a problem
solving process is for the learning situation to be
one where they can discover for themselves the
mathematics they are to learn. Instructional
Approaches: A Framework for Professional
Practice (1991) provides additional information to
understand and implement a variety of
approaches to teaching.

The use of technology in instruction can facilitate
the teaching and learning of mathematics.
Computer software can be used for class
demonstrations and independently by students to
explore additional examples, to perform
independent investigations, to generate and
summarize data as part of a project, or to
complete assipnments. More information on
teaching mathematics using a variety of
instructional strategies can be found in
Curriculum Evaluation Standards for School
Mathematics (National Council of Teachers of

Mathematics, 1989); or from the Instructional
Strategies Series of booklets published by SIDRU
and SPDU. (See References, page 97.)

Adaptive Dimension

The adaptation of instruction to meet learner
needs is an expectation inherent in the Goals of
Education and is an essential ingredient of any
consgideration of Instructional Approaches. The
Adaptive Dimension is defined as:

. . . the concept of making adjustments in
approved educational programs to
accommodate diversity in student learning
needs. It inciudes those practices the
teacher undertakes to make curriculum,
instruction, and the learning environment
meaningful and appropriate for each
student. (The Adaptive Dimension in Core
Curriculum, Saskatchewan Education 1992,
page 1)

The continuum of curricular programs authorized
by Baskatchewan Education - Regular,
Transitional, and Alternative Programs -
recognizes the need for variation in curriculum
content and delivery mechanism. As indicated in
the contihuum, adaptation may be required -
within each program, and therefore within each

course of study. Teachers are empowered to- - - -

adjust the curriculum topics and material
in order to meet student needs; as
professionals they must ensure that the
instructional approaches are also adapted. This
implies that teachers have at their "fingertips" a
broad, strong repertoire of instructional
strategies, methods, and skills and that conscious
planning takes place to adapt these approaches
to meet student needs.

The cues that some students’ needs are not being
adequately met come from a variety of sources.
They may come to the perceptive teacher as a
result of monitoring for comprehension during a
lesson. The cue may come from a unit test, or
from a student need or background deficiency
that has been recognized for several years. A
student’s demonstrated knowledge of, or interest
in, a particular topic may indicate that
enrichment is appropriate. The adaptation
required may vary from presenting the same
content through a slightly different instructional
method, to enriching the material because of a
known information background deficit or to
establishing an individual or small group




enrichment activity, The duration of the
adaptation may range from five minutes of
individual assistance, to provision of an
alternative or enrichment program. The
diagnosis of the need may be handled adequately
by the classroom teacher, or may require the
expertise of other support specialists such as the
school’s resource teacher or other system-based
personnel. '

The recognition of the need for adaptive
instruction is dependent upon the professional
Judgment of the teacher. The decision to initiate
the adaptation may occur through the placement
of students in programs other than those defined
as regular. The most frequent application of the
Adaptive Dimension will occur as teachers in
regular classroom settings adjust their use of
instructional materials, methods and the
environment, Further information can be found
in The Adaptive Dimension in Core Curriculum
(1992).

The flexibility inherent in the Mathematics
curricula accommodates the Adaptive Dimension.
Mathematics teachers will have to take
advantage of and create inservice opportunities
to adjust their repertoire of instructional
strategies, methods, and skills.

Gender Equity

T Saskatchewan Education is committed o

providing quality education for all students in
the K to 12 system. It is recognized that
expectations, based primarily on gender, limit
students’ ability to develop to their fullest
potential. Continued efforts are required so that
equality of benefit or outcome may be achieved.
It is the responsibility of schools to decrease
sex-role expectations and attitudes in an effort to
create an educational environment free of gender
bias. This can be facilitated by increased
understanding and use of gender balanced
material and strategies, and through further
efforts to analyze current practice. Both females
and males need encouragement to explore
non-traditional as well as traditional options.

In order to meet the goal of gender equity in the
K to 12 system, Saskatchewan Education is
committed to efforts to bring about the reduction
of gender bias which restricts the participation
and choices of students, It is important that
Saskatchewan curricula and classrooms reflect
the variety of roles and the wide range of

'“"t'e'at:'hirig practice.

behaviours and attitudes available to all
members of our society. The new curriculum
strives to provide gender balanced content,
activities, and teaching strategies described in
inclusionary language. These actions will assist
teachers to create an environment free of bias
and enable both males and females to share in
all experiences and opportunities which develop
their abilities and talents to the fullest.

Teachers need to believe that both females and
males can perform well in mathematics at all
grade levels. Teachers should also become aware
of the attitudes displayed by their students and

‘help them to view themselves as able to achieve

in mathematics. It is important to show students
the relevance of mathematics to their own lives,
choosing examples which come from the
experience of females and males. From an
early age, students need to be made aware
that most careers will require mathematics.

Teachers need to be aware of their own
interactions with students ensuring that
everyone takes an active part. Being aware of
interactions between students which may
reinforce limiting behaviour or attitudes, and
taking opportunities to discuss them, will help
students to acquire a broader understanding of
their own abilities and potential. All of these
actions will suppert and enhance gender equity
in mathematics and move toward improved

Indian and Métis Curriculum
Perspectives

The integration of Indian and Métis content and
perspectives into the K-12 curriculum fulfils a
central recommendation of Directions, The Five
Year Action Plan for Native Curriculum
Development (1984), and The Indian and Métis
Education Policy from Kindergarten to Grade XII
(1989). In general, the policy states:

Saskatchewan Education recognizes that
the Indian and Métis peoples of the
province are historically unique peoples and
occupy a unique and rightful place in
society today. Saskatchewan Education
recognizes that education programs must
meet the needs of Indian and Métis

peoples, and that changes to existing
programs are also necessary to benefit all
students.




In a pluralistic society, the inclusion of Indian
and Métis perspectives benefits all students.
Cultural representation in all aspects of the
school environment helps provide children with a
positive group identity. Appropriate resources
foster meaningful experiences for Indian and
Métis students and promote the development of
positive attitudes in all students towards Indian
and Métis peoples. Awareness of one’s own
culture and the cultures of others, develops
positive self-concept and enhances learning.

Saskatchewan Indian and Métis students come
from varied cultural backgrounds and geographic
areas encompassing northern, rural, and urban
environments. Teachers must be given support
that enables them to create instructional plans
relevant to meeting diverse needs. Varied social,
cultural, and linguistic backgrounds of Indian
and Métis students imply a range of strengths
and learning opportunities for teachers to draw
upon. Explicit guidance, however, is needed to
assist teachers in meeting the challenge by
enabling them to make appropriate choices in
broad areas of curriculum support. Anti-bias
curricula, cross-cultural education, first and
second language acquisition, and standard and
non-standard usage of language are becoming
increasingly important to classroom instruction.
Care must be taken to ensure teachers utilize a
variety of teaching methods that build upon the

"knowl'e‘dge,—cultures,"‘an"d"lé'a;rni'x'rg"'styl‘e‘s‘stud'ents T

possess. All curricula, including mathematics
require adaptations to the content, instructional
practices, and learning environment that reflect
the needs of the students.

The following four points summarize the
Department’s expectations for the appropriate
inclusion of Indian and Métis content in
curriculum and instruction.

¢ Curricula and materials will concentrate on
positive images of Indian, Métis, and Inuit
peoples.

* Curricula and materials will reinforce and
complement the beliefs and values of Indian,
Métis, and Inuit peoples. .

* Curricula and materials will include historical
and contemporary issues.

* Curricula and materials will reflect the legal,
political, social, economic, and regional

_diversity of Indian, Métis, and Inuit peoples.




Assessment and
Evaluation

Why Consider Assessment
and Evaluation?

Much research in education around the world is
currently focusing on assessment and evaluation.
It has become clear, as more and more research
findings accumulate, that a broader range of
attributes need to be assessed and evaluated
than has been considered in the past. A wide
variety of ways of doing this are suggested.
Assessment and evaluation are best addressed
from the viewpoint of selecting what appears
most valid in meeting prescribed needs.

In Student Evaluation: A Teacher Handbook
(1991) the difference between the various forms
of evaluation is explained. Student evaluation
focuses on the collection and interpretation of
data which would indicate student progress.
This, in combination with teacher self-evaluation
and program evaluation, provides a full
evaluation.

Clarification of Terms

To enhance understanding of the evaluation

~-process-it-is-useful-to-distinguish betweemthe

terms "assessment” and "evaluation". These
terms are often used interchangeably which
causes some confusion over their meaning,
Assessment is a preliminary phase in the
evaluation process. In this phase, various
strategies are used to gather information about
student progress. Evaluation is the weighing of
assessment information against some standard
(such as a curriculum learning objective) in order
to make a judgment., Evaluation may then lead
to decision and action.

There are three main types of student
evaluation: formative, summative, and
diagnostic evaluation. Assessment strategies
are used to gather information for each type of
evaluation.

Formative evaluation is an ongoing classroom
process that keeps students and educators
informed of students’ progress towards program
learning objectives. The main purpose of
formative evaluation is to improve instruction
and student learning. It provides teachers with

valuable information upon which instructional
modifications can be made. This type of
evaluation helps teachers understand the degree
to which students are learning the course
material and the extent to which their
knowledge, understandings, skills, and attitudes
are developing. Students are provided direction
for future learning and are encouraged to take
responsibility for their own progress.

Summative evaluation occurs most often at the
end of a unit of study. Its primary purpose is to
determine what has been learned over a period of
time, to summarize student progress, and to
report on progress relative to curriculum
objectives to students, parents, and educators.

Seldom are evaluations strictly formative or
strictly summative. For example, summative
evaluation can be used formatively to assist
teachers in making decisions about changes to
instructional strategies or other aspects of
students’ learning programs. Similarly,
formative evaluation may be used to assist
teachers in making summative judgments about
student progress. However, it is important that
teachers make clear to students the purpose of
assessments and whether they will later be used
summatively.

Diagnostic evaluation usually occurs at the

beginning of the sch_gol_year or before a unit of

instruction. Its main purposes are to identify
students who lack prerequisite knowledge,
understanding, or skills, so that remedial help
can be arranged; to identify gifted learners to
ensure they are being sufficiently challenged; and
to identify student interests. Diagnostic
evaluation provides information essential to
teachers in designing appropriate programs for
students.

It is typical to.conduct all three types of
evaluation during the course of the school year.

Phases of the Evaluation
Process

Although evaluation is not strictly sequential, it
can be viewed as a cyclical process including
four phases: preparation, assessment,
evaluation, and reflection. The evaluation
process involves the teacher as a decision maker
throughout all four phases.




* In the preparation phase, decisions are
made which identify what is to be evaluated,
the type of evaluation (formative, summative,
or diagnostic) to be used, the criteria against
which student learning outcomes will be
Jjudged, and the most appropriate assessment

strategies with which to gather information on

student progress. The teacher’s decisions in
this phase form the basis for the remaining
phases.

¢ During the assessment phase, the teacher
identifies information-gathering strategies,
collects student products, constructs or selects
instruments, administers them to the student,
and collects the information on student
learning progress. The teacher continues to
make decisions in this phase. The
identification and elimination of bias (such as
gender and culture bias) from the assessment
strategies and instruments, and determining
where, when, and how assessments will be
conducted are examples of important
considerations for the teacher in this phase of

. evaluation.

* During the evaluation phase, the teacher

interprets the assessment information and
makes judgments about student progress.
Based on the judgments or evaluations,
teachers make decisions about student
learning programs and report on progress to
students, parents, and appropriate school
personnel.

* The reflection phase allows the teacher to

consider the extent to which the previous
phases in the evaluation process have been
successful. Specifically, the teacher evaluates
the utility and appropriateness of the
assessment strategies used. Such reflection
assists the teacher in making decisions
concerning improvements or modifications to
subsequent teaching and evaluation.

All four phases are included in formative, diagnostic, and summative evaluation processes. They are
represented in Figure 1.

Figure 1. Process of Student Evaluation

Preparation
\ hase -
7" Reflection
. Phase . Phase —7

Guiding Principles evaluation in several areas. One of these areas
is student evaluation. The evaluation of student
progress has a strong influence on both teaching
and learning. If used appropriately, evaluation
can promote learning, build confidence, and

develop students’ understanding of themselves.

Nine guiding principles are presented in the final
report of the Minister’s Advisory Committee on
Evaluation and Monitoring, entitled, Evaluation
in Education (1989). The purpose of these
principles is to provide guidance on educational
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" Five general guiding principles provide a
framework to assist teachers in planning for
student evaluation:

1. Evaluation is an essential part of the
teaching-learning process. It should be a
planned, continuous activity which is
closely linked to both curriculum and
instruction.

2. Evaluation should be guided by the
intended learning outcomes of the
curriculum, and a variety of assessment
strategies should be used.

3. Evaluation plans should be communicated
in advance, Students should have
opportunities for input to the evaluation
process.

4. Evaluation should be fair and equitable. It
should be sensitive to family, classroom,
school, and community situations; it should be
free of bias. Students should be given
opportunities to demonstrate the extent of
their knowledge, understandings, skills, and
attitudes.

5. Evaluation should help students. It should
provide positive feedback and encourage
students to participate actively in their own
learning.

Assessing Student Progréss

Specific assessment strategies are selected or
devised to gather information related to how well
students are achieving the learning objectives of
the curriculum. The assessment strategies used
at any given time will depend on several factors
such as the type of learning outcomes
(knowledge, understanding, skill, attitude, value,
or process), the subject area content, the
instructional strategies used, the student’s level
of development, and the specific purpose of the
evaluation.

Various assessment strategies are listed in Table
1 as a reference for teachers. The assessment
strategies are not prescribed, rather, they are
meant to serve only as suggestions, as the
teacher must exercise professional judgment in
determining which strategies suit the specific
purpose of the evaluation. It would be
inappropriate for curriculum guides to give
teachers specific formulas for assessing
students. Planning for assessment and -
evaluation must take into account unique
circumstances and purposes which will vary. For
further information on the various assessment
strategies and types of instruments that can be
used to collect and record information about
student learning, refer to Student Evaluation: A
Teacher Handbook (1991).

Common Essential Learnings (C.E.L.s) will be
incorporated in the Foundational Objectives of
each course. As each subject area is assessed
and judgments are made, the C.E.L.s will form
an integral part of the evaluation process within
the area of study. For example, in a unit of
instruction, some learning objectives will identify
expecied learning oufcomes associated with
C.E.L.s, but they will be embedded within the
subject area content. Assessment strategies will
be used to gather student progress information
on C.E.L.s through the subject area. When all
assessment information has been gathered, it
will form the basis for an evaluation. Itis

~ inappropriate to evaluate student progress

in the Common Essential Learnings
independent of the subject area content.
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A Reference List of Assessment Strategies

Table 1. Assessment Strategies

Student Classroom Performance
Anecdotal Records

Observation Checklist

Rating Scale

Contract

Laboratory Report

Portfolio

Test Station

Peer and Self-Assessment
Major Projects, Written Reports

Discussion Groups

Teacher Developed Test Formats
Matching Item

Multiple Choice
Oral

Short Answer
TméfFalse
Essay

Performance Test
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Student Assessment in
Mathematics

At the beginning of any course, the Foundational
Objectives and the learning objectives for the
curriculum become the criteria to assess the
student. These objectives may be attainable by
the majority of students, but for some students,
these objectives may not be attainable.
Adaptations to instruction or procedures may be
required.

A teacher must be aware that "graded" teaching
resources and standardized tests are built on
what is accepted as average for a student of a
given age group and segment of society. In using
standardized test, a teacher is assessing how a
student matches these cultural standards over a
very narrow range of skills. The results must be
considered in that context. These standards may
be unattainable by some students. Alternatively,
some students may not reach full potential
because they are not challenged but are allowed
to remain at the acceptable "average". The
Adaptive Dimension recognizes that the needs of
all students must be considered for effective
teaching and learning to occur.

The learning of mathematics is a cumulative
process that occurs as experiences contribute to
understanding. A numerical grade offers only a

--—glimpse-of-a-student’s - knowledge—If the-goal-of —

assessment is to obtain a valid and reliable
picture of a student’s understanding and
achievement, evidence must come from a variety
of sources. These sources may include oral
presentations, written work, observations, or
various combinations of these. Examples of
written work include projects, homework
assignments, journals, essays, quizzes, and
exams. Records of a student’s progress may
include anecdotal records, portfolios, and
mathematical journals. Rating scales and
observation checklists are also helpful devices to
record evidence of a student’s continued growth
in understanding. The advantage of using
several kinds of assessments is that a student’s
understanding can be continuocusly monitored.
In addition, because students differ in their
perceptions and thinking styles, it is erucial that
they are given the opportunity to demonstrate
their individual capabilities. A single type of
assessment can frustrate students, diminish their
self-confidence, and make them feel anxious

about mathematics. Examples of various
templates for assessment and evaluation are
included in this guide.

The assessment of a student’s mathematical
knowledge includes the ability to solve problems,
to use the language of mathematics, to reason
and analyze, to comprehend the key concepts and
procedures, and to think and act in positive
ways. Assessment should also examine the
extent to which students have integrated and
made sense of mathematical concepts and
procedures and whether they can apply these
concepts and procedures to situations that
require creative and critical thinking.

Understanding concepts and their
interrelationships is essential to interpreting a
situation and deriving an appropriate plan of
action. Knowing what procedures are
appropriate and how to execute them is essential
to carrying out the plan successfully.

Methods for assessing a student’s ability to solve
problems include observing the student solving
problems individually, in small groups, or in
class discussions. Other methods include
listening to a student discuss problem-solving
processes and analyzing tests, homework,
Journals, and essays. A rating scale is useful for
assessing a student’s problem solving skills. It
may include rating a student’s willingness to_

engage in problem solving, the use of a variety of

strategies, facility in finding the solution to
problems, and consistency in verifying the
solution. ‘

Assessment of a student’s ability to communicate
mathematically includes the meaning he/she
attaches to the concepts and procedures of
mathematics. It also involves his/her ability in
talking about, writing about, understanding, and
evaluating mathematical ideas. In assessing a
student’s ability to communicate, attention
should be given to the clarity, precision, and
appropriateness of mathematical terms and
symbols. Discussion is also a splendid means of
judging a student’s ability to function as a
critical participant in small groups or within the
clags.

The assessment of a student’s ability to
communicate through the use of computers and
software, such as spreadsheets and data-base
and function plotting programs, is also
important. A student’s ability to structure and
present information with the use of technology

13



can be assessed by determining if a student can
use a spreadsheet or graph to simulate a
situation or provide evidence for a conclusion.

An understanding of mathematical concepts
involves more than mere recall of definitions and
recognition of examples. It also encompasses a
broad range of abilities. Assessment must
include the aspects of coneeptual understanding
by focusing on a student’s ability to discriminate
between relevant and irrelevant attributes of a
concept in selecting examples and non-examples,
to represent concepts in various ways, and to
recognize their various meanings. Observational
checklists, anecdotal records or written reports
may be used to assess such conceptual
understanding.

Learning mathematics also includes developing a
positive attitude towards mathematics. The
assessment of a student’s attitude requires
information about her/his thinking and actions in
a wide variety of situations. A student’s
attitudes are reflected in how he/she asks and
answers questions, works on problems, and
approaches new mathematics. Observations,
homework assignments, journals, and oral
presentations are all excellent ways to assess a
student’s mathematical attitude.

Program Evaluation

Program evaluation is a systematic process
of gathering and analyzing information
about some aspect of a school program in
order to make a decision, or to communicate to
others involved in the decision-making process.
Program evaluation can be conducted in two
ways: rtelatively informally at the classroom
level, or more formally at the classroom, school,
or school division levels.

At the classroom level, program evaluation is
used to determine whether the program being
presented to the students is meeting both their
needs and the objectives prescribed by the
province. Program evaluation is not necessarily
conducted at the end of the program, but is an
ongoing process. For example, if particular
lessons appear to be poorly received by students,
orif they do not seem to demonstrate the
intended learning from a unit of study, the
problem should be investigated and changes
made. By evaluating their programs at the
classroom level, teachers become refiective
practitioners. The information gathered

through program evaluation can assist teachers
in program planning and in making decisions for
improvement. Most program evaluations at the
classroom level are relatively informal, but they
should be done systematically. Such evaluations
should include identification of the area of
concern, collection and analysis of information,
and judgment or decision making.

Formal program evaluation projects use a
step-by-step problem-solving approach to identify
the purpose of the evaluation, draft a proposal,

~ collect and analyze information, and report the

evaluation results. The initiative to conduct a

- formal program evaluation may originate from

an individual teacher, a group of teachers, the
principal, a staff committee, an entire staff, or
central office. Evaluations are usually done by a
team, so that a variety of skills are available and
the work can be distributed. Formal program
evaluations should be undertaken regularly to
ensure programs are current.

To support formal school-based program
evaluation activities, the Department has
developed the Saskatchewan School-Based
Program Evaluation Resource Book (1989) to be
used in conjunction with an inservice package.

Curriculum Evaluation

~During-the-decade-of the-1990s; new-curricula™ - -~ -

are being developed and implemented in
Saskatchewan. Consequently, there is a need to
know whether these new curricula are being
effectively implemented and whether they are
meeting the needs of students. Curriculum
evalnation, at the provincial level, invilves
making judgments about the effectiveness of
provincially authorized curricula.

Curriculum evaluation involves gathering
information (the assessment phase) and making
judgments or decisions based on the information
collected (the evaluation phase), to determine
how well the curriculum is performing. The
principal reason for curriculum evaluation
is to plan improvements to the curriculum.
Such improvements might involve changes to the
curriculumn document and/or the provision of
resources or inservice fo teachers.
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It is intended that curriculum evaluation be a
shared, collaborative effort involving all of the
major education partners in the province.
Although the Department is responsible for
conducting curriculum evaluations, various
agencies and educational groups are involved.
For instance, contractors are hired to design
assessment instruments; teachers are involved in
instrument development, validation, field testing,
scoring, and data interpretation; and the
cooperation of school divisions and school boards
is necessary for the successful operation of the
programi.

In the assessment phase, information is gathered
from students, teachers, and administrators. The
information obtained from educators indicates
the degree to which the curriculum is being
implemented, the strengths and weaknesses of
the curriculum, and the problems encountered in
teaching it. The information from students
indicates how well they are achieving the
intended learning cutcomes and provides
indications about their attitudes toward the
curricilum. Student information is gathered
through the use of a variety of strategies
intluding paper-and-pencil tests (objective and
open-response), performance (hands-on) tests,
interviews, surveys, and observation.

As part of the evaluation phase, assessment

information is interpreted by representatives of

all major education partners including the
Department and classroom teachers. The
information collected during the assessment
phase is examined, and recommendations, .
generafed by an interpretation panel, attempt to
address areas in which improvements can be
made. These recommendations are forwarded to
the appropriate groups such as the Curriculum
and Instruction Branch, school divisions and
schools, universities, and educational
organizations in the province.

All provincial curricula will be included within
the scope of curriculum evaluation. Evaluations
will be conducted during the implementation
phase for new curricula, and regularly on a
rotating basis thereafter. Curriculum evaluation
is described in greater detail in Curriculum
Euvaluation in Saskatchewan (1980).

Teacher Self-Evaluation

There are two levels of teacher self-evaluation:
reflection on day-to-day classroom instruction
and professional self-evaluation.

Teachers refine their skills through reflecting
upon elements of their instruction which include
evaluation. The following questions may assist
teachers in reflecting on their evaluations of
student progress:

* Was there sufficient probing of student
- knowledge, understanding, skills, attitudes,
and processes?

* Woere the assessment strategies appropriate
for the student information required?

*» Were the assessment conditions conducive to
the best possible student performance?

e Woere the assessment strategies
fair/appropriate for the levels of student
abilities?

¢ Was the range of information collected from
students sufficient to make interpretations
and evaluate progress?

* Were the results of the evaluation

--—-meaningfully-reported-to-students;-parents;-- -~

‘and other educators as appropriate?

Through reflection on questions like those above,
teachers are able to improve their strategies for
student evaluation.

It is also important for teachers, as professionals,
to engage in self-evaluation. Teachers should
take stock of their professional capabilities, set
improvement targets, and participate in
professional development activities. Some ways
teachers can address their professional growth
are by: reflecting on their own teaching; reading
professional documents (e.g., articles, journals
and books); attending workshops, professional
conferences, and courses; and developing
networks with other professionals in their fields.
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Information Gathering and
Record-keeping

Having summarized the various types of
assessment and evaluation, it is obvious that
large amounts of data are gathered by teachers,
schools and school divisions, and the
Department. It is important that teachers
maintain appropriate records to ensure data
are organized and accessible for making
judgments and decisions. Records can be kept in
a variety of ways; however, it is recommended
that teachers keep separate files on student
progress (student portfolios), teachers’
self-evaluations (professional files), and
program evaluation. Schools and school
divisions also keep records of student enroliment
and progress which support decision making at
the local level., Saskatchewan Education is
developing and implementing a comprehensive
student record system with the capacity to

register students K-12. This database will assist
schools, school divisions, and the province to
make informed decisions related to areas such as
student mobility, dropout rates, retention rates,
and student ethnicity. Saskatchewan Education
also requires comprehensive information to make
informed decisions at the provincial level in
areas such as program and curriculum
evaluation.

Conclusion

Evaluation is the reflective link between what
ought to be and what is; therefore, it is an
essential part of the educational process. The
main purposes for evaluating are to facilitate
student learning and to improve instruction. By
continuously evaluating student progress, school
programs, curriculum, and the effectiveness of
instruction and evaluation, these purposes will
be realized.
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Program
Organization

Conceptual Teaching

Concepts are the basis of formal education.

Since formal education proceeds mainly through
language and is highly concentrated, concepts are
of great importance. Principles, generalizations,
and rules of procedures are also formulated by
means of concepts. Attitudes too, are grounded
on concepts. Consequently, it is through the
understanding of the fundamental mathematical
concepts and their meaning or interpretation
that students will make sense of mathematics.

One way an individual can respond to collections
of objects is by distinguishing among them.
Another way, even more important as a human
capability, is by putting things into a class and
responding to the class as a whole. The latter
type of learning, which makes it possible for the
individual to respond to things or events as a
class, is called Concept Learning.

Concept teaching lends itself well to mathematics
because it is process oriented. Concept teaching
approaches are aimed at teaching students to
think, to question and to discover rather than to
memorize. A conceptual approach also

from particular facts to generalizations. It
enables students to sort more effectively through
the multitude of mathematical information by
stressing the commonality in the information.
Students are provided with the opportunity to
examine and experience and to develop a basis
for enhancing their understanding of the
concepts they form and acquire. This approach
to learning encourages the development of
Critical and Creative Thinking and promotes
Independent Learning.

There are various strategies that are effective in
teaching concepts. However, the intellectual
aptitude of the student, what he/she may already
know about the concept, the nature .of the
concept, its significance in the structure of other
mathematical concepts, and the level of
performance expected are all factors that a
teacher should consider in choosing the most
appropriate strategy. As a result, the student
will develop the abilities to discriminate between
relevant and irrelevant attributes of a concept in

selecting examples and non-examples, to
represent concepts in various ways, and to
recognize their meanings.

Students with Learning
Disabilities

Recent research has indicated that students with
learning disabilities can learn higher concepts in
mathematics through a strategy referred to as
the Cognitive Assault Strategy (Miles and
Foreht, 1895).

This strategy entails the use of a mentor who
helps the students progress through a four-stage
model. The four stages are: 1) demonstrating
and modelling a problem-solving strategy,

2) helping with mathematics vocabulary,

3) assisting students in developing and
verbalizing their strategy, and 4) teaching the
students to write out their own procedural model
for future reference.

Integi‘ation

Course content should be presented within the
context of its application in daily living,
integrated within the various branches of
mathematics, and related to other academic
disciplines. Integration may include any one of

nem + €O] . _several forms. e
encourages inductive thinking as students move

Interdisciplinary Studies - combining subjects

Thematic - by topic or by concepts

Holistic Approach - giving the big picture first

Infusion - integrating technologies or teaching

strategies, into the school program

* Integrated Brain work - allows for seeking and
creating meaningful organization by the
individual

* Using All Mind/Brain Functions in Learning -

cognitive, affective, physical/sensing, and

intuitive

Teachers need to be familiar with the
mathematical competence required of students in
the particular course of study, everyday life, and
other academic disciplines. Cooperative planning
and conferencing with other teachers is central to
understanding differing contexts in which basic
mathematical skills are used, and will assist
teachers in providing practical learning

experiences that encourage transfer of knowledge
and skill.
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Problem Solving

Problem solving plays an integral role in the
mathematics program so that students are
provided with some of the thinking and problem
solving skills necessary to help explain the world
around them. Problem solving is the process of
accepting a challenge and striving to resolve it.
It allows students to become skillful in selecting
and identifying relevant conditions and concepts,
searching for appropriate generalizations,
formulating plans, and employing acquired skills.

In 1945, George Polya published the book How
To Solve It in which he outlined a four-step
model which could be used during the solution
of problems. It involves understanding the
problem, devising a plan, carrying out the
plan, and looking back. Problem solvers can
learn individual skills and strategies {o use
within this framework. As they broaden their
knowledge, their facility for solving problems will
improve. Polya’s framework is not fixed.
Although preblem solvers may approach a
solution in the order outlined, they will often
return to earlier stages because they encounter
an obstacle and it becomes obvious that another
approach will work better, '

Problem solving is a process which is learned by
doing. Students will become better problem

solvers 1f they think that the activity is™

important and relevant. This importance is
enhanced by observing their teacher(s) solving
problems and by their teacher(s) expecting them
to do the same. Teaching the four-step problem
solving model lends itself to incorporating the
Common Essential Learnings; in particular,
Critical and Creative Thinking.

When mathematical concepts and operations are
introduced, they should often follow rather than
precede problem-solving opportunities. Before
the formal terms and symbols are presented,
students should learn to approach problems in a
variety of ways. The problems should consist of
a good mix of process, realistic, and translation
problems.

Process problems are those that generally can
not be solved using routine procedures; rather, -
their solution typically involves the application of
some problem solving strategy or heuristic.
Realistic problems are not well defined and
require some further specification and
refinement, often have multiple solutions, require

the collection of information, involve
collaboration with other people, cannot be solved
in a few minutes, and involve some personal
commitment on the part of the student.
Translation problems involve translating
written or verbal statements into mathematical
expressions and then performing an algorithm.

Some of the problem solving strategies that
students should develop include:

¢ representing the problem situation with an
appropriate diagram, model, or simulation;

¢ incorporating the data into an organized list,
table or chart, suitable graph, or tree diagram;

e guessing and checking, substituting a guessed
number, carrying out a calculation, checking
the suitability of the answer, making an
adjustment and repeating the process;

¢ changing a point of view;

¢ reconstructing and solving a related, but more
simple probiem;

* looking for a numerical or geometrical pattern
which can be generalized,;

¢ using logical thinking to eliminate
possibilities; and,

¢ working backwards.

Estimation

Estimation is an important mathematical and

~ life skill necessary for effective problem solving,

calculations, and calculator use. The desired
accuracy of an estimation depends entirely on its
use. Whether to produce a rough estimate, fine
estimate, or an exact answer depends on the-
ultimate use of the estimate. Most often
practical situations involve estimations rather
than exact numbers. It should also be
remembered that estimation produces answers
that are not exact, but that are adequate for
making necessary decisions.

Mental Calculations

Mental calculation is an important and
frequently used practical life skill. Despite the
increasing advances in calculator technology,
mental calculations will remain a convenient
calculation tool for judging a narrow range of
quantitative problems. It can also improve the
efficiency of pencil and paper calculations by
reducing the number of steps needed to work out
a written calculation. The close relationship
between estimating and calculating mentally
implies that teachers cannot ignore instruction
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on mental caleulations. After all, mental
calculation is the cornerstone for all estimation
procedures.

To assist students in developing the ability to
calculate mentally it is beneficial to:

* encourage students to calculate mentally
whenever possible;

¢ expect students to explain their methods
whenever possible;

* practise mental calculations in a meaningful
setting;

¢ treat mental calculations as a skill to be used
in all areas of the program;

* not discourage capable students from skipping
steps when performing written calculations;

¢ provide regular practice and review in
learning the basic number facts;

s allow students to develop their own informal
approaches to calculate and solve problems;
and,

* help students recognize that there is no best
method of calculating mentally.

Calculators in School
Mathematics

Improvements in technology and its increased
availability in schools have changed the focus of

mathematics education. Calculators have become

Students at all grades and ability levels benefit
from the use of calculators. They have a greater
motivation to work together, more self-confidence
in problem solving, and more positive attitudes
and enthusiasm about mathematics. They show
more persistence and a willingness to seek
alternative solutions. Researchers also indicate
that the learning of basic facts and skills is
enhanced through the use of calculators
(Hembree & Dessart, p. 25). They do not replace
manipulatives but can be used with them in the
development of a number of concepts. When
students are encouraged to explore with
calculators they often experience some
mathematics topics before the time they would
otherwise.

Calculator use increases the importance of the
ability to estimate answers and to check the
appropriateness of the results of calculations.
Many students lack these abilities. They pay
little attention to the reasonableness of their
answers. Development of these abilities needs to
be encouraged in students. Teachers need to
develop in students the attitude that a
calculator’s answer needs to be checked for
reasonableness. With the increased use of
calculators, estimation and mental mathematics
strategies become even more important.

As early as 1980, NCTM's Agenda for Action

recommended that "mathematics take full

“relatively inexpersive and plentiful in our
society. Students encounter calculators in their
everyday lives and should learn how to use them
efficiently and when it is appropriate to use
them. The use of caleulators in school
mathematics, from elementary through secondary
levels, alters the content we teach and the
concepts we emphasize. Less emphasis is placed
on facility with paper-and-pencil calculations and
more emphasis on mathematical concepts and
their relationships.

Many people fear that the use of caleulators in
the mathematics classroom will discourage the
learning of basic facts and the development of
mental skills. Researchers indicate that students
who regularly use calculators show either an
achievement edge or no significant difference
over those who do not (Owens, p. 232). Even
when the testing occurs without the use of a
calculator, those who learned the concepts with a
calculator do just as well as those who did not
have access to one. When calculators are used in
testing procedures, students achieve much higher
in problem solving as well as in basic operations.

advantage of the power of calculators and
computers at all grade levels." (p. 1) However, in
order to realize the potential of calculators,
students and teachers must develop the
skills needed to apply the technology
effectively. The least beneficial activities with
a calculator are as drill and practice and as a
check on paper-and-pencil calculations. Rather,
the calculator should be used as a tool to solve
realistic problems, to discover mathematical
patterns and relationships, to explore number
properties and to develop estimation skills and
number sense. Show students the calculator’s
limitations by giving a problem that is solved
more easily using mental calculation,

In elementary grade levels, students can use
calculators along with manipulatives to develop
number concepts, counting skills and place value
concepts. The constant function feature can be
used to investigate the results of counting, to
understand the concepts of multiples and powers,
to develop an intuitive understanding of division
as repeated subtraction, and to discover
divisibility rules. At the middle level, the
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~~—canbe informed-througl = variety of ways

calculator can be used to provide the opportunity
for all students, regardiess of their knowledge of
basic facts, to pursue other mathematical topics
and to realize the usefulness, fun and power of
mathematics. Students at this level are
interested in topics like compound interest and
population growth. More realistic and
interesting problems can be solved if the
calculator is used to do the computations.
Frequently at this level, students have difficulty
distinguishing between the concepts of perimeter,
area and volume. Using a calculator, they can be
assigned an increased number of problems to
give them the experience necessary to master
these concepts. At the secondary level, the
graphing calculator allows new approaches for
developing and reinforcing concepts such as those
related to functions. At all grade levels, students
can use a calculator to generate, in a short time,
several examples of patterns, to organize the
examples according to patterns formed, and to
make generalizations and predictions from the
examples. In general, calculators should be used
when doing problem solving but should be
removed when knowledge of operations on
numbers is required.

If we are planning to integrate calculator use
throughout our mathematics courses, we must
inform parents of our intentions and provide
them with answers to their concerns. Parents

not be limited to doing calculations with a
caleulator and will realize that it is only one tool.
At times, estimation, mental mathematics or
paper-and-pencil are more appropriate. The
basic skills we require in today’s world are not
proficiency with operations but rather those of
reasoning, communicating, problem solving and
applying knowledge to new situations.

NCTM Standards identifies five goa_ls of
mathematics for students:

* Learning to value mathematics.

* Becoming confident in one’s own ability.

* Becoming a mathematiecal problem solver.
* Learning to communicate mathematically.
* Learning to reason mathematically.

All of these are enhanced and promoted through
the proper use of calculators. "Calculators and
computers for users of mathematics, like word
processors for writers, are tools that simplify, but
do not accomplish, the work at hand." (National
Council of Teachers of Mathematics, Curriculum
and Evaluation Standards for School
Mathematics, 1989, p.8) If we are to prepare our
students of today for the world of tomorrow, we
must develop their ability to use a calculator
effectively and efficiently.

An important implementation strategy is to
obtain a classroom set of calculators. It is

including newsletters, workshops, open houses,
and activities sent home to be done by parent
and student. When parents see the type of
activities students are doing, they are more likely
to be supportive of the program. Assure parents
that students are still expected to master the
basic facts and computational skills. Become
knowledgeable about the research on calculators,
recognize the benefits of caleulator use and
develop a clear calculator policy that is
understood by every student, parent, and
teacher.

Some parents are concerned that students will
not think if they use calculators and will become
too dependent on them. The student must still
know what keys to press and what operations to
use. Students must still understand the

. mathematics in order to choose the appropriate
keys and operations. Calculators actually free
students from tedious computations and allow
them to concentrate on the thinking processes
required to solve a problem. If students
understand concepts and become more proficient
in estimation and mental arithmetic, they will

““advantageous to have every student equipped

with the same model of calculator so that
instructions given apply to all. Failing this,
every classroom should have some calculators to
lend to those students who do not have their
own. In these circumstances, both instructional
and management problems multiply as
instruction will need to be given for each of the
different models students are using. It is very
useful to have a calculator for the overhead
projector to use for group instruction. Classroom
sets of calculators can be managed in a variety of
ways. Some schools have a wooden box built
with rows and columns separated out for the
return of each calculator. The rows and columns
correspond to the student’s location in the
classroom and all calculators must be replaced
before the students leave, Another suggestion is
to place the calculators in a bag that just holds
the number you have. Students do not leave the
room until the bag is full.
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Microcomputers

The microcomputer has many beneficial
applications in mathematics., It has been
identified as a tool for students to use to explore
and discover concepts, by assisting with the
transition from concrete representation to the
more abstract mathematical stages of learning.
Appropriate computer software can be the link
between concrete manipulatives and the symbolic
representation. Using a combination of
manipulatives and corresponding computer
software supports the constructivist perspective
that learning is a process of constructing,
building and fitting ideas, and making
connections. By giving students the opportunity
to experiment with various representations, we
are offering more models with which to make
these connections.

Computer hardware and software is becoming
increasingly sophisticated in design in areas such
as problem solving, manipulating, discovering,
creative programming, games, tutorials, drill and
practice, and managing. Interactive computer
software holds great promise for application in
the mathematics classroom. Its value in creating
geometric displays, organizing and graphing
data, simulating real-life situations,
demonstrating mathematical relationships, and

generating numerical sequences and patterns is -

evident. Word processing software, electronic
spreadsheets, and database management
software are all useful in Secondary Level
mathematics. Within these applications it is
crucial that software correlates with the
curriculum and the ability levels of the
students.

The microcomputer also has tremendous
potential to help students with special needs.
Students with learning difficulties, those who
require enrichment activities, and students in
multi-graded classrooms can all benefit from the
individual assistance a computer can offer.

Manipulatives

Manipulative materials provide students with a
concrete base upon which to build concepts and
skills. Students who experience difficulty
with mathematical processes should be given
oppertunities to develop an understanding of
number operations and relationships through
tactile and visual learning activities. Students
also need to observe, question, verbalize, and
discuss the relationships at the concrete level,
and eventually to translate relationships into
abstract symbols of mathematics. While the
purpose of manipulatives is to help students
understand and remember, each student should
become efficient in making application of
concepts in their abstract form. It is important
that secondary teachers supplement and
alternate the use of manipulative materials with
other abstract learning strategies and activities.
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Aids for Planning
* Scope and Sequence (by course)
e Scope and Sequence (by strand)
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Scope and Sequence for
Secondary Mathematics
(by course)
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Major Concepts
A. Linear Equations and Inequalities

B. Relations, Linear Functions, and Variation
Part I: Theory
* Linear Functions
¢ Linear Equations
* Slope
Part II. Applications
¢ Direct Variation
s Partial Variation
* Applications - Arithmetic Sequences

C. Consumer Mathematics
¢ Income
* Budget

D. Lines and Line Segments
¢ Paralle] Lines
» Perpendicular Lines

E. Angles and Polygons
* n-gons
* Triangles
¢ Quadrilaterals
¢ Parallelograms

. ¥. _Review.of Algebraic-Skills-— — e

¢ Numbers and Operations
* Exponents
¢ Polynomials

* Optional Topics (objectives are not provided)
* Direction Vectors
a) on 2 Number Line
b) in a Plane
+ Surveying
¢ Integration with other subject areas

¢ The remaining available time may be spent on additional
practice, enrichment, or extension of the course.

Mathematics 10

Number of Hours
12

28

10

10-15

5-10

Total 70-80
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In this scope and sequence, each of the
Foundational! Obectives will be supported by the
learning objectives numbered in each case. The
numbering in parentheses after each
Foundational Objective is a coding that
could be employed in any specific
assessment.

Objectives

A. Linear Equations and Inequalities

Foundational Objective

* To demonstrate the ability to solve linear

equations and inequalities (10 01 01).
Supported by the following learning
objectives:

1. To solve and verify the following types
of equations in one variable by
applying formal algebraic rules:
equations containing variables on both
sides of the equal sign, equations
containing parentheses, equations
containing fraction or decimal
coefficients.

2. To solve a formula for an indicated
variable.

3. To solve, graph, and verify linear
—---inegqualities-in-one-variable; - = s ——————

4. To translate English phrases into
mathematical terms and vice versa.

5. To solve real-world problems using
various problem-solving strategies.

B. Relations, Linear Functions, and

Variation
Foundational Objectives

* To be aware that the graph of a first

degree equation of two variables is a line,
and conversely that the equation of a line
is a first degree equation of two variables
(10 02 01). Supported by learning
objectives 1, 2, 3, 4, 5, and 9.

To produce graphs of linear equations,
and conversely, when given key
information of the graph, find its equation
(10 02 02). Supported by learning
objectives 6, 7, 8, 10, 13, 14, 15, 16, 17,
and 18,

¢ To use the knowledge of linear functions

and equations to solve problems involving
direct and partial variation {10 02 03).
Supported by learning objectives 19 to 23.

To use the concept of slope to measure the
steepness of a line (10 02 04). Supported
by learning objectives 11 and 12.

To demonstrate the ability to work with
arithmetic sequences (10 02 05).
Supported by learning objectives 24 to 27.

Part I. Theory
1. To define the following terms: relation,

ordered pair, abscissa, ordinate,
function, linear function, slope,
x-intercept, y-intercept, ratio,
proportion, direct variation, partial
variation.

2. To identify and express examples of

relations in the real world.

3. To graph ordered pairs in the

Cartesian coordinate plane.

4. To graph real-world relations in the

Cartesian coordinate plane.

5. To read information from a graph.

6. Toidentify, graph, and interpret

examples of linear functions describing
real-world situations,

7. To graph a linear function using a

table of values. '

8. To determine if a relation is a function

by employing the vertical line test.

9. To solve equations in two variables

given the domain of one of the
variables,

10. To determine if an ordered pair is a

solution to the linear equation.

11. To calculate the slope of a line

graphically and algebraically when
given two points that lie on the line.

12. To determine the slope of horizontal

lines, vertical lines, parallel lines, and
perpendicular lines.
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18.

19.

20.

21.

22,

24.

25.

26.

27.

13.

14.

15.

16.

To graph a linear equation using the
x- and y-intercepts.

To graph a linear equation using the
slope and y-intercept.

To write the equation of a line when
given the slope and one point on the
line.

To write the equation of a line when
given two peints that lie on the line.

To construct scatterplots from real-
world data.

To interpret and critically analyze
these constructed scatterplots.

Part II: Applications

To identify, describe, and interpret
examples of direct variation in real-
world situations.

To solve proportions involving direct
variation.

To solve problems involving direct
variation.

To identify partial variation.

i 23.T0.s0lve problems-invelving partial- . -

variation.

To define, illustrate, and identify an
arithmetic sequence.

To determine the n'® term of an
arithmetic sequence.

To define arithmetic means, and to
determine the required arithmetic
means between given terms.

To calculate the sum of an arithmetic
series.

C. Consumer Mathematics

} Foundational Objectives

1 * To apply simple mathematics to assist in

‘ the calculation and estimation of income
and expenses and to develop a budget to
guide current and future planning

(10 03 01). Supported by learning
objectives 1 to 9.

» To communicate a summary of financial
projections in appropriate reports, tables,
and graphs (10 03 02). Supported by
learning objectives 10 to 12.

1. To calculate weekly gross wages
invelving regular pay, overtime pay,
and piecework earnings.

2. To calculate earnings for straight
commission, or base wage plus

. commission.

3. To determine the difference hetween
gross pay and net pay.

4. To calculate weekly, monthly, and
yearly net pay.

5. To define and explain the purpose of a
budget.

6. To determine and calculate monthly
fixed expenditures.

7. To investigate the guidelines in
developing a budget.

8. To plan a budget based on percentages

—-—————allotted-to-various-categories-ag---------—--- e

suggested by financial institutions.

9. To calculate the portion of total income
spent on each category using percents.

10. To draw graphs (including circle
graphs) of budget figures, using
appropriate software.

11. To calculate the actual amount of
money to be spent on each category
using the predetermined percentages.

12. To adjust a budget to changes in
expenses.

D. Lines and Line Segments
Foundational Objective
* To develop an informal understanding of
the relationships between lines (10 04 01).

Supported by the following learning
objectives.
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1. To define line segment, ray, line,
bisector, perpendicular line,
perpendicular bisector, transversal,
alternate interior angles, corresponding
angles, same-gide interior angles.

2. To identify and calculate the measures
of the following angles formed by
parallel lines: corresponding angles,
alternate interior angles, and same-
side interior angles,

3. To solve word problems involving
angles formed by parallel lines.

4. To construct informally a line parallel
to a given line through a point not on
the line.

5. To construct informally a line
perpendicular to a given line from a
point on the line.

6. To construct informally a line
perpendicular to a given line through a
point not on the line.

7. To construct informally the
perpendicular bisector of a line
segment.

-~ —-—--—-Construct-informally - means-employing-the ——— -

mira or paperfolding. Traditional straight
edge and compass constructions may be
used as enrichment.

E. Angles and Polygons

Foundational Objectives

* To identify and apply common properties

of triangles, special quadrilaterals, and
n-gons {10 05 01). Supported by learning
objectives 1, 2, 3, 4, 5, 8, 9, and 10.

To apply the special quadrilaterals to
real-world situations (10 05 02).
Supported by learning ohjectives 6 and 7.

To develop an understanding of
Pythagoras’ Theorem, the primary
trigonometric ratios, and their
applications (10 05 03). Supported by
learning objectives 11 to 17.

1. To define and illustrate by drawing
the following: acute angle, right
angle, obtuse angle, straight angle,
reflex angle, complementary angles,
supplementary angles, adjacent
angles, vertically opposite angles,
congruent angles, central angles of a
regular polygon.

2. To solve word problems involving the
angles stated in #1.

3. To define and illustrate the following
polygons: convex, non-convex,
regular, quadrilateral parallelogram,
rectangle, rhombus, square, trapezoid
and isosceles trapezoid.

4. To classify quadrilaterals ag
trapezoids, isosceles trapezoids,
parallelograms, rectangies,
rhombuses, and squares.

5. To construct informally
parallelograms, rectangles,
rhombuses, and squares.

6. To state and apply the properties of
parallelograms.

7. To determine the sum of the

~~~ measures of the interior and &xferior
angles of a convex polygon of n sides.

8. To determine the measure of a central
angle in a regular n-gon..

9. To determine the measures of the
interior and exterior angles of regular
n-gons.

10. To determine the number of diagonals
in a polygon of n sides.

11. To calculate to two decimal places the
length of a missing side of a right
- triangie using the Pythagorean
Theorem.

12. To solve word problems using the
Pythagorean Theorem.

13. To determine if a triangle is a right
triangle by using the converse of the
Pythagorean Theorem.
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14. To determine the value of the three
primary trigonometric ratios by using
a calculator.

15. To determine the measure of an angle
given the value of one trigonometric
ratio of the angle by using a
calculator.

16. To calculate the measure of an angle
or the length of a side of a right
triangle using the tangent, sine, and
cosine ratios.

17. To solve word problems that involve
trigonometric ratios using a
calculator.

F. Review of Algebraic Skills

This is a review of grade 9 and is intended to
precede Mathematics 20. Some of these
objectives have not been expanded in this

guide.

Foundational Objective

¢ To make the transition from arithmetic
skills to algebraic skills (10 06 01).

Supported by the following learning
objectives.

S — ‘1‘.‘NU.mbEI‘S‘and‘0perat‘i0nS“' e

a) To represent numbers on a number
line,

b) To convert fractions to terminating
or repeating decimals, and vice
versa.

¢) To add and subtract rational
numbers.

~—monomial;

d) To multiply and divide rational
numbers.

e) To use the order of operations in
evaluating rational arithmetic
expressions.

. Exponents

a) To evaluate a positive power of a
numerical hase,

b) To evaluate multiplication and
division of positive powers of the
same numerical base.

c¢) To perform the product and quotient

exponent properties with variable
bases.

d} To write numbers in scientific
notation and vice versa.

e} To perform multiplication and
division of numbers expressed in
scientific notation.

. Polynomials

a) To add and subtract polynomials.

b) To multiply a monomial by a
monomial.

c¢) To multiply a polynomial by a
moenomial. :

d) To multiply a binomial by a
binomial.

e) To divide 2 monomial by a
manomial

f) To divide a polynomial by a
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Major Concepts

Mathematics 20

A

Irrational Numbers
* Square root operations

Consumer Mathematics
¢ (Credit and Loans
* Income and Property Taxes

Polynomials and Rational Expressions

* Factoring - up to trinomials (ax® + bx + ¢)
* Laws of exponents - integral exponents

* Operations - (+, -, x, /)

Quadratic Functions

* Graphing various types of quadratic functions

* Determine properties of each constant for the types used
in section a)

* Analyze and sclve real-world problems based on a) and b)

Quadratic Equations

* Solve by factoring

¢ Solve by ‘square root property’

* Solve radical equations - one radicand

* Solve real-world problems based on a), b), c)

Probahility

Mathematics 20

Number of Hours

8

15

10

10

» Experimental
* Theoretical

Angles and Polygons _
* Congruent triangles - informal, guided proofs
¢ Similar polygons
* Real-world problems
* Areas and volumes of similar figures

Circles
* Some relationships of tangents, chords, arcs
¢ Real-world problems

Optional Topics (objectives are not provided)
¢ (Consumer Price Index
e Insurance

* The remaining available time may be spent on additional

practice, enrichment, or extension of the course.

15-20

Total 75-80
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Objectives

A. Irrational Numbers

Foundational Objective

¢ To identify an irrational number and to
demonstrate the ability to add, subtract,
multiply, and divide square root radicals
(10 01 01). Supported by the following
learning objectives.

1

To define and illustrate, by means of
examples, the term absolute value.

To express square root radicals as
mixed radicals in simplest form.

To add, subtract, multiply, and divide
square root radicals.

To rationalize monomial
denominators.

B. Consumer Mathematics

Foundational Objectives

» To demonstrate an understanding of
credit and to employ the appropriate
mathematics in determining the cost to

e —————the-consumer of various-types-of-gredit - - - e - .

(10 02 01). Supported by learmng
objectives 1 to 10.

* To display an awareness of the kinds of
taxes encountered by the consumer, and
to demeonstrate the ability to calculate
these taxes using the appropriate
mathematics. (10 02 02). Supported by
learning objectives 11 to 14.

1

To define credit and determine its
appropriate use,

To compare the advantages and
disadvantages of various credit cards.

To calculate the monthly interest
charges and service charges on an
unpaid credit card balance.

To identify and compare an
instalment charge account and a
thirty-day account.

5. To identify the characteristics of a
personal loan.

6. To compare the cost of 2 consumer
loan from various institutions.

7. To calculate the monthly payments
for a loan, using formulas, tables,
calculators, and computers.

B. a) To determine the total cost of a
personal loan.
b} To determine the percent of the
total amount repaid (or borrowed)
- which 1s devoted to interest.

9. To determine the importance of a
credit rating.

10. To describe how to establish a good
credit rating.

11. To calculate mill rates and property
taxes.

12. To calculate discounts or penalties on
taxes due, depending on when they
are paid.

13. To determine and calculate
permissible deductions from total
income.

14. To calculate the tax payable on
taxable income.

C. Polynomials and Rational Expressions
Foundational Objectives

* To demonstrate the ability to factor

polynomial expressions, including
trinomials of the type ax® + bx + ¢
(10 03 01). Supported by learning
ohbjectives 1 and 6.

To demonstrate the ability to correctly
simplify expressions that contain positive
and negative integral exponents (10 03
02). Supported by learning objectives 3
and 4.
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* To demonstrate the ability to add, subtract,

multiply, and divide rational expressions
with monomial denominators (10 03 03).
Supported by learning objectives 2, 5, 7,
and 8.

1. To factor polynomials of the following
types: common factor, grouping,
difference of squares, trinomial

squares, trinomials where a=1 and a#1,

and combinations of all preceding
types.

2. To divide a polynomial by a binomial,
by factoring, and by long division.

3. To evaluate powers with positive and
negative exponents.

4. To simplify variable expressions with
integral exponents using the following
properties of exponents: product,

quotient, power of a product, power of a

quotient, negative exponent, and zero
exponent.

5. To determine the non-permissible
values for the variable in rational
expressions.

6. To simplify rational expressions by
factoring.

7. To multiply and divide rational
expressions.

8. To add and subtract rational
expressions involving like and unlike
monomial denominators.

D. Quadratic Functions

Foundational Objectives

* To be aware that the graph of an equation

in two variables, where only one variable
is of degree two, is a parabola (10 04 01).
Supported by learning objective 1.

To draw graphs of equations representing
parabolas (10 04 02). Supported by
learning objectives 2 and 3.

* To demonstrate an ability to interpret an

equation of the form y=a(x-p)*=q, as to the
effect the values of a, p, and q have on the
graph (10 04 03). Supported by learning
objectives 4 and 5.

1. To define a gquadratic function.

2. To identify, graph, and determine the
properties of quadratic functions of
the following forms: fix)=ax?,
fx)=x"+q, fx)=(x-p)F, fx)=alx-pi+q.

3. To determine the domain and range
~from the graph of a quadratic
function.

4. To analyze the graphs of quadratic
functions that depict real-world
situations.

5. To solve problems involving the
graphs of quadratic functions that
depict real-world situations.

E. Quadratic Equations
Foundational Objectives

* To demaonstrate the ability to solve
quadratic equations by factoring, and by

taking the square root of both sides of an
equation (10 05 01). Supported by
learning objectives 1, 2, and 3.

To demonstrate the ability to solve
equations containing one radical
(10 05 02). Supported by learning
objectives 4 and 5.

1. To solve quadratic equations by a)
factoring, and b) by taking the square
roots of both sides of an equation.

2. To calculate the exact value of the
length of a side of a right triangle
using the Pythagorean Theorem.

3. To solve word problems involving
guadratic equations.

4. To solve and verify radical equations
containing one radicand.
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5. To solve problems that involve 3. Toidentify and state corresponding

equations which contain radicals. parts of congruent triangles.
. 4. To determine whether triangles are
F. Probability congruent by S85, SAS, ASA AAS or
HL. '

Foundational Objective
5. To prove that two triangles are

* To appreciate the role of probability in congruent by supplying the
understanding everyday situations statements and reasons in a guided
(10 06 01). Supported by the following deductive proof.

learning objectives.
6. To prove triangles congruent by SS§S,

1. To list the sample space and events for SAS, AAS, ASA or HL in a two-

a randorn experiment. column deductive proof or paragraph
‘ form.

2. To calculate the experimental ‘
probability of simple events by ' 7. To prove corresponding parts of
performing repeated experiments. congruent triangles are congruent.

3. To calculate the theoretical probability 8. To identify similar polygons.
of an event, and the probability of its '
complement. 9. To determine the measure of

corresponding angles in two similar
polygons.

G. Angles and Polygbns :
10. To calculate the scale factor of two

Foundational Objectives similar polygons.
. * To develop the ability to identify pairs of 11, To calculate the length of a missing
congruent triangles and to employ the side of two similar polygons.

. congruence_postulates SSS, SAS, ASA, . _ . oot oo
AAS, or HL in guided proofs showing such 12. To show that two triangles are
congruences (10 07 01}. Supported by similar by the Angle Angle Similarity
learning objectives 1 to 5. - Theorem (Postulate in some resource

texts).

¢ To demonstrate the ability to apply the
concepts of eimilar polygons and scale 13. To calculate the length of a missing
factors to determine the surface area gide in two similar right triangles.
and/or volume of similar polygons or . .
solids (10 07 02). Supported by learning 14. To solve problems involving similar
objectives 8 to 15. triangles, and other polygons.

* To provide a reasonable explanation for 15. To determine surface area and
congruences of pairs of triangles, or for , volumes of similar polygons or solids.

corresponding parts of congruent triangles
(10 07 03). Supported by learning

objectives 6 and 7, . H. Circles

1. To construct informally and formally Foundational Objective
congruent angles, and congruent
triangles. * To develop and display an understanding

of certain relationships of the chords,
2. To determine the properties of tangents, and arcs of a circle (10 08 01).
. congruent triangles. Supported by the following learning
~objectives.
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Objectives

A. Permutations and Combinations

Foundational Objectives

To demonstrate the ability to determine
the number of permutations in a given
situation (10 01 01). Supported by
learning ohjectives 1 to 5.

To demonstrate the ability to determine
the number of combinations in a given
situation. (10 01 02). Supported by
learning objectives 6 and 7.

1. To apply the fundamental counting
principles to determine the number of
possibilities that exist in a given
gituation.

2. To determine the number of
permutations of n objects. (,P, =n!)

3. To determine the number of
permutations of n different objects,
taken r at a time. (,P,)

--TPo-determine-the-number-of

To provide reasonable explanations of the
interpretation of a set of data. (10 02 02).
Supported by learning objectives 5 and 6.

1. To list, and describe, the methods used
to collect data.

2. To obtain data for real-world
situations by using simulations (such
as Monte Carlo simulations).

3. Toreview the methods for determine
the measures of central tendency.

4, To construct box and whisker plots
from simulated data.

5. 'To define and utilize the concept of
percentiles (including the first, second
and third quartiles).

6. To solve related problems using
statistical inference.

C. Polynomials and Rational Expressions

Foundational Objectives

permutations of n objects, not all
different.

5. To determine the number of
permutations of n objects arranged in
a circle.

6. To determine the number of
combinations of n objects, takenr at a
time,.

7. To determine the number of
combinations formed from more than
one subset.

B. Data Analysis

Foundational Objectives

To demonstrate developed skills and
understanding in collecting and displaying
a set of data for a given situation.

(10 02 01). Supported by learning
objectives 1 to 4.

subtraction, multiplication, and division of
rational expressions. (10 03 01).
Supported by learning objectives 1 to 7.

To demonstrate ability in solving
equations involving rational expressions.
(10 03 02). Supported by learning
objectives 8 and 9.

1. To factor the difference of squares of
special polynomials.

2. To factor the sum and difference of
cube_s.

3. To factor polynomials using the factor
theorem.

4. To use the remainder theorem to
determine the remainder when a
polynomial is divided by (x-r).

5. To simplify rational expressions
involving opposites.
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6. To add and subtract rational
expressions with polynomial
denominators

7. To multiply and divide rational
expressions involving opposites.

8. To solve and verify linear equations in
one variable involving rational
algebraic expressions (including
polynomial denominators).

9. To solve and verify the solutions of
quadratic equations involving rational
algebraic expressions.

D. Exponents and Radicals

Foundational Objectives

To be able to illustrate the relationship
between the radical and exponential forms
of an equation. (10 04 01). Supported by
learning objectives 1, 3, and 5.

To demonstrate the ability to work with
operations involving radical numbers. ( 10
04 02}, Supported by learning objectives
2,4,6,and 7.

To be able to solve equations involving
radicals, and to be able to justify the
solutions. (10 04 03). Supported by
learning objects 8 to 11,

1. To evaluate powers with rational
exponents.

2. To apply the laws of exponents to
simplify expressions involving rational
exponents. '

3. To write exponeritial expressions in
radical form.

4. To simplify square root and cube root
expressions.

5. To write radical expressions in
exponential form,

6. To add, subtract, multiply and divide
square root and cube root expressions.

..___which graphs represent functions.

7. To rationalize monomial and binomial
denominators in radical expressions.

8. To solve and verify the solutions of
quadratic equations by factoring,
completing the trinomial square and
using the quadratic formula.

9. To solve and verify equations
invalving absolute value.

10. To solve radical equations with two
unlike radicands.

11. To selve word problems involving
radical equations.

E. Relations and Functions

Foundational Objectives

To demonstrate the ability to work with
functional notation and related
operations. (10 05 01). Supported by
learning objectives 1, 2, and 3.

To be able to produce graphs of relations
and functions and to be able to denote

(10 05 02). Supported by learning
objectives 4 and 8.

To demonstrate the ability to interpret
graphs representing functions and to
identify key points of these graphs.

{10 05 03). Supported by learning objects
5,6, and 7.

1. To evaluate functions using functional
notation.

2. To perform indicated operations on
functions using function notation.

3. Toform the composite of two or more
given functions.

4, To determine if a function is one-to-
one or many-to-one.
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5. To write the equation of a line in
standard form using: two intercepts,
slope and one intercept, one point and
the equation of a parallel line, and one
point and the equation of a
perpendicular line.

6. To solve real-world problems invelving
quadratic functions by analyzing their

graphs.

7. To graph quadratic functions of the
standard form £x) = a (x-p)*+q by
determining the vertex, axis of
symmetry, concavity, maximum or
minimum values, domain, range, and
ZETOos.

8. To graph quadratic functions of the
general form f(x) = ax’+bx +c, by
completing the trinomial square and
converting to one of the standard
forms.

9. To identify and graph examples of
inverse variation taken from real-

world situations. :

10. To state the domain and range, along

with any restrictions, for the giaphsof

_ inverse variations.

11. To determine the constant of
proportionality of an inverse relation.

12. To solve problems that involve inverse
variation.

F. Systems of Linear Equations

Foundational Objectives

To be able to identify the number of
possible solutions of a system of linear
equations. (10 06 01). Supported by
learning objective 3.

To demonstrate the ability to solve a
system of linear equations. (10 06 02).
Supported by learning objectives 1, 2, and
4.

To solve and verify systems of linear
equations in two unknowns by the
following methods: graphic,
substitution, and elimination.

To solve linear systems in two
unknowns that have rational
coefficients and verify the solutions.

To recognize the characteristics of
linear equations in two variables with
graphs that are inconsistent,
consistent-dependent, or consistent-
independent.

To solve word problems involving
linear systems in two variables.

G. Angles and Polygons

Foundational Objectives

e To demonstrate the ability to determine
trigonometric ratios in a given situation,
and apply these ratios to solving real-
world problems. (10 07 01). Supported by
the following learning objectives.

1‘._.

To sketch an angle in standard

~position.

To determine the distance from the
origin to a point on the terminal arm
of an angle.

To calculate the distance between two
ordered pairs in the coordinate plane.

To determine the coordinates of the
midpoint of a segment.

To determine the value of the six
trigonometric ratios when given a
point on the terminal arm of an angle
in standard position. (x,y,r).

To determine coterminal angles for a
given angle.

To determine the reference angle for
positive or negative angles.
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8. To determine the values for the six
trigonometric ratios when given one
trigonometric ratio and the quadrant
in which the angle terminates.

9. To determine the value for the
trigonometric ratios by using a
calculator.

10. To apply the trigonometric ratios to
problems involving right triangles.

11. To determine the relationships among
the sides of each special right triangle
(45°-45°-90° and 30°-60°-90°).

12. To calculate the length of the missing
sides of the special right triangles
when given the exact value of one side,
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F.

7. To graph quadratic functions of the
standard form f(x)=a(x-p¥+q, by
determining the vertex, axis of
symmetry, concavity, maximum or
minimum values, domain range, and
Zeroes.

8. To graph quadratic functions of the
general form f{x)=ax*+bx+c, by
completing the trinomial square and
converting to one of the standard
forms.

9. To identify and graph examples of
inverse variation taken from real-
world situations.

10. To state the domain and range, along
with any restrictions, for the graphs

of inverse variations.

11. To determine the constant of
proportionality of an inverse relation.

12. To solve problems that involve
inverse variation.

Systems of Linear Equations

Foundational Objectives

4,

To solve word preblems involving
linear systems in two variables.

G. Angles and Polygons

Foundational Objectives

* To demonstrate the ability to determine
trigonometric ratios in a given situation,
and apply these ratios to solving real-
world problems (10 07 01). Supported by

- the following learning objectives.

1

* To be able to identify the number of —
possible solutions of a system of linear
equations (10 06 01). Supported by
learning objective 3.

* To demonstrate the ability to solve a
system.of linear equations (10 06 02).
Supported by learning objectives 1, 2, and
4,

1. To solve and verify systems of linear
equations in two unknowns by the
following methods: graphic,
substitution, and elimination.

2. To solve linear systems in two
unknowns that have rational
coefficients and verify the solutions.

3. To recognize the characteristics of
linear equations in two variables with
graphs that are inconsistent,
consistent-dependent, or consistent-
independent.

To sketch an angle in standard
position.

To determine the distance from the
origin to a point on the terminal arm
of an angle in standard position.

To calculate the distance between two
ordered pairs in the coordinate plane.

To determine the coordinates of the
midpoint of a segment.

To determine the value of the six
trigonometric ratios when given a
point on the terminal arm of an angle
in standard position (x, v, r).

10.

11.

12,

To determine coterminal angles fora
given angle.

To determine the reference angle for
positive or negative angles.

To determine the values for the six
trigonometric ratios, when given one
trigonometric ratio and the quadrant
in which the angle terminates.

To determine the values for the
trigonometric ratios by using a
calculator.

To apply the trigonometric ratios to
problems involving right triangles.

To determine the relationships among
the sides of each special right triangle
(45-45-90 and 30-60-90).

To calculate the length of the missing
sides of the special right triangles

-~ when given the exact value of one

side.
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Mathematics B 30

Major Concepts Number of Hours
Mathematics B 30

A. Probability 12
¢ Independent, dependent, mutually exclusive events
¢ Binomial Theorem

B. Data Analysis ' 10
¢ Data distributions - normal, skewed
¢ Standard deviation - calculation, interpretation
» z-scores - caleulation and usage
* Problem solving

C. Matrices 15
¢ Operations with matrices
» Row operations
+ Solving equations
* Linear Programming - Systems of Inequalities

D. Complex Numbers 5
¢ Operations with complex numbers

] E. Quadratic Equations 10
¢ Quadratic Formula

s Nature of Roots

¢ Equations of degree greater than two

¢ Quadratic inequalities

fudd
=1

._’.... SUNURUPEROP ____F.__Polynomial_and_Rationa]_lections__ e e te s e ¢ 4 2 om s i tn = emesmins e
3 * Sketch and analyze

» Inverse of a function

* Reciprocal of a function

G. Ezxponential and Logarithmic Functions : 18
* Laws of exponents
¢ (raphs of these functions
* Solving equations and problems

¢ (Geometric sequences and series
¢ Problems

*  Optional Topics {objectives are not provided)
! ¢ Fractals

Total 80

 The remaining time (20 hours) may be spent on additional
practice, enrichment, or extension of the course.

|
|
|
j
\
!
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Objectives

A. Probability

Foundational Objectives

To demonstrate the ability to set up and
calculate prohabilities of related events
(10 01 01). Supported by learning
objectives 1 to 5.

To apply the Binomial Theorem to expand
binomials, and to real-world preblems.

(10 01 02). Supported by learning
objectives 6, 7, and 8.

1. To define the principle of inclusion
and exclusion when working with two
or mere sets and/or events.

2. To determine the probability of
mutually exclusive events.

3. To determine the probability of two or

more independent events.

4. To determine the probability of
dependent events {conditional
probabilities).

5. To set up, analyze, estimate, and solve
word problems based on objectives 1 —
4,

6. To determine the coefficients of terms
in a binomial expansion using the
Binomial Theorem. (Pascal’s Triangle
r combinations could be used to
introduce this topic).

7. To expand binomials of the form (a+b)*
using the Binemial Theorem.

8. To solve word problems assoéiated
with Objectives 6 and 7.

B. Data Analysis

Foundational Objectives

To determine the standard deviation of a
set of data and to utilize the standard
deviation in analyzing that set of data.
{10 02 01). Supported by learning
objectives 1 to 3.

To develop skill in interpreting data
through the use of z-scores (10 02 02),
Supported by learning objectives 4 to 6.

1. To describe and illustrate normal and
skewed distributions using real-world
examples.

2. To calculate the standard deviation of
a set of data.

3. To utilize the standard deviation to
interpret data represented by a
normal distribution.

4. To define and calculate z-scores.

5. To be able to utilize z-scores as an aid
in interpreting data.

6. To solve related real-world problems
using statistical inference.

C. Matrices
Foundational Objectives

o Toillustrate appropriate.real-world

situations using mairices. (10 03 01).

B "'Supported By learning objective 27— o

To demonstrate knowledge in terms
associated with matrices (10 03 02).
Supported by learning objectives 1 and 6.

To develop skills in matrix operations and
in solving related real-world problems. (10
03 03). Supported by learning objectives
3,4,5,7,8,9,10, 12,

1. 'To define basic terms associated with
matrices.

2. 'To create a matrix to illustrate a given
situation.

3. To add and subtract matrices.

4. To add and subtract matrices using
scalar multiplication.

5. To multiply two matrices (not larger
than 3 x 3).
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6. To determine the properties of
matrices with respect to addition,
scalar multiplication, and
multiplication.

7. To use row operations with matrices.

8. To determine the inverse of a “2x2”
matrix.

9. To solve matrix equations using
multiplication by an inverse. (Orders
higher than 2x2 could be solved using
technology).

10. To graph systems of inequalities.

11. To determine the points of intersection
of lines drawn in objective 10.

12, To determine which vertices of the
polygon formed by a system of
inequalities maximizes or minimizes a
given linear function.

D. Complex Numbers

Foundational Objective

To demonstrate the skills developed in

operafions with complex numbers (1004

01). Supported by the following learning
objectives.

1. To define and illustrate complex
numbers.

2. To express complex numbers in the
form a + hi,

3. To add and subtract complex numbers.

4, To multiply and divide complex
numbers.

5. To divide complex numbers using
conjugates.

E. Quadratic Equations

Foundational Objectives

To demonstrate skill in solving quadratic
equations (10 05 01). Supported by
learning objectives 1, 2, 3, 7, and 8.

To write a quadratic equation through
analysis of the given roots (10 05 02).
Supported by learning objectives 4, 5, and
6.

1. To solve quadratic equations using the
guadratic formula.

2. To solve quadratic equations having
complex roots.

3. To solve word problems involving real-
world applications of quadratic
equations.

4. To determine the nature of the roots of
a quadratic equation using the
discriminant.

5. To determine that the sum of the roots
of a quadratic equation ax*+bx+c= 0
equals (-b/a) and the product of the
roots equals (¢/a).

6. Towrite a quadratic equation given
the roots.

7. To solve equations of degree greater
than two by expressing them in
quadratic form. E.g.: x*-34x+225=0.

8. To solve quadratic inequalities.

F. Polynomial and Rational Functions

Foundational Objectives

To demonstrate the ability to graph and to
analyze the graphs of polynomial and
rational funetions, (10 06 01). Supported
by learning objectives 1 to 3.

To demonstrate understanding of an
inverse of a function (10 06 02).
Supported by learning objectives 4 and 5.

1. To define and illustrate polynomial
and rational functions.

2. To sketch the graphs of polynomial
and rational functions with integral
coefficients, using calculators or
computers.
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3. To analyze the characteristics of the
graphs of polynomial and rational
functions and to identify the ‘zeros’ of
these graphs.

4. To define, determine, and sketch the
inverse of a function, where it exists.

5. To define, determine, and sketch the
reciprecal of a function.

G. Exponential and Logarithmic Functions
Foundational Objectives

¢ To develop skills and knowledge in
working with a variety of exponential and
logarithmic functions. (10 07 01).
Supported by learning objectives 1 to 5.

*» To demonstrate the ability to apply the
knowledge of exponential and logarithmic
functions to real-world situations. (10 07
02). Supported by learning objectives 6 to
17.

1. To define exponential functions and
logarithmic functions.

for integral and rational exponents.

3. To work with logs of numbers with
bases other than 10.

4, 'To construct graphs of exponential

functions and logarithmic functions, to
identify the properties of these graphs,

and to recognize they are inverses of
each other.

5. To sketch graphs o exponential and
logarithmic functions by selecting an

appropriate point for the new origin.

6. To solve exponential and logarithmic
equations.

7. To solve word problems involving
exponential and logarithmic functions.

8. To identify a geometric sequence.

9. To determine the nth term of a
geometric sequence.

2. Touge correctly thielaws of ‘exponents

10.

11,

12.

13.

14,

15.

i6.

17.

To calculate the required number of
geometric means between given terms,

To calculate the sum of a geometric
series.

To define and illustrate the following
terms: geometric sequence, compound
interest, present value, annuity,
geometric means.

To determine the limit of a sequence.

To calculate the sum of an infinite
series.

To solve word problems containing
arithmetic or geometric series.

To solve word problems involving
compound interest or present value.

To solve word problems involving
annuities or mortgages.
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Mathematics C 30

Major Concepts
Mathematics C 30

A, Mathematical Proof
* Deductive proof
» Indirect proof
¢ Induction

B. Conic Sections
* Circle
* Parabola
* Ellipse
¢ Hyperbola
¢ Systems of Equations

C. Circular Functions
¢ Radian measure
* Arclength
* QGraphs of trigonometric functions

D. Applications of Trigonometry
* Laws of Sines and Cosines
* Solving triangles, including the ambiguous case
¢ Problems
* Areas of triangles

E. Trigonometric Identities
* Basic identities

¢ Double, half-angle, and n.s identities

F. Trigonometric Equations
¢ Particular and general solutions

*  Optional Topics (objectives are not provided)

¢ Fractals :
* Chaos Theory

Total

* The remaining time (20 - 25 hours) may be spent on additional
practice, enrichment, or extension of the course,

— o Sum-angd-differen e dentiEiEE——— o <o e e e s e s o = e

Number of Hours

23

10-15

15

12

75 - 80
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A. Mathematical Proof

Foundational Objective

To appreciate the various types of
mathematical thinking processes, and to
demonstrate skill in applying these
processes. (10 01 01). Supported by the
following learning objectives.

1. To define and illustrate by means of
examples: deductive, inductive, and
analogical statements or arguments.

2. To complete deductive proofs from
geometry, using a two-column format.

3. To complete proofs using some of the
methods of coordinate geometry.

4. To use properties of numbers to justify
solutions of alge-numeric exercises,

5. To prove trigonometric identities
using a two-column format.

6. To introduce indirect proof and use it
in several proofs.

7. To introduce the principle of

mathematical induction.

8. To prove assertions by using
mathematical induction.

B. Conic Sections

Foundational ‘Objectives

To become aware of the various conic
sections and to demonstrate skill in
graphing and writing equations of the
conic sections (10 02 01). Supported by
learning objectives 1 to 5.

To demonstrate the ability to solve
systems of linear-quadratic and quadratic-
quadratic equations. (10 02 02).
Supported by learning objectives 6 and 7.

1a) To convert the equation of a circle
from the general form to the standard

form and vice versa.

1b) To sketch the graph of a circle.

2a) To convert the equation of a parabola
from the general form to the standard
form and vice versa.

2h) To sketch the graph of a parabola.

3a) To convert the equation of an ellipse
from the general form to the standard
form and vice versa.

3b) To sketch the graph of an ellipse,

4a) To convert the equation of a hyperbola
from the general form to the standard
form and vice versa.

4h) To sketch the graph of a hyperbola.

5. To examine the coefficients of the
second-degree equations
Ax*+By*+Cx+Dy+E=0 and identify the
conic section it represents.

8. To sketch diagrams to show possible
relationships and intersections of the
following systems: Linear-Quadratic
and Quadratic-Quadratic.

7. To solve the following systems of

-—equations-algebraically:-Linear- - —-—-mmmr oo

Quadratic and Quadratic-Quadratic.

C. Circular Functions

Foundational Objectives

To demonstrate an understanding of
trigonometric functions as developed by
circular functions (10 03 01 ) Supported by
learning objectives 1 to 5.

To be able to produce graphs of
trigonometric functions. (10 03 02).
Supported by learning objectives 5 and 7.

1. To define the trigonometric functions
and real numbers by wrapping a
number line around a circle.

2. To determine values of the primary
and reciprocal trigonometric ratics.
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3. To determine the radian measures of
angles, to convert from radians to
degrees and vice versa.

4, To determine angular velocity and to
apply this concept to solving problems
involving rotation.

5. To determine arc length and to apply
this in associated problems.

6. To define and illustrate the following
terms: periodic function, amplitude,
domain, range, minimum value,
maximum value, translation, wave
motion, sinusoidal functions.

7. To state the range, period, amplitude,
phase shift, minimum and maximum
values and to sketch the graphs of:

a) vy—k=asin(x-h)
b) y—k=acos(x—h)
c) y—k=atan(x-h)

D. Applications of Trigonometry

Foundational Objectives

To demonstrate the ability to apply
trigonometry to real-world problem

situations (10704701, - Supported by — """~

learning objectives 1 to 5.

To demonstrate the ability to calculate
areas of given triangles using
trigonometry (10 04 02). Supported by
learning objectives 6 and 7.

1. To define and illustrate the following
terms: angles of elevation and
depression, heading, bearing, compass
direction.

2. To solve right triangles and associated
word problems.

3. To solve oblique triangles by the use of
the Law of Sines/Cosines.

4. To solve triangles including all
solutions given two sides and a non-
included angle (the Ambiguous Case).

" 5. To solve word problems by means of

the Law of Sines/Cosines.

6. To solve word problems by means of
the law of Sines/Cosines.To determine
the area of a iriangle using

2 . .
K =labsinC K= a“sinBsinC
2 2sin A
Heron’s formula
K= Js(s ~a)(s—b)(s—¢) where s is the

semi-perimeter of the triangle,

7. To solve word problems involving
objective 6.

E. Trigonometric ldentities

Foundational Objective

To demonstrate the ability to work with
trogonometric identities and to be able to
apply them when necessary. (10 05 01).
Supported by the following learning
objectives.

1. To prove and apply the reciprocal

identities.

2. To prove and apply quotient identities.

3.._To prove and apply the Pythagorean
identities.

4. To prove and apply the
Addition/Subtraction identities.

5. To prove and apply the Double-Angle

identities.

6. To determine sin n@, wherenis a
natural number

7. To apply the Half-Angle identities.

F. Trigonometric Equations

Foundational Objective

To demonstrate understanding and ability
in solving trigonometric equations (10 06
01). Supported by the following learning
objective.

1. To solve trigonometric equations by
finding a particular equation and by
finding the general solution.
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Scope and Sequence for
Secondary Mathematics

(by strand)

The code in the column under the course of study refers to the Concept {capital letter) and the specific
learning objective (number) under the Concept in that course of study.

For example, if the code C.6 appears in the 10 column under the course of study, this would indicate that
it is in the Math 10 curriculum guide, the sixth learning objective in Concept C.

A / in the Grade 9 column indicates this topic has been introduced in the middle level program.
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Strand: Data Analysis/Consumer Mathematics

Course of Study
Learning Objectives
10 20 A30 B30 C30
1. To ealculate weekly gross wages involving Cil
regular pay, overtime pay, and piecework
earnings.
2. To calculate earnings for straight commission, or C.2
base wage plus commission.
3. To determine the difference between gross pay C.3
and net pay.
4. To calculate weekly, monthly, and yearly net C4
pay.
5. To define and explain the purpose of a budget. C5s
8. To determine and calculate monthly fixed C.6
expenditures.
7. To investigate the guidelines in developing a Ca
) bdgat. oE N
8. To plan a budget based on percentages allotted C.8
to various categories as suggested by financial
institutions.
9. To calculate the portion of total income spent on C.9
each category using percents.
10. To draw graphs (including circle graphs) C.10
representing budget figures, using appropriate
software.
11. To calculate the actual amount of money to be C.11
spent on each category using the predetermined
percentages.
12. To adjust a budget to changes in expenses. c.12
13. To define credit and determine its appropriate B.1
use.
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Strand: Data Analysis/Consumer Mathematics

Learning Objectives

Course of Study

10 20 A 30 B 30 €30
14. To compare the advantages and disadvantages B.2
of various credit cards.
15. To calculate the monthly interest charges and B.3
service charges on an unpaid credit card
balance.
16. To identify and compare an instalment charge B.4
account and a thirty-day account.
17. To identify the characteristics of a personal loan. ‘B.5
18. To compare the cost of & consumer loan from B.6
various institutions.
19. To calculate the monthly payments for a loan; B.7
using formulas, tables, calculators, and
computers.
90. a) To determine the total cost of a personal loan. B.8
b) To determine the percent of the total amount
repaid (or borrowed) which is devoted to
interest. S _ _ 1 __
121. To determine the importance of a credit rating. B.9
22. To describe how to establish a good credit rating. B.10
23. To calculate mill rates and property taxes. B.11
94. To calculate discounts or penalties on taxes due, B.12
depending on when they are paid.
95. To determine and calculate permissible B.13
deductions from total income.
26. To caleulate the tax payable on taxable income. B.14
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Strand: Data Analysis/Consumer Mathematics

Learning Objectives

Course of Study

10

20

A 30

B30

C 30

97.To list, and describe, the methods used to collect
data.

28.To obtain data for real-world situations by using
simulations (such as Monte Carlo simulations).

29.To review the methods for determining the
measures of central tendency.

30.To construct box and whisker plots from
simulated data.

31, To define, and utilize, the concept of percentiles
(including the first, second, and third quartiles).

32.To solve related problems using statistical
inference.

33.To describe and illustrate normal and skewed
distributions using real-world examples

- }84:Tocalculate the-standard deviation-of-a-set-of ———f------- |-

data.

35.To utilize the standard deviation to interpret
data represented by a normal distribution.

36.To define and calculate z-scores.

37.To be able to utilize z-scores as an aid in
interpreting data.

38.To solve related real-world problems using
statistical inference.

B.1

B2

B.3

B4

B.5

B8

B.1

B.3

B4

B.5

B.6
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Strand: Numbers and Operations

Course of Study
Learning Objectives
10 20 A 30 B30 C 30

1. To list the sample space and events for a random F.1
experiment.

2. To calculate the experimental probability of B2
simple events by performing repeated
experiments.

3. To calculate the theoretical probability of an F.3
event, and the probability of its complement.

4. To define and illustrate, by means of examples, Al
the term absolute value.

5. To express square root radicals as mixed radicals A2
in simplest form.

6. To add, subtract, multiply, and divide square root A3
radicals.

7. To rationalize monomial deneminators. A4

8. To apply the fundamental counting principles to Al

1 defermine the number of possibilities that existin | = - TUTTTITITTT B

a given situation.

9. To determine the number of permutations of n A2
objects, (nPn=nl).

10. To determine the number of permutations of n A3
different objects, taken r at a time, (nPr).

11. To determine the number of permutations of n Ad
objects, not all different.

12. To determine the number of permutations of n Ab
obiects arranged in a circle

12. To determine the number of combinations of n A8
objects, taken r at a time.

13. To determine the number of combinations formed AT
from more than one subset.

14, To evaluate powers with rational exponentis. D.1
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Strand: Numbers and Operations

Learning Objectives

Course of Study

10

20 A 30

B 30

C 30

15.

16.

17.

18.

19.

20.

21.

23.

24,

26.

26.

27,

28,

To apply the laws of exponents to simplify
expressions involving rational exponents.

To write exponential expressions in radical form.
To simplify square root and cube root expressions.
To write radical expressions in exponential form.

To add, subtract, multiply, and divide square root
and cube root expressions.

To rationalize monomial and binomial
denominators in radical expressions.

To define the principle of inclusion and exclusion
when working with two or more sets and/or
events.

To determine the probability of mutually
exclusive events.

To determine the probability of fwo or more
independent events,

To determine the probability of dependent events
(conditional probabilities).

To set up, analyze, estimate, and solve word
problems based on objectives 1-5.

To determine the coefficients of terms in a
binomial expansion using the Binomial Theorem.
{(Pascal’s Triangle or combinations could be used
to introduce this topic.)

To expand binomials of the form (a+b)?, using the
Binomial Thecrem.

D.2

D3

D.4

D.5

D.6

D.7

A3

Al

A2

A4

A5

A6

AT
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Strand: Numbers and Operations

Learning Objectives

Course of Study

10

20

A 30

B 30

C30

29.

30.

31

32.

33.

34.

35.

36.

37.

To solve word problems associated with objectives
6 and 7.

To define and illustrate complex numbers.

To express complex numbers in the form a+bi.
To add and subtract complex numbers.

To multiply and divide complex numbers.

To divide complex numbers using conjugates.

To define and illustrate by means of examples:
deductive, inductive, and analogical statements or

arguments.

To complete deductive proofs from geometry,
using a two-column format.

To complete proofs using some of the methods of
co-ordinate geometry.

38.

39.

41.

432,

43.

To use properties of numbers to justify solutions
to alge-numeric exercises.

To prove trigonometric identities, using a two-
column format.

To introduce indirect proof and use it in several
proofs.

To introduce the principle of mathematical
induction.

To prove assertions by using mathematical
induction.

A8

D1
D.2
D.3
D4

D.5

Al

A2

A3

Ad

Ab

A6

AT

A8
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Learning Objectives

Course of Study

10 20 A 30 B 30 C 30

1. To solve linear equations in one variable Al
containing:

a) variables on both sides;

b} parentheses;

¢) fraction or decimal coefficients.

2. To solve a formula for an indicated variable. A2

3. To solve, graph, and verify linear inequalities in A3
one variable,

4. To translate English phrases into mathematical Ad
terms and vice versa.

5. To solve real-world problems using various A5
problem solving strategies.

| 6. To solve quadratic equations by: a) factoring, and E.1l

b) by taking the square roots of both sides of an
equation.

7. To calculate the exact value of the length of a side E2
of aright triangle using the Pythagorean | | -
Theorem.

8. To solve word problems involving quadratic E.3
equations.

9. To solve and verify radical equations containing E4
one radicand.

10. To solve problems that involve equations which E.5
contain radicals.

11. To solve and verify the solutions of quadratic b8
equations by factoring, completing the trinomial
square, and using the quadratic formula.

12. To solve and verify equations involving absolute D.9
value.

13. To solve radical equations with two unlike D.10
radicands.

14. To solve word problems involving radical D11
equations.
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Strand: Equations, Problems

Learning Objectives

Course of Study

10

20

A30

B 30

C3ao

15.

18.

17.

18.

118.

20.

To solve and verify systems of linear equations in
two unknowns by the following methods; graphic,
substitution, and elimination.

To solve linear systems in two unknowns that

have rational coefficients and verify the solutions.

To recognize the characteristics of linear
equations in two variables with graphs that are
inconsistent, consistent-dependent, or consistent-
independent.

To solve word problems involving linear systems
in two variables.

To solve quadratic equations using the quadratic
formula,

To solve quadratic equations having complex
roots. '

|21

22.

23.

24.

25.

26.

27

To solve word problems involving real- world
applications of quadratic equations.

To determine the nature of the roots of a
quadratic equation using the discriminant.

To determine that the sum of the roots of a

quadratic equation ax2+bx+c=0 equals
(-b/a), and that the product of the roots equals
(c/a).

To write a quadratic equation, given the roots.

To solve equations of degree greater than two by
expressing them in quadratic form. eg. x%-34x
24295=0.

To solve quadratic inequalities.
To solve trigonometric equations by finding a

particular solution and by finding the general
solution.

F.1

F.2

F.3

F4

E.l

E.3

E4

E5

Es

E.7

E.8

F1
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Strand: Algebra

Course of Study
Learning Objectives
9 10 20 A 30 B 30 C30
1. Numbers and Operations F1
¢) To add and subtract rational numbers. v
d) To multiply and divide rational numbers. v
e} To use the order of operations in evaluating v
rational arithmetic expressions.
2. Exponents F.2
a) To evaluate a positive power of 2 numerical base. v
b) To evaluate multiplication and division of positive |
powers of the same numerical base,
¢) To perform the product and quotient exponent v
properties with variable bases.
d) To write numbers in scientific notation and vice v
versa, _
e) To perform multiplication and division of v
numbers expressed in scientific notation.
3. Polynomials s | F.3
a) To add and subtract polynomials. v
b) To multiply a monomial by a2 monomial. v
¢) To multiply a polynomial by a monomial. v
d) To multiply a binomial by a binomial. e
|8} "To'divide a monomial by a monomial.
f)  To divide a polynomial by a monomial.
4. To factor polynomials of the following types: Cci
common factor, grouping, difference of squares,
trinomial squares, trinomials where a=1,
trinomials where a# 1, and combinations of all
preceding types.
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Strand: Algebra

Course of Study
Learning Objectives
10 20 A 30 B 30 C30

5. To divide a polynomial by a binomial by factoring C2
and by long division.

6. To evaluate powers with positive and negative C3
exponents.

7. To simplify variable expressions with integral C4
exponents using the following properties of
exponents: product, quotient, power of a product,
power of a quotient, negative exponent, and zero
exponent,

8. To determine the non-permissible values for the C5
variable in rational expressions.

8. To simplify rational expressions by factoring. C6

10. To multiply and divide rational expressions. C.1

11. To add and subtract rational expressions C8
involving like and unlike monomial

_..Gemominators. L L b }

12, To factor the difference of squares of special C1
polynomials.

13. To factor the sum and difference of cubes. Cc.2

14, To factor polynomials using the factor theorem. - C3

15. To use the remainder theorem to determine the C4
remainder when a polynomial is divided by (x-r).

16. To simplify rational expressions involving C.5
opposites.

17. To add and subtract rational expressions with C.6
polynomial denominators.

18. To multiply and divide rational expressions C.7
involving opposites.
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Strand: Algebra

Course of Study
Learning Objectives
10 20 A 30 B 30 C30
19. To solve and verify linear equations in one cs
variable involving rational algebraic expressions
(including polynomial denominators).
20. To solve and verify the solutions of quadratic C.9
equations involving rational algebraic
expressions.
21. To define basic terms associated with matrices. Ci1
22. To create a matrix to illustrate a given situation. cz2
23. To add and subtract matrices. C.3
24. To add and subtract matrices using scalar C4
multiplication.
25. To multiply two matrices (not larger than 3x3). C.5
26. To determine the properties of matrices with Cé
respect to addition, scalar multiplication, and
__multiplication. _
27. To use row operations with matrices. C.7
28. To determine the inverse of a ‘2x2’ matrix. C.38
29. To solve matrix equations using multiplication by C.9
an inverse. (Orders higher than 2x2 could be
solved using technology.)
30. To graph systems of inequalities. C.10
31. To determine the points of intersection of lines C.11
drawing in objective 10.
32. To determine which vertices of the polygon C.i12
formed by a system of inequalities maximizes or
minimizes a given linear function.
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Strand: Algebra

Course of Study
Learning Objectives :
10 20 A 30 B 30 C30
33. To identify, describe, and interpret examples of B.19
direct variation in real-world situations.
34. To solve proportions involving direct variation. B.20
35. To solve problems involving direct variation. B.21
36. To identify partial variation. B.22
37. To solve problems involving partial variation. B.23
38. To define, illustrate, and identify an arithmetic B.24
sequence.
39. To determine the nth term of an arithmetic B.25
sequence.
40. To define arithmetic means, and to determine the B.26
required arithmetic means between given terms.
41. To calculate the sum of an arithmetic series. B.27
42. To determine the constant of proportionality of an
inverse relation. E.11
43. To solve problems that involve inverse variation. E.12
44. To identify a geometric sequence, G.8
45. To determine the ntb term of 2 geometric G9
sequence, )
46. To calculate the required number of geometric ' G.10
means between given terms. )
47. To calculate the sum of a geometric series. G.11
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Strand: Algebra

Course of Study
Learning Objectives

9 10 20 A30 B 30 C a0

48.  To define and illustrate the following terms: G.12
geometric sequence, compound interest, present
value, annuity, geometric means.

49. To determine the limit of a sequence. G.13
50. To calculate the sum of an infinite series. G.14

51. To solve word problems containing arithmetic or G.15
geometric series. :

52.  To solve word problems involving compound G.16
interest or present value.

53. To solve word problems involving annuities or G.17
mortgages.

54. To prove and apply the reciprocal identities. E1

55. To prove and apply the quotient identities. E.2

56. _To prove and apply the Pythagorean identities. | . [ _| . [ | . | ®E3 | .. .

57. To prove and apply the Addition/Subtraction E4
identities.

58. To prove and apply the Double-Angle identities. E5

59. To determine sin nd, where n is a natural E.6
number.

60. To apply the Half-Angle identities. E.7
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Strand: Functions

Course of Study
Learning Objectives
10 20 A 30 B 30 C3o

1. To define the following terms: relation, ordered B.1
pair, abscissa, ordinate.

2. To identify and express examples of relations in B.2
the real world.

3. To graph ordered pairs in the Cartesian B.3
coordinate plane and to graph real-world B.4
relations in the coordinate plane.

4. To read information from a graph. B.5

5. To define the following terms: function, linear B.1(b)
functions, slope, x-intercept, y-intercept, ratio,
proportion, direct variation, partial variation.

6. To identify, graph and interpret examples of B.8
linear functions describing real-world situations.

7. To graph a linear function using a table of values. B.7

8. To determine if a relation is a function by B.8
employing the vertical line test.

9. To solve equations in two variables given the B9
domain of one of the variables.

10. To determine if an ordered pair is a solution to B.10
the linear equation.

11. To calculate the slope of a line: B.11

a) graphically (m = rise/run)

b) algebraically (m = u}

X2~ Xy

c) from the equation (y = mx + b)

12. To determine the slope of horizontal lines, vertical B.12
lines, parallel lines, and perpendicular lines.

13. To write linear equations in B.12(b)

a) slope-intercept form

b) standard form
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Strand: Functions

Learning Objectives

Course of Study

10

20

A30

B 30

C30

b)
c)
d)

a)
h)
c)
d)

118,

14.

15,

16.

17,

19.

21.

22,

23.

24,

25,

26.

To graph a linear equation in two variables using
x and y intercepts

the slope and an ordered pair

the slope and y-intercept (y=mx+b)

To write the equation of a line when given
slope and y-intercept

slope and one point on the line

the graph of the line

two pints on the line

To construct scatterplots from real-world data.

To interpret and critically analyze these
constructed scatterplots.

To define a quadratic function.

To identify, graph, and determine the properties
of quadratic functions of the following forms:

fx)=ax?, fx)=x2+q, fx)=(x-p)2, flx)=a(x-p)2+q.

To deterl_mn;thedomaln and range from the
graph of a quadratic function.

To analyze the graphs of quadratic functions that
depict real-world situations.

To solve problems involving the graphs of
quadratic functions that depict real-world
situations.

To evaluate functions using functional notation.

To perform indicted operations on functions using
function notation.

To form the composite of two or more given
functions.

To determine if a function is one-to-one or many-
to-one

B.13,14

B.15,16

B.17

B.18

D.1

D.2

D3

D4

D5

E1l

E.2

E.3

E4
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Strand: Functions

Learning Objectives

Course of Study

10

20 A30

B 30

C30

| 27.

30.

31.

36.

37.

38.

S P _Square._and_converting_to._one..of:_the..standard......____._ B PR SR S SRS NSRS PPN PR,

39.

40.

To write the equation of a line in standard form
using: two intercepts, slope and one intercept, one
point ad the equation of a parallel line, and one
point and the equation of a perpendicular line.

To calculate the distance between two ordered
pairs in the coordinate plane.

To determine the coordinates of the midpoint of a
segment.

To solve real-world problems involving quadratic
functions by analyzing their graphs.

To graph quadratic functions of the standard form

f(x):a(x-p)2+q, by determining the vertex, axis of
symmetry, concavity, maximum or minimum
values, domain, range, and zeroes.

To graph quadratic functions of the general form
fix)=ax2+bx+c, by completing the trinomial

forms.

To identify and graph examples of inverse
variation taken from real-world situations.

To state the domain and range, along with any
restrictions, for the graphs of inverse variations

E5

G.3

G4

E6

E7

E.8

E9

E.10
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Strand: Functions

Course of Study
Learning Objectives
10 20 A 30 B 30 C 30

41. To define and illustrate polynomial and rational Fia
functions.

42. To sketch the graphs of polynomial and rational B2
functions with integral coefficients, using
calculators or computers.

43. To analyze the characteristics of the graphs of k.3
polynomial functions, and to identify the “zeros’ of
these graphs.

44. To define, determine, and sketch the inverse of a F.4
function, where it exists.

45. To define, determine, and sketch the reciprocal of F.5
a funetion.

46. To define exponential functions and logarithmic G.1
functions.

47. To use correctly the laws of exponents for integral G.2
and rational exponents. —1 e

48. To work with logs of numbers with bases other G.3
than 10,

49. To construct graphs of exponential functions and G4
logarithmic functions, to identify the properties of
these graphs, and to recognize they are inverses of
each other.

50. To sketch graphs of exponential and logarithmic G.5
functions by selecting an appropriate point for the
new origin.

51. To solve exponential and logarithmic equations. G.6

52. To solve word problems involving exponential and G.7
logarithmic functions.
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Strand: Functions

minimum and maximum values, and sketchthe {1 |

b)
c)

graphs of:

v —k = a sin b(x-h)
y — k =a cos b(x-h)
v — k =a tan b(x-h)

Course of Study
Learning Objectives
10 20 A30 B 30 C30
53. To define the trig functions of real numbers by C.1
wrapping a number line around a circle.
54, To determine values of the primary and reciprocal C.2
trigonometric ratios.
55. To determine the radian measures of angles, to C.3
convert from radians to degrees and vice versa.
56. To determine angular velocity and apply this CA4
concept in solving problems involving rotation.
57. To determine arc length and apply this in C5
associated word problems.
58. To define and illustrate the following terms: C.e
' period function, amplitude, domain, range,
minimum value maximum value, transkation,
wave motion, sinusoidal functions.
59. To state the range, period, amplitude, phase shift, C.7
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Strand: Geometry

Course of Study
Learning Objectives

9 10 20 A 30 B 30 C 30

1. To define: line segment, ray, line, bisector, v D.1
perpendicular line, perpendicular bisector,
transversal, alternate interior angles,
corresponding angles, same-side interior angles.

2. To identify and calculate the measures of the v D2
following angles formed by parallel lines,
corresponding angles, alternate interior angles,
and same-side interior angles.

3. To solve word problems involving angles formed v D2
by parallel lines.

4. To informally and formally construct: v |Da4,5,

a} congruent segments; 6,7

b) the perpendicular bisector of a line segment;

¢} aline perpendicular to a given line from a point
not on the line;

d) aline perpendicular to a given line from a point
on the line; and

e) aline parallel to a given line through a point not

5. Todefine and illustrate by drawing the following: v E.1
acute angle, right angle, obtuse angle, straight
angle, reflex angle, complementary angles,
supplementary angles, adjacent angles, vertically
opposite angles, congruent angles, central angles
of a regular polygon.

6. To solve word problems involving the angles E.2
stated in E.1.

7. To define and illustrate the following polygons: E.3(a)
convex, non-convex, regular, quadrilateral '
parallelogram, rectangle, rhombus, square,
trapezoid, isosceles trapezoid.

8. To define and illustrate the following triangles: E.3(b)
scalene, isosceles, equilateral, acute, right, and
obtuse.
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Strand: Geometry

Learning Objectives

Course of Study

10

20

A30

B 30

C30

11. To classify quadrilaterals as trapezoids, isosceles
trapezoids, parallelograms, rectangles,
rhombuses, and squares.

12. To iﬁformally construct parallelograms,
rectangles, rhombuses, and squares.

13. To state and apply the properties of
parallelograms

a) opposite sides are parallel

b) opposite sides are congruent

¢) opposite angles are congruent

d) the diagonals bisect each other

14. To determine the sum of the measures of the
interior and exterior angles of a convex polygon of
n sides. :

15. To determine the measure of a central anglein a
regular n-gon.

16. To determine the measures of the interior and

___exterior angles of regular n-gons.

17. To determine the number of diagonals in a
polygon of nu sides.

18. To define the measure of a minor are, and to
calculate the measure of a central angle.

19. To determine the relationship that exists between

the following:

- the radius of a circle and a tangent line drawn
fo it at the point of tangency;

- two tangents drawn fo a circle from the same
point;

- chords and arcs in the same circle or in
congruent circles;

- a diameter and a chord bisected by the
diameter; and,

- two chords that intersect inside a circle.

20. To solve problems based on the relationships state
in H2,

21. To informally and formally construct congruent
angles, and congruent triangles,

E4

E5

E6

E7

E.8

E9

E.10

H.1

H.2

H3

G.1
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Strand: Geometry

Learning Objectives

Course of Study

10

20 A30

B 30

C30

22,

23.

24,

25.

26.

27.

28.
. general form to the standard form and viceversa. J .. .1 _

29.

30.

31

32.

33.

34.

35.

To determine the properties of congruent
triangles.

To identify and state corresponding parts of
congruent triangles.

To determine whether triangles are congruent by
588, SAS, ASA, AAS, or HL.

To prove that two triangles are congruent by
supplying the statements and reasons in a guided
deductive proof.

To prove triangles congruent by SSS, SAS, AAS,
ASA, or HL in a two-column deductive proof or
paragraph form.

To prove corresponding parts of congruent
triangles are congruent.

To convert the equation of a circle from the

To sketch the graph of a circle.

To convert the equation of a parabola from the
general form to the standard form and vice versa.

To sketch the graph of a parabola.

To convert the equation of an ellipse from the
general form to the standard form and vice versa.

To sketch the graph of an ellipse.

To convert the equation of a hyperbola from the
general form to the standard form and vice versa.

-To sketch the graph of a hyperbola.

G.2

G.3

G4

G.5

G.6

G.7

B.1(a)

B.1(b)

B.2(a)‘

B.2(b)

B.3(a)

B.3(b)

B.4{(a)

B. 4(b)
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Strand: Geometry

Course of Study

Learning Objectives
9 10 20 A30 B 30 C 30

36. To examine the coefficients of the second degree B5

equation Ax2+By2+Cx+Dy+E=0, and identify
the conic section it represents.

35. To sketch diagrams to show possible B.6
relationships and intersections of the following
systems: Linear-Quadratic; and Quadratic-
Quadratic.
B.7

36. To solve the following systems of equations
algebraically: Linear-Quadratic and Quadrati-
Quadratic.




Strand: Trigonometry

Course of Study
Learning Objectives
10 20 A30 B 30 C30

1. To calculate to two decimal places the length of a E.11
missing side of a right triangle using the
Pythagorean Theorem.

2. To solve word problems using the Pythagorean E.12
Theorem.

3. To determine if a triangle is a right triangle by E.13
using the converse of the Pythagorean Theorem.

4. To determine the value of the three primary E.14
trigonometric ratios using a calculator.

5. To determine the measure of an angle given the E.15
value of one trigonometric ratio of the angle by
using a calculator.

6. To calculate the measure of an angle or the length E.16
of a side of a right triangle using the tangent, sine
and cosine ratios.

|.7:._To solve word problems that involve trigonometric (... | B.17..|...

ratios using a calculator.

8. To identify similar polygons. G.8

9. To determine the measure of corresponding G.9
angles in two similar polygons.

10. To calculate the scale factor of two similar G.10
polygons.

11. To calculate the length of a missing side of two G.11
similar polygons.

12. To show that two triangles are similar by the G.12
Angle Angle Similarity Theorem (Postulate in
some resource texts).

13. To calculate the length of a missing side in two G.13
similar right triangles.

14. To solve problems involving similar triangles and G.14
other polygons.
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Strand: Trigonometry

Learning Objectives

Course of Study

10

20 A 30

B 30

C30

15. To determine surface area and volumes of similar
polygons or solids.

16. To sketch an angle in standard position.

17. To determine the distance from the origin to a
point on the terminal arm of an angle in standard
position.

18. To determine the value of the six trigonometric
ratios when given a point on the terminal arm of
an angle in standard position (x,y,r).

19. To determine coterminal angles for a given angle.

20. To determine the reference angle for positive or
| negative angles.

21. To determine the values of the six trigonometric
ratios, when given one trigonometric ratio and the
quadrant in which the angle terminates.

" |22. To determine the values for the trigonometric
ratios by using a caleulator.

23. To apply the trigonometric ratios to problems
involving right triangles.

24. To determine the relationships among the sides of
each special right triangle
(45-45-90 and 30-60-90).

25. To calculate the length of the missing sides of the
special right triangles when given the exact value
of one side.

26. To define and illustrate the following terms:
angles of elevation and depression, heading,
bearing, compass direction.

27. To solve right triangles and associated word
problems.

G.15

G.1

G.2

G.5

G.6

G.7

G.8

G.10

G.11

G.12

D1

D.2
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Strand: Trigonometry

Course of Study

Learning Objectives
10 20 A30 B 30 C30
28.  To solve oblique triangles by the use of the Law D.3
of Sines/Cosines.
29.  To solve triangles including all solutions given D4
two sides and a non-included angle (the
Ambiguous Case).
30.  To solve word problems by means of the Law of D.5
Sines/Cosines.
31. Todetermine the area of a triangle using D6
2 . .
K=%absinC, K =M, or Heron's
2sin A
Formula K = J s(s—a)s —b)(s—c) where sis the
semi-perimeter of the triangle.
32. To solve word problems involving Objective D6, D.7
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Templates for Assessment
~and Evaluatlon'

.The templates included represent some examples of the various types of evaluation and assessment the
teacher might employ. The teacher is encouraged to peruse Student Evaluation: A Teacher Handbook
(1991} and curriculum guides from other subject areas in order to obtain a_more comprehensive set of

evaluation templates. In addition, the teacher may adapt any of the templates to accommodate students
in the classroom. :
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Rating Scale

Activity: Problem Solving
Course: Mathematics 30

Date:

Student

Description of
Activity Component

Scale Points

Understands the Problem

Devises a Plan

Reflects

1
2
3. Executes the Plan
4
5
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Activity:
Course:

Rating Scale

Date:

Student

Description of
Activity Component

Scale Points
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DATE:

TOPIC: Polynomial Functions

GRADE: Mathematics 30
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DATE:

GRADE:

TOPIC: Communicating Mathematically (oral and written)
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DATE;




Observational Rating Scale
Group Work

Topic:

The student:

Seldom - 1
Always - 4

Comments

1. Volunteers information or ideas

2. Shows willingness to listen

3. Asks good questions

4. Considers facts

5. Shows respect for others

6. Supports ideas with facts

Teacher Notes:
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Seldom - 1
Always - 4

Comments

Teacher Notes:
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Grade: Mathematics 10
Topic: Budget

Date: June 3
Rating
Student 1 - Fair Comments
2 - Good
3 - Very Good
4 - Excellent
Corry 2 Understands the concepf of budgeting but has difficulty working
with percent when calculating portion of total income spent on
categories.
Melissa 4 Fully understands all aspects of budgeting. Is able to plan, display,

adjust and interpret a budget.
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Grade:
Topic:
Date:

Student

Rating

1 - Fair

2 - Good

3 - Very Goed
4 - Excellent

Comments
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Individual Group Evaluation Form

We will stop once weekly to hold discussion in your groups about the process of working together. This is
a time to consider how you feel and what you think about working in your group. Thinking about the
process of working together helps people to recognize strengths and to become aware of ways in which we
can improve our working relationships.

Please answer the following three questions on your own. Then use the three questions and your response
as the basis for discussion within your group.

1. How do you feel about your participation as a member of your group at this time?
Please circle:
Very Satisfied Quite Satisfied Somewhat Dissatisfied Quite Dissatisfied

Please comment on why you checked where you did:

2. How do you feel about the productivity of your group at this time?
Please circle:
Very Satisfied Quite Satisfied Somewhat Dissatisfied Quite Dissatisfied

Please comment on u;hy yoﬁ.‘checked where you didﬁ

3. What things might I, or we, do to improve our group functioning as we continue to work?

Clarke, J., Wideman, R., Eadie, S. (1990). Together we learn: Cooperative small group learning.
Scarborough: Prentice-Hall Canada Inc. p. 106. Reproduced with permission.

91



Observation Form

Place check marks in the appropriate boxes as you watch and listen. You might also want to record a few
examples of what group members do or say.

Asking
Questions

Seeking Information
and Opinions

Responding
to Ideas

Acknowledging
Contributions

Group 1

Group 2

Group 3

Group 4

Group 5

Date

Clarke, J., Wideman, R., Eadie, 8. (1990). Together we learn: Cooperative small group learning.
Scarborough: Prentice-Hall Canada Inc. p. 131. Reproduced with permission.
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Sample Criteria Checklist Developed by the Teacher and Students for

Summative Peer and Teacher Evaluation

Criteria for Effective Group Presentation to Review Concepts in Trigonometry

Not at all

The group:

¢ appeared prepared and organized.

* was knowledgeable about its section.

*- worked together as a group.

* encouraged active participation from the class.
* demonstrated patience and helpfulness.

* used a variety of teaching techniques.

One part of the presentation which was particularly helpful (and why):

One suggestion for improvement:

Clarke, J., Wideman, R., Eadie, S. (1990). Together we learn: Coop
Scarborough: Prentice-Hall Canada Inc. p. 138. Adapted.

erative small group learning.

Thoroughly
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Sample Evaluation of Another Group’s Presentation

* How did the group capture your interest in the topic?

Describe three things you learned about the topic from the presentation.

Describe one thing about the presentation that you thought was creative or imaginative.

Make one suggestion which you think would strengthen the effectiveness of the presentation.

* Was there anything about the presentation that makes you interested in learning more about the
topic? If so, please indicate what it was.

Names

Clarke, J., Wideman, R., Eadie, 8. (1990). Together we learn: Cooperative small group learning.
Scarborough: Prentice-Hall Canada Inc, p. 160. Reproduced with permission.
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Unit Planning

There are many ways to plan a unit. The

following unit planning guide and planning sheet
are not prescriptive. They offer some suggestions

to teachers so that they may plan for the
maximum benefits for their students. In any
case, all planning should include expected
learning objectives cutcomes, instructional
strategies, evaluation strategies, and the
Adaptive Dimension.

Unit Planning Guide

1.

Determine the sequence of the concepts
that are to be developed.

Examine the Foundational Objectives with
the subsequent learning objectives. Include
the development of the Common Essential
Learnings.

Determine the prerequisite skills required.

Identify the print and non-print resources
to meet the needs of the students.
Consider community resources. Access
available electronic resources.

Develop activities that are appropriate for
the_objectives

10.

11,

12,

Determine the organizational structures
that support the instructional methods and
activities to be used.

Consider how the activity might be linked
to other areas of study. Modify the activity
to strengthen the connections.

Analyze how the Common Essential
Learnings can be developed within the
activities of each lesson.

Consider the initiatives of Gender Equity,
Indian and Métis Perspectives, Inclusionary
Education, and Agriculture in the
Classroom. How can they be incorporated
into the unit?

Adapt for individual differences whether it
be curriculum topics and materials,
instruction, or environment (Adaptive
Dimension).

Select student evaluation strategies. See
the section in this guide and consult
Student Evaluation: A Teacher Handbook
(1991). Just as a variety of activities
should be chosen to accomplish the
objectives, a variety of evaluation strategies
should be employed so that all aspects of
learning can be assessed.

Consider a variety of instructional
strategies and methods for the activities,
Select those that are most appropriate in
meeting the objectives and in meeting the
learning styles and needs of the students.

Note: Teachers are challenged to create a formal unit by integrating the Mathematics C 80
section on Concept A: Mathematics Proof with Appendices G, H, and I — student and

teacher resources.
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R Patterns s Relatlons (Patterns)

Western Protocol -
-~ Common Currlculum

Framework (1996)

10-12 Mathematlcs General
Outcomes

Number (Number Concepts) '

* ‘Analyze graphs or charts of ngen sltuahons tc
" derive specific mformatmn '

. Analyze the data in a table for trends, pattems
and interrelationships. =

~» Explain and illustrate the structure and the C
" interrelationship of the sets of numbers w1th1n K

‘the real number system
' Explain and illustrate:the. structure of the

- complex _number system and its subsets.-

| ' Number (Number Operations)
. Use basic arithmetic operations on real

- numbers to solve problems.
* Describe and apply anthmetlc 0peratlons on -

tables to solve problems, usmg technology as . -
.- * Bolve problems mvolvmg tnangles and vectors

: reqmred o
* Describe and apply anthmetlc operatnons on

matrices to solve problems, usmg technology as_-—-'j

- required.

o " . Ma.ke and Justlfy ﬁnanmal dems:ons _'

,- Represent by models naturally-occurrmg data
using linear functions. = -

R ‘Represent and analyze functlons usmg

technology, as appropriate.
LE Use the concept of funchon to solve problems

| _ Shape and Space (Measurement)
" ». Use measuring devices to make estimates and

‘to perform calculations in solving problems.

. Démonstrate an understanding of scale factors,
" and their mterrelatmnshlp with the

dimensions of similar shapes and- obJects

"« Solve problems involving triangles, mcludmg

~ those found in 3-D applications.

. Analyze objects, shapes, and- processes to solve

cost and desxgn problems

Shape and- Space (3-D Objects and 2—D

Shapes)

¢ Solve co-ordinate geometry problems mvolvmg L

lines and line segments.

e Develop and apply the geometnc propertles of

circles and polygons to solve problems

. Classﬂ'y conic sectmns usmg the1r shapes and ‘

" eguations. - :

. mcludmg 3-D apphcatmns :

: 'Shape and Space (Transformat:ons)

. Perform analyze and create transformatlons of .
functlons and relat:ons '

. Represent naturally oceurring d1screte data, '
- using linear or nonlinear functions.

- » Generate and analyze number patterns.

. Invest1gate the nature of mathematmal
" reasoning.- ‘

- o Generate and. analyze recurswe and fractal

pattems

Patterns and Relatlons ('Vanables and

- 'Equations) '

» Generalize operatlons on polynomlals to
include rationat expressions..

"o Represént.and analyze’ situations that mvolve e

- variables, expressxons equatmns and
mequahtles

| " Use linear programmmg to solve optxmmatlon o
- ... ® Solve problems based on the countmg of sets

models. -
» Solve exponentlal loganthn’uc and
tngonometnc equatmns

Patterns and Relations (Relat:ons and
Functions) - |

» Examine the nature ofa:elat:ons w1th an.. -

emphasm on functlons

o Statlstlcs and Probablhty (Data Analys*ls)
.. . * Describe, implement and analyze sampling

procedures and draw appropnate inferences . .
- from the data collected usmg mathematmal
- and technical language

- _ .- Apply lme-ﬁttmg tech.mques to ‘analyze

‘experimental results. |

L Analyze bwanate data

'smustms and Probabl.hty (Chance and
: Uncertamty)

l . Make and analyze declsmns usmg expected

' gains'and losses based on smgle events.

*-» Model the probabmty of a compound event in

 order to solve problems based on the combmmg‘
- of sunpler probabilities.-

 using technigues such as the fundamental
- counting prmcxple, permutatmns and
-‘combinations.

- Use normal probahmty dxstnbuhon to solve

: problems mvolvmg uncertamty
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I\;iathematics A 30

A. Permutations and Combinations

Foundational Objectives

* To demonstrate the ability to determine
the number of permutations in a given
sitnation (10 01 01)*, Supported by
learning objectives 1 to 5.

* To demonstrate the ability to determine
the number of combinations in a given
situation (10 01 02). Supported by
learning objectives 6 and 7.

Daia Analysis
Foundational Objectives

* To demonstrate developed skills and
understanding in collecting and displaying
a set of data for a given situation
(10 02 01). Supported by learning
objectives 1 to 4,

* To provide reasonable explanations of the
interpretation of a set of data (10 02 02).
Supported by learning objectives 5 and 6.

Polynomials and Rational Expressions

Foundational Objectives

* To be able to solve equations involving
radicals, and to be able to justify the
solutions (10 04 03). Supported by
learning chjectives 8 to 11.

Relations and Functions
Foundational Objectives

¢ To demonstrate the ability to work with
functional notation and related operations
(10 05 01). Supported by learning
objectives 1, 2, and 3.

* To be able to produce graphs of relations
and functions, and to be able to denote
which graphe represent functions
(10 05 02). Supported by learning
objectives 4 and B,

* To demonstrate the ability to interpret
graphs representing functions, and to
identify key points of these graphs
(10 05 03). Supported by learning
objectives 5, 6, and 7.

* To be able to identify inverse variations,
and to demonstrate solutions to problems
involving inverse variations (10 05 04).
Supported by learning objectives 9 to 12.

Systems of Linear Equations

Foundational Objectives

* To demonstrate ability in the addition,
subtraction, multiplication, and division of
rational expressions (10 03 01).

Supported by learning objectives 1 to 7.

* To demonstrate ability in solving
equations involving rational expressions
(10 03 02). Supported by learning
objectives 8 and 9,

Exponents and Radicals
Foundational Objectives

* To be able to illustrate the relationship
between the radical and exponential forms
of an equation (10 04 01). Supported by
learning objectives 1, 3, and 5.

* To demonstrate the ability to work with
operations involving radical numbers (10
04 02). Supported by learning objectives
2,4,6,and 7.

* To be able to identify the number of
possible solutions of a system of linear
equations (10 06 01). Supported by
learning objective 3.

* To demonstrate the ability to solve a
system of linear equations (10 06 02).
Supported by learning objectives 1, 2, and
4.

Angles and Polygons
Foundational Objectives

* To demonstrate the ability to determine
trigonometric ratios in a given situation,
and apply these ratios to solving real-
world problems (10 07 01). Supported by
the following learning objectives,

* Saskatchewan Education uses codes (10 01 01) for assessment and evaluation purposes.
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Concept A: Permutations and Combinations

Foundational Objectives

* To demonstrate the ability to determine the number of permutations in a given situation (10 01 01).
Supported by learning objectives 1 to 5.

¢ To demonstrate the ability to determine the number of combinations in a given situation (10 01 02).
Supported by learning objectives 6 and 7.

Objectives Instructional Notes
Al
To apply the fundamental It may be necessary to review some of the underlying principles
counting principles to determine of set theory before beginning the study of this section. The
the number of possibilities that concepts of set, subset, and mutually exclusive should be
exist in a given situation. understood, at least intuitively.

The fundamental counting principles are those which deal with
the combining of the numbers of outcomes in given situations.
FCP 1 (The Multiplication Principle)

If the first part of a procedure can be performed in m ways, and

the second part of the procedure can be performed in n ways,
then the procedure can be carried out in mn ways.

FCP 2 (The Addition Principle)
If one task can be performed in m ways, and a second, mutually
exclusive task can be performed in n ways, then the number of

ways of performing either task is given by m+n ways.

Students should work in groups to determine the answers to

several questions involving these countting principles.
Discussion should be encouraged within the groups, so that
group members are satisfied that their group answers are
suitable. Group answers should be summarized. (PSVS)
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Examples/Activities

Student groups could work on a series of questions similar to the
following:

1. The Ajax Phone Company offers three basic models of
telephone (princess, desk, and wall). Each model is available
in green, beige, red, black, or white; and each can be
purchased with either touch-tone, or automatic dialling. How
many variations of phone does the Ajax company have ?
What is the probability of randomly getting a green
touch-tone phone?

2. A new radio station is to choose its call letters. There are to
be four letters in all. The first letter must be a C, the second
letter must be chosen from B, F, J, K, or 5. As well, the
radio station wishes to have a vowel as the third letter in its
'‘name’. How many choices does this station have? What if
the station wishes to have exactly one vowel in its name?
What is the probability it is randomly assigned two vowels?

3. How many numbers that are less than 10 000 can be formed
if: a) the first digit cannot be zero, and b) no repetition of
digits_is_allowed.

Adaptations

Student groups could be instructed to
share some real-life instances where
fundamental counting principles are

- used-(e.g.; generation of postal codes,

telephone numbers, types of
hamburgers available at local booths
or concessions, licence plates, etc.).

Some calculations might be done with
these examples to determine if the
needs of the community are being
served by these systems. (E.g.: Will
the present system of phone numbers
be suitable if the community expands
in the future? How could this be
determined?)

The teacher may wish to introduce
questions dealing with the intersection
and union of sets at this point. These
may be introduced using counting

{ Hint: You can use one, two, three, or four digit numbers.)

arguments-or-overlapping-sets—A
number of examples should be done to
illustrate concepts such as the
principles of inclusion and exclusion.

|AuB| = |A] + [B] - {AnB|

|AUBLC| = |A] + B} + |C]
- |ArB}| - JARC|
- [BnC| + |AnBrC|

Example: 93 students attended a
school dance. 62 students purchased
hotdoge while 45 purchased a soft
drink, and 8 had neither. How many
students had both a hotdog and a soft
drink?
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Concept A: Permutations and Combinations

Objectives

A2

To determine the number of
permutations of n objects.
{nPn = n!)

A3

To determine the number of
permutations of n different
objects, taken r at a time. (nPr)

Instructional Notes

Students should be given the definition of a permutation, and
ghown some examples of permutations (e.g; 3-letter nonsense
syliables composed of the letters a, b, and c).

The idea of a permutation of a complete set of elements and its
relation to the multiplication principle should be explored by
having groups work on selected examples or exercises.

When students are comfortable with their understanding, the

.factorial notation could be introduced, and formalized.

Calculators, or computers should be employed to do caleulations
of larger permutations, and perhaps to run simulations.

Note the special case of 0! = 1. Have students try this on their
calculators as well.

Students can be given some relatively simple examples to work
on in their groups. The group answers should be shared, with
ensuing discussion leading to a more uniform method of
approaching these situations. (An example that they might
work on is: list all the different two-letter syllables that could
be formed from the word 'star’.)

The formula shouid be developed, and further examples doneto

illustrate the use of the formula. Also, utilize caleulators and
computers.
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Examples/Activities Adaptations

Exercises similar to the following can be assigned to the groups.  Students could be asked to generate
Solutions can be shared, and formalized for the entire class. permutations for their own groups to
solve. Each example would have to be
1. In how many different ways can we arrange the letters of the reflected upon to see if it fits the
word ‘draw’? What is the probability the arrangement begins criteria of a permutation of a set of
with a vowel? objects, before the calculations are
: carried out.
2. How many different 5-digit numbers can be formed from the '
digits 2, 8, 5, 7, 8, if each digit is used only once in each Students should use the multiplication
number? What is the probability the number ends in a 57 . principle to find the number of ways to
form a queue of length n from n
3. In how many ways can we arrange eight different books on a people. They would fill in the first
shelf? position, then the second, and so on.

Students could be assigned a series of exercises to be done in
groups. These might be similar to the following: Students could be asked to determine
real-world situations in which
1. How many different nonsense syllables of three letters can be permutations of this type are
formed from the letters of the word 'groups’, if no letter can  encountered. Then the number of
be used more than once? What is the probability that both permutations of each example can be
vowels appear in the nonsense syllable? determined by using formula,
calculator, or computer. The teacher
2. In how many ways can we arrange a group of four students  should have some examples ready in
chosen from a group of 10 students? case students are not able to generate

their-own examples: (CCT)

Students could be asked to find the
number of ways to form a queue of
length r from n people using the
multiplication principle.

Students could be instructed to answer
the following: If you could do one
operation from a list of 20! every
second, how many years would it take
to perform all the operations ?
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Concept A: Permutations and Combinations

Objectives

Ad
To determine the number of

permutations of n objects, not all
different.

Ab

To determine the number of
permutations of n objects
arranged in a circle.

Instructional Notes

Students could work in groups to determine how many different
ways they could arrange three objects in a line, if all were
different. They could then progress to the situation where two of
the objects were identical. Extend this to have them determine
the number of ways to arrange four objects in a line, if two were
identical (then three identical).

At this point, they could be asked to conjecture a result for the
general case. ‘Have them predict the result with five objects, two
of which are identical. Extend this to more difficult situations,
such as five objects, of which three are identical to each other,
and the remaining two are identical to each other.

Manipulatives, such as bingo chips, algebra tiles, dice, could be
useful for this activity.

For circular permutations, students might be given a situation

to explore individually, in pairs, or small groups. Use of
manipulatives such as small figurines, coins, stamps, and the

like, may be useful for some, but these could also be done by ,
assigning alpha-numeric symbols to positions on a circle. The i
problem assigned might be to determine in how many ways '

three (then four, five,-and-n)-objects-can-be-arranged-in-a-circle; ——————---

Students should be instructed that there is no ‘fixed’ starting
position, and to note each permutation. After determining the
results for a few of these, students should be expected to
determine the formula for this type of permutation. { (n-1) }

Some exercises that utilize this formula can be assigned for
practice,

The special case of the key-ring’ type of permutation can also be
dealt with in this section. Because some objects, such as
coloured beads on a necklace, or keys, can be arranged in a
circle (key-ring) without regard to whether they are right side
up, the number of permutations is given by the formula

(n-1)!

2

This special case can be demonstrated by/to students using
beads/keys on a necklace/ring.
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Examples/Activities

Some exercises should be assigned for this concept.

1.

How many ways can we arrange five objects in a line, if the
only difference is colour, and there are two red, one green,
and two yellow?

In how many ways can we arrange the letters of the word
‘defense’?

In how many ways can we arrange the letters of the word
‘inference’?

How many different signals can be formed from three
squares, three triangles, and two circles, if all eight symbols
must be displayed in a vertical line?

Determine the number of permutations of four (five, six )
objects arranged in a circle.

In how many ways can a family of five be seated at a circular
table?

In how many ways can six children be seated on a small
merry-go-round-that has-exactly-six-places?

Adaptations

These exercises are meant to be
completed using the formula in the
resource texts. It is a variation of
n!
n,!n,!ngl.., where n;, n,, n, ...

represent the number of times an
element appears in the arrangement.

~This topic can be extended by

introducing many other real-world
applications, Students could be asked
to generate these in groups, and set up
related questions {o solve. (IL)

The questions given to the students
can be adapted quite readily for better
students by introducing restrictions
similar to number 5 in the examples/
activities column.

For example, students could attemnpt

In how many ways can we arrange five keys on a key-ring?

In how many ways may we seat a family of six at a table, if
Bob and Joan are to sit next to each other? If Bob and Joan
are not to sit next to each other?

In how many ways can seven go-karts be situated on a
circular track during & race, assuming that no two are
exactly side by side?

questions-such-as:
In how many ways may we seat three
couples (men and women) at a table, if
men and women must be seated
alternately?

In how many ways can we seat five
people in a circle, if we do not want
Bill and Bernie to sit next to each
other?

In how many different ways may we
arrange seven objects in a circle, if two
of the objects are identical?
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Concept A: Permutations and Combinations

Objectives Instructional Notes
A6 Students should be presented with the definition of combination,
To determine the number of and the major differences of combinations and permutations
combinations of n objects, taken r should be pointed out; that for combinations, the order of
at a time. arrangement is not important.

Groups could work on a set of exercises designed to build an
understanding of the underlying principles of combinations.

These exercises should be chosen to reflect or model real-world
Eituations, and manipulatives should be available to the groups
to use in their explorations. (NUM)
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Examples/Activities

Some types of examples are:

1,

How many ways can we choose one representative from a
group of three? four? five?

How many ways can we choose two committee members from
a group of four? five? ten?

How many possible combinations are there in Lotto 6/49?

How many line segments can be drawn using a set of twelve
non-collinear points? How many triangles? How many

quadrilaterals?

Adaptations

This topic could also be studied by
using a queue of length r taken from n
people. Pick r from n people and then
line them up in r! different ways.
Then we have

P = .C, r! and therefore,

2Cr = n!
{(n-r)! r!

Note that the two above methods are
equivalent for repetitions; for example,
the number of permutations of the
letters of MISSISSIPPI is
11!
4141211

which can be seen as ,,C,-,C,C, by
picking places for each set of letters
and using the multiplication principle.
Try others to determine if this
equivalence is general for repetitions.

311



Concept A: Permutations and Combinations

Objectives

AN

To determine the number of
combinations formed from more
than one subset.

Instructional Notes

Students should be reminded of the fundamental counting
principles before beginning this topic.

Groups could work on the solutions of example problems that
reflect this situation. Group answers, and the rationale for
these answers, should be shared with the class. (COM)

The examples chosen should try to reflect real-world situations
insofar as possible.

An introductory problem might be posed to the students to work
on cooperatively. An example might be similar to the following:

An art student is instructed to make a collage of 2 different
triangles, 3 different quadrilaterals, and two pentagons. In the
supply material provided, there are six different triangles, 5
different quadrilaterals, and 4 different pentagons. In how
many different ways may the student choose the materials
required?
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Examples/Activities

Examples:

1.

How many different committees are possible, if we would like
to have three men and three women on the committee, and
the number of men to choose from is 5, and the number of
women to choose from is 67 (Manipulatives e.g.; using 5
green markers for men, and 6 blue markers for women, could
be used in a simulation - for group work.)

In a group of scientists selected for-astronaut training, there -

are 15 men and 4 women. Of this group, only four are to be
chosen for the actual training program. It is advisable that
there be exactly one woman included. How many different
selections can be made?

What would the result be if two women must be chosen?
What is the result if at least one woman must be chosen?
What are some possible reasons that the target group seems
to be skewed towards more males in this scenario? How
might it be made more accessible to both sexes?

To put together an investment portfolio for a client, a
stockbroker has suggested to a client that she choose four of
the six recommended stocks, and three of the eight
recommended bonds. How many different selections can the
client choose?

Adaptations

The groups can extend their skills and
knowledge of this topic by researching
examples of combinations present in
other real-world situations;
environmental, hereditary, games,
politics (such as the constitutional
debate over Senate reform), economics,
and others. These could be done as
simply listing situations where
combinations occur, or mini-reports
could be expected reflecting writing
skills and some computations as well.

Students could work on a specific
situation such as determining the
number of ways it is possible to choose
a dozen doughnuts from five varieties,
if at least one of each variety must be
chosen? Two of each?

Student discussion on this type of
problem may lead to other concepts
(such as the binomial theorem) which
could be briefly discussed at this time,
if student interest warrants,
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Concept B: Data Analysis

Foundational Objectives

* To demonstrate developed skills and understanding in collecting and displaying a set of data for a given
situation (10 02 01). Supported by learning objectives 1 to 4.

* To provide reasonable explanations of the interpretation of a set of data (10 02 02). Supported by
learning objectives 5 and 6. :

Objectives Instructional Notes
B.1 Students, in small groups, pairs, individually, or as a class,
To list and describe the methods should be asked to generate a list of different ways in which
used to collect data. data is collected. (This should be a review for them of concepts

done at the Middle Level.) Once the list is felt to be
comprehensive enough, the teacher can ask students working in
groups to describe each of the listed methods in more detail, and
to provide an example or two where each method could be used.

The students should be asked also about the limitations of each
methed, and to discuss the ways in which it is possible to obtain
skewed results from using various methods. (CCT)

The discusgion should determine also whether each method
confines itself to the specific target group, whether it misses
certain segments of the target group, or whether it might be
totally invalid because of missing most of the target group.

The teacher should have specific examples in store, in case the
class does not generate sufficient examples to illustrate these
I J— _meth_od B= -

(
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Examples/Activities

Students should discuss the data collected and displayed for
situations such as the following:

L

The average height of teenagers in Canada, after measuring
high school boys basketball teams playing in BRIT, a
tournament at Bedford Road Collegiate in Saskatoon.

The advisability of stocking rock music videos in a music
store, if the store caters to symphony members only.

The suitability of women for executive positions, by asking
only executives who happen to be men.

Using the phone to conduct a survey, when results are to
reflect all opinions.

Graphs showing growth or decline curves representing a
company’s point of view. (Scales should be inspected and
alternative scales suggested, to give a different perspective.)

Adaptations

Students could be asked to do some
research in the learning resource
centre to locate information on a point

. of view supported by some data (e.g.:

environmenta! (mis)management,
unemployment figures, memberships
and purchase patterns in a local co-op,
various polls or surveys, topical issues,
makeup of consumer price index, etc).
Students should be encouraged to
access electronic databases for the
information. (TL)

They could be asked to analyze the
methods in which these data were
gathered and presented, and put
forward their opinion on whether this
particular situation was presented in a
fair manner. Reasons should be given
for their opinion. (CCT)
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Concept B: Data Analysis
Objectives

B2

To obtain data for real-world
situations by using simulations
(such as Monte Carlo
simulations).

Instructional Notes

Students should discuss how they would collect data in specific
situations. They should be presented with situations in which
they realize that the data necessary cannot be collected directly,
but must be obtained by other means. The concept of a
simulation should be introduced as a mathematical tool, as the
simulation of driving skills in a simulator is a tool for driver
education. (TL) '

Once the students are introduced to the concept of simulations,
they can discuss how simulations can be used in mathematics.
Most of these simulations will require manipulatives such as
coins, various types of dice, cards, or spinners. Random number
tables can also be useful.

Group work will enable the students to complete many more
trials of a particular situation in less time, as well as have these
trials recorded.

Time must be taken to outline the procedures to be foliowed.
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Examples/Activities Adaptations

Data collection by simulation requires certain types of exercises.  To extend this topic, the question

Some distributors of educational materials have resources could be reworded to have one or more

available for purchase by schools. of the figurines limited in its random
placement e.g.: Figurine A is included

Some examples of simulations follow. one third as often as the other
figurines. The students would then

1. Krunchies breakfast cereal for kids places 1 of 6 possible have to allow for this in setting up the

figurines in each box as a premium for kids. (Each of the six trials in their simulation.

figurines has an equal chance of being placed in each box.) '

On average, how many boxes of Krunchies would Kara have  Many other simulations could be done,

to purchase in order to obtain all six figurines? involving genetics from biology,
politics from social studies, and

Solution: The simulation could involve the repeated roll ofa  environmental concerns from other

die, where each of the numbers 1 through 6 would represent areas of science. (IL)

a figurine. One trial would be the instance of rolling the die

until all six numbers had appeared at least once. (How many There are a number of resource

times was the die rolled to get the six numbers?) Each group packages available, most of which are

could run a specified number of trials, or trials for a specified described in the catalogues of

time, and the results of the class would be coliated, with the educational publishers.

final calculations being done together.

2. If Ali S. makes 75% of her free throws, is there & reasonable
expectation that she will make two free throws in a row?

Solution: A spinner can be used, where three fourths of the
spinner indicates a successful free throw. (Random number
tables, dice, or cards can also be used.)
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Concept B: Data Analysis
Objectives

B.3

To review the methods for
determining the measures of
central tendency.

Instructional Notes

Students should have some previous knowledge of the terms
mean, median, and mode from their mathematics in Middle
Level, but a review of these terms is necessary at this stage.

Examples that describe and illustrate how these measures of
central tendency are determined should be presented. Students
might be asked to discuss the suitability of a particular measure
in a given gituation and to determine which measure might be
most suitable for that particular situation.
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Examples/Activities

Find the three measures of central tendency in each of the
following situations, and determine the measure(s) that are most
suitable for the situation described, supplying your rationale for
your choice(s).

1. The salaries received by the starting five of the Northwood
Rebounders basketball team are $240 000, $175 000,
$225 000, $200 000, and $2 300 000.

2. A T-shirt company finds that its sales for one month are as

follows;
S - 125 @$8.00
M - 350 @%8.50
L - 775@%9.00
XL - 550 @$9.50
2XI, - 125 @ $10.00

3. The test marks for a unit test in mathematics are:

67 86 92 58 77 B8l 45
73 74 59 67 75 36 99
72 63 70 84 68 71 78
61 52 82 77 90 177 83
66 73 77 83 65 79 57

4. The results of the high jump event (in metres) at a recent

track meet are as follows;
2.04, 2.01, 195, 1.89, 1.89, 1.83,
1.80,-1.75,-1.75,-1.70,-1.65, 1.65,

Adaptations

To modify, the teacher may ask
students to state their shoe size,
amount in cents of the coins they have
on their person, or the number of pens
or pencils they have with them in
class. (If students are sensitive to
such ideas as shoe sizes, etc., do not
press for a response.) The class can
then work in small groups with the
generated data to determine the three
measures of central tendency, and
discuss which are the most useful in
each case, why, and for whom.

The more able students might be
given a more detailed research
assignment based on these measures.
They might be asked to contact the
municipal office to determine average
property tax in their municipality, the
median tax, and the mode. They might
be given an assignment based on the
amounts of various chemicals in a
selection of dry cereals. This could be
noted from the packages in a local
grocery. {IL)

1.65, 1.60, 1.60, 1.60, 1.60, 1.60
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Concept B: Data Analysis

Objectives Instructional Notes
B4 ‘
To construct box and whisker In order to begin this section, students should have a basic
plots from simulated data. understanding of median, and the definition of quartiles.

These are necessary in order to set up box and whisker plots.

Students should have some experience in calculating the first
and third quartiles before constructing these plots.

Definitions of terms such as ‘outliers’ or ‘extreme values’ should
be introduced.

Many of the newer textbooks and resource materials will
introduce this topic in a basic format and will provide examples
1o use.
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Examples/Activities
Construct box and whisker plots for the following sets of data.

1. The test marks from a unit in mathematics were:
62 77 83 74 67 90
38 85 75 66 88 &7
59 65 81 74 98 86
62 72 81 79 65 83

2. David’s scores in basketball league games this past winter
were:
12 10 9 14 18 14 13
11 25 15 16 12 8 2
18 21 14 11

3. The number of boxes of chocolates sold in each area of a city
in a recent fundraising activity were:
212 395 264 285 207
296 259 103 238 249
2563 274

Adaptations

Students could be asked to formulate
plausible explanations for the outliers
in each of the example questions and
to try to determine what effect the
outlying values have (or could have)
on the set of data described.

Students could then be asked to locate
a set of data pertaining to a real-world
situation (e.g; political, social,

‘environmental, geographical),

construct a box and whisker plot, and
then analyze it in a similar fashion.
(IL)
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Concept B: Data Analysis

Objectives Instructional Notes
B.5 ' The definition of percentile should be introduced, and some
To define and utilize the concept examples given of the use of percentiles. After completing this
of percentiles (including the first, section, students should be expected to give a reasonable
second, and third quartiles). description of statements involving percentiles.

Students could work in groups to deal with data they have
supplied in this section.

This topic is not meant to be covered in depth.
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Examples/Activities
Give your interpretations of each of the following statements.

1.  When having a physical examination, Oscar was told his
height was at the 90th percentile for his age.

2. In the preceding example, Oscar’s weight was at the 60th
percentile for his age.

3. Describe Oscar’s physical build in general terms, based on
statements 1 and 2.

4. In comparing her net income to a table of incomes for all
workers obtained from Stats Canada, Victoria found that her
income was at the 40th percentile. In comparing her income
to the table for incomes of female workers, the same income
placed her at the 55th percentile. (E-stat CD-ROM from
Statistics Canada is a good source.)

Adaptations

To extend this topic, students could be
asked as a class to obtain data, such
as nufritional information on grams of
fat, sugar, etc in a serving of dried
cereal, order this information, and
determine which cereals are;

i) at or above the 60th percentile in

terms of fat content,

ii) above the 90th percentile, and,

iii) below the 20th percentile. Then,
the students should make
recommendations as to which
types of cereal would be best for
low-fat diets. (Low fat cereals
should be checked for other
ingredients as sugar or salt.)
The lowest fat content may not
necessarily be the
recommendation expected.
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Concept B: Data Analysis

Objectives Instructional Notes
B.6
To solve related problems using Students should be given sets of data to analyze in groups. The
statistical inference. methods developed in this unit should be utilized. The

expectation for this objective is that the students will analyze
the data and be able to present reasoned explanations for their
conclusions.

The answers expected should not consist only of the students’
conclusion, but their calculations and a written statement of
their reasoned conclusion. Students could discuss the
conclusions reached by various groups, to try to understand how
others reached their conclusions as well. (CCT)
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Examples/Activities

Examples that could be used might be similar to the following:

1.

Give the students information on the number of goals scored
by Maurice "The Rocket" Richard, Gordie Howe, Bobby Hull,
Wayne Gretzky, and Brett Hull. (These can be obtained from
hockey cards, or sports record books.) Have the students note
the number of games played by each, assists by each, and ask
them to determine who is the best goal scorer in this group.

Each group should present its reasoned answer. There may
be more than one acceptable answer, as some may use totals
only, others may use scoring average per game, some may
use only goals, and some may use arguments based on the
opposition that the players faced at the time they played.
Statistics for any group of "greats" in any sport or activity
could be substituted.

Take the results of any recent Gallup, or Decima poll, with
information about how the poll was conducted, and ask the
students to analyze the results stated. What are the
variables that might affect the poll?

Adaptations

Students could be asked to locate data
on a given topic, analyze the data they
obtain, and present some logical
conclusions based on this data. They
should also be expected to outline the
limitations of their analysis. (CCT)
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Concept C: Polynomials and Rational Expressions

Foundational Objectives

* To demonstrate ability in the addition, subtraction, multiplication, and division of rational expressions
(10 03 01). Supported by learning objectives 1 to 7.
* To demonstrate ability in solving equations involving rational expressions (10 03 02). Supported by

learning objectives 8 and 9.
Objectives
C.1

To factor the difference of squares
of special polynomials.

Instructional Notes

Although students have already been exposed to factoring the
difference of squares in previous grades, a brief review of the
technique may be necessary.

The review may also encompass other areas of binomial and
trinomial factoring, emphasizing common factors, grouping, and
trinomial squares.

Once the introductory review is complete, the factoring of special
polynomials can be introduced. This type of factoring usually
requires a two-step approach and students should obtain some
practice in identifying the steps necessary. When students are
able to visualize the needed steps, the factoring can take place.

E.g.: In order to factor x*+2xy+y*-m?, students should be able to
visualize the question as (x*+2xy+y®)- m? where ©*+2xy+y* must
be factored first as a trinomial square to obtain (x+y)?, and then
(x+y)®-m* factored as a difference of squares.
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Examples/Activities

The students might work at a set of exercises similar to the
following:

1. x*+6x+9-25

2. y*-4y+4-9n’

3. x*+8x+16-4m’

4. x%-6x+9-(x-4)

5. 2y2-20y+50-825

6. (3x+2y)-(x-3y)

7. (R4+dxy+4y>)-(9x*-6xy+y?)

8. Students could perform some mental math using this concept.
a)33x27=
b) 62 x b8 =

c) 23 x 27 =%
d) 31 x 39 =*

Adaptations

Better students could be instructed to
find a real-world application of this
concept by searching through various
resource books the teacher may have
on hand. When such examples are
found, it might be worthwhile to
discuss whether they reflect actual
gituations, or are contrived to fit the
concept.

This might be illustrated to students
using manipulatives, showing that
x? - ¥ is equivalent to (x + ¥)(x - y).

An alternative question might be to
ask students to multiply any three
consecutive numbers and then add the
product to the middle number. What is
the result? Ask them to attempt to
show this is true for all cases.

9. Translate into mathematics:
" Take a number, add three, square the result, and subtract
twenty-five."

* To square numbers ending with the digit 5, simply multiply the
first digit (n) by the next consecutive digit (n + 1), and place 25
after this product.

Therefore 23 x 27

=(26-2)(25 + 2)

= 257 - 22

=(2 x 3)25-4

=625-4

= 621

7, which is the middle number, for a
total of 343. Note that this is 7°

For the general case, one way of
proving this is to note that

(n-1)(n)n + 1} is the product of the
consecutive numbers. This multiplies
to n® .n. Adding the middle number,
n, gives a total of n’.

Better students can relate this to the
difference of squares method. (CCT)
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Concept C: Polynomials and Rational Expressions

Objectives

C2

To factor the sum and difference
of cubes.

C3
To factor polynomials using the
factor theorem.

Instructional Notes

This topic can be introduced in several ways. It can be treated
as a formula, done by long division, or three-dimensional cubes
can be used as manipulatives to help students visualize what it
means to factor a cube. The method(s) chosen will depend on
time available, and the needs of the students in the class.

The outcome is that the student will be able to factor these
cubes by inspection.

A review of the definition of a factor, and of evaluation by
substitution, could be useful in introducing the factor theorem to
the students.

FACTOR THEOREM:
(x-a) is a factor of f(x) if and only if f{a) = 0. The correlation of
x-a to fla) must be highlighted.

There are slightly different versions of the factor theorem, as
presented in various series of textbooks, and you may wish to
utilize-your personal-favourite: —

Students should be given some questions to determine if a
binomial is a factor of a given polynomial. This will allow them
to gain the required practice of how to determine a factor before
proceeding to the next step of determining the other factors of
the polynomial.
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Examples/Activities Adaptations

Students could work individually, in small groups, or as a class, to Students could be asked to do research

factor some examples of the following types: using mathematics texts to locate real-
world problems that involve factoring

1. x%+27 6. x°y'%g® of the sum and difference of cubes.

2. 3y 7. 81x%+192y° A discussion of any such problems
could focus on the types of

3. 27x%y° 8. (a+b)-216 applications, who would need to do
these types of questions, and whether

4, 8x%-125y° 9. (x-2P+27 these problems are realistic or

contrived. (COM)

5. 64x%+27y° 10. (2x+3y)%+(x-2y)°
Students might be asked to factor
these by using computers or
calculators. (TL)

The introductory exercises would require the students to Students could be introduced to
determine if the given binomial is a factor of the given synthetic division to complete the
polynomial. (Note that not all examples should be factors, factering of & polynomial.

although some should be.)
The evaluation by substitution could

1. Is (x-4) a factor of 3x*7x-20 ? be done on a calculator or computer.
2. Is (x+8) a factor of 2x*+7x%+x-6 7 For further exploration of this topic,

students could be asked to determine
3. Is (x-3) a factor of 4x*-5x*+8x-15 ? the effect of a constant ‘a’ being

included in the binomial (ax + b).

4. What are some possible factors of x° + 3x* - 10x - 24?_How.. ... Discuss. how this_constant-could-be.--—-————

did you arrive at this conclusion? Test your answers. Can accommodated in the general pattern
you state a generalization based on your answer? (This type of factoring polynomials.

of question might be used as an introduction to this concept,

using an inquiry approach.) E.g.: is (2x-1) a factor of 6x>-5x*+3x-2?

The second set of exercizses should ask students to determine what
the factors of the polynomial are, if fla) = 0. E.g.. is (3x+2) a factor of 12x%7x-107?

1. Repeat the first set of questions and determine all factors of Students could also be asked to
the polynomial, where the first binomial was determined to determine a missing coefficient(s) or
be a factor of the polynomial. value(s), as in the following examples;

a) What value does ¢ have to be, if
(x - 3) is a factor of 3x® - cx +8?

b) What is the value(s) of b, if any, if
(x - 2) is a factor of
2x° 4+ ¥° - bx + 67

These types of questions could be
extended to include two unknowns for
more able students.
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Concept C: Polynomials and Rational Expressions

Objectives

Cd

To use the remainder theorem to
determine the remainder when a
polynomial is divided by (x-r).

C.5

Instructional Notes

In general, the remainder theorem may be stated as; when f{x)
is divided by x-r, the remainder is fir).

For the example, given

(x+3)x2<10x-2

students might be asked to provide the division statement (x+3)
(x+7) -23, or they might be asked to determine the quotient and

. remainder, e.g.:

quotient (x+7), remainder -23, or as x+7 _-23
(x+3)

Students should practise determining the remainder mentally,
using evaluation by substitution of (x-r) into f{x) to calculate fir).
Less able students might do this evaluation using a caleulator.
(TL)

This topic is an extension of simplifying as done in Mathematiecs

T T simplify rational expressions
involving opposites.

20. The objective is to introduce the students to the property
a/-a = -afa = -1, and to be able to incorporate this property into
their work with rational expressions.

Some review of simplifying expressions may be needed to begin
this topic.

The teacher may wish to have the students ‘discover’ this rule
by themselves by working through several examples and
generalizing from the examples.
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Examples/Activities
A set of exercises such as the following might be suggested;

1. For f{x) = 3x%4x"+7x-4, determine the value of: f(3), f{-2),
f(2), fl4). For each of these, write the division statement.

Example. Since f(3) represents the binomial (x - 3), the
division statement could be written (3x® -4x* + 7x -4)+ (x-3).

2. For fx) = 3x*+5x-6, write the division statements for f(-5),
f{2), and f(4),

3. Find the quotient and remainder for each of the following:-
a)

(x-8)Bx?-x+8

b}

(x+5)Ax?-3x2+72-1
¢)

(x —2)&4—3x2+6

Students could work individually to simplify the following

~_expressions, or could simplify and discuss the solutions in small

groups.

1. Simplify each of the following: (Also list any non-permissible
values for the variable.)

a) 6/-6 ‘ d) -5x%5%°
by -21/21 e) -(2x+3)/(2x+3)
¢} 3x/-3x

2. Use factoring to simplify each of the following, noting any
non-permissible values for the variable.

a) (4x-10)/(-2x+5) ¢) (3x%10x+3)/ (1-3x)

b) (2*-4x-21Y¥ (7-x) d) (16-95/ x-4)

Adaptations

Similar to the last concept, this topic
may be extended by having students
determine the value(s) of missing
coefficients.

Example.
Determine the value(s) of m when

(2x*-x*-mx+21)+(x-2 has a
remainder of 3.

This topic could be extended by

_introducing exercises where.the . _ .

students would have to factor both the
numerator and denominator before
simplifying.

E.g.: simplify

(6x%x-12)/(-8x*+2x+15)
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Concept C: Polynomials and Rational Expressions

Objectives

C.s

To add and subtract rational
expressions with polynomial
denominators.

Instructional Notes

Students have taken addition and subtraction of rational
expressions in Mathematics 20 but only with monomial

denominators. This section extends the concept to polynomial
denominators.

A brief review of the topic may be necessary.

Students should be able to work in small groups to simplify and
discuss exercises in this section. (PSVS)

C.7
To multiply and divide rational
expressions involving opposites.

A brief review of the general technique required to simplify
these expressions may be necessary. The examples utilized for
review may be numerical, algebraic, or a combination of both,

Students should be expected to identify non-permissible values
where these exist,

If working in small groups, students may apportion each
question so that each group member gets practice factoring
polynomials. E.g.: student A might factor the first numerator,
student B the first denominator, student C the second
numerator, and so on. In this way, each contributes to a group
effort, and each receives individual practice in factoring.
Students can check each others’ factors by multiplication.
(PSVS)
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Examples/Activities

Students should be given a series of exercises which provide

pr

actice in adding or subtracting rational expressions. They

should also be instructed to note any non-permissible values for

variables.

1. 3/5+28

2. 45+14-5/6

3. 5/3x+ 4/2x

4. 2/5x% - 34y

5. 6/(2x-3) + 5/(3-2x)

10.

..~ Car-A-travels-120 km-at-a-certain-speed; while-Car B-Eravels - - - wr - iws o e e

4/(x-2)+ 3/(x+1)

(Tx-1/(x+3) - (2x+1)(x-1)

3/(x*x-12) + 2/(x*-18)

(2x-5)/(x*+3%-40) - (3x+2)/(x*-x-72)

If time is equal to the distance divided by the rate, write a

mathematical expression for the total time taken by both cars
in the following:

150 km at a speed 10 km/hour faster than Car A. Simplify.

Examples or exercises similar to the following might be chosen:

Simplify each of the following.

1.

2.

(6/-5) = (13/10)
(7/3x) » (5x%-56)

2z+10 » x-7
14-2x X+5

x%.5x-14 » x’-5%+6
4-x* 3x

2x%-Tx+3 + 4x°+5%-6
6-x-x° 15-7x-4x*

Adaptations

Students might be instructed to
formulate the procedure that could be
used for adding and subtracting all
types of rational expressions. This
might be done in the form of a written
algorithm, an algebraic exercise, a
written paragraph, an oral
presentation (with illustrations),
programming a calculator or computer,
or a series of completed examples,
depending on the capability of the
student(s). (COM)

This topic can be extended by
including exercises that contain three
or more rational expressions, and also
include combinations of multiplication
and division. Parentheses may also be
included te provide further
alternatives.

25-4x> » 3x°+10x-8 + 6x° +7x-3
1-9%° 4x%-4%-15 2x*+13x+20
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Concept C: Polynomials and Rational Expressions

Objectives

Cs8

To solve and verify linear
equations in one variable
involving rational algebraic
expressions (including polynomial
denominators).

Instructional Notes

Students could be given an assortment of simple linear
equations of the types they have done in previous grades. They
could be instructed to outline the basic procedures in solving
equations, e.g.: simplify both sides, isolate the variable, solve for
the variable, and check the solution.

Once they have reviewed the strategies involved, they could
practise by solving the review equations, individually, in pairs,
in small groups, or as an entire class.

When the review has been completed, they may be introduced to
equations involving rational algebraic expressions,

They should be asked to determine if the basic procedures
remain the same, or if additional steps are required. If so, what
steps?

Students can work in pairs or in small groups to solve several of
these equations.
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Examples/Activities

A typical student set of this type of equation might include
equations similar to the following:

1.
_4._ + .2.. = 13
3x 5
2.
3.2
x-1 x+1
3.
4 1 5

4, Translate the following statements into mathematical
equations, and then solve for the variable(s).

a) The time taken to drive 150 km at a certain speed is
exactly the same as the time it takes to drive 120 km at

a speed which is 15 km/hour less.

b) The lengths of two different rectangles are the same. The
first rectangle has an area of 2 400 cm? and the area of
the second rectangle is two thirds as much. The width of
the first rectangle is 20 ¢m more than the width of the

second.

Adaptations

Students could be asked to locate any
instances where these types of
equations are used in real-world
applications. If any are found by the
students, they could be shared with
the class. If students are not
successful, the teacher might provide
one or two instances where this type
of equation is used. (IL)

The students could then be instructed
to solve the equations generated by
the real-world examples.

As an alternative, the teacher may
begin by having the students solve
some stated problems on their own,
and then formalizing the procedure
using their results and solutions.
(CCT)
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Concept C: Polynomials and Rational Expressions

Objectives

C9

To solve and verify the solutions
of quadratic equations involving
rational algebraic expressions.

Instructional Notes

Students should do a brief review of the techniques used in
solving quadratic equations, and be given a few equations to
solve. (At this stage, they have solved quadratic equations only
by factoring and by taking the square root of both sides of the
equation.)

Once the review is complete, students can be given a few
equations with rational algebraic expressions to solve. These
can be done as a class, individually, in pairs, or in small groups.
The importance of checking solutions should again be
emphasized.
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Examples/Activities

Students can be instructed to solve equations similar to the
following:

1.
....2_ =1 + 30
x-3 x%-9
2.
2+ i = 12
-1 x2-1
3.

Some word problems similar to the following can be given to the
class to work on in small groups.

Translate the following statements into 2 mathematical equation
involving rational algebraic expressions. Solve for the variable
and verify the solution.

....dJoan drives 200 km at x km/hour. Franco then takes over, and

Adaptations

Students could be asked to search
through reference books to find
examples where these types of
equations are used in real-world
situations. Reference books from other
areas, such as commerce,
administration, engineering, medical
applications, and others could be
utilized, as well as various
mathematical texts. (IL)

Any examples found can be shared
with the entire class and solutions to
the examples can be attempted.

Word problems involving these types
of equations should also be presented
to the class.

drives 200 km at (x - 10) km/hour. The total time taken by the
drivers is 9 hours. How fast did each drive?
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Concept D): Exponents and Radicals

Foundational Objectives

* To be able to illustrate the relationship between the radical and exponential forms of an equation
(10 04 01). Supported by learning objectives 1, 3, and 5.
» To demonstrate the ability to work with operations involving radical numbers (10 04 02). Supported by

learning objectives 2, 4, 6, and 7.

* To be able to solve equations involving radicals and to be able to justify the solutions (10 04 03).
Supported by learning objectives 8 to 11.

Objectives

D1
To evaluate powers with rational
exponents.

Instructional Notes

Students should be asked to recall the basic laws of exponents
and to demeonstrate their understanding of integral exponents.
This could be done as a class activity. These could be listed as
they are completed, so all students will have the opportunity to
recall the basic facts.

The students may be asked to consider the likely values of an
expression of the type 252, Students could discuss possible
answers in small groups and be instructed to provide a rationale
for their group answer.

If no group seems to approach the solution, the teacher could
provide a series of clues for the students to utilize, beginning
with the properties of exponents.
Eg 2511’2 = ( ? )1!2 = (52)1/2 - (5)2(112)

=5'=5

In the above example, the students should develop, or be shown,

the relationship of afi exponent of 1/2 #hid the square root.” The "

notation for a rational exponent can be introduced,

(xlfm = mJ‘ Xl),
and several examples done by the teacher, class, or individual
students. The definition can be extended to

xrim=m X

and more examples considered.
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Examples/Activities Adaptations

A few exercises in evaluation of powers with rational exponents On an intuitive level, students could

could be given to students to check their understanding. be asked to determine the length of a
side of a cube whose volume is
1. 49¥% 343 em®, x cm®, (x - 3)° em®,

or (x* + 12x* + 48x +64) cm®.

2. 2%
Students’ understanding could be

3. g» checked by asking related questions
such as the following;

4. 32%
a) Which is the larger of 8%° and 2527
5. 4»~
_ b) Arrange in order from smallest to
6. 64% ‘ largest:
ap [1Y'?
7. ('125)2,3 642{39 64”:: 64 1’39 (a)

8. What would happen in the example (-16)"*? Should we
qualify our definition? How would we redefine it to cover all c¢) If the volume of a sphere is given

e e pO8Sibilities? How does your math text handle this? How_do..—...by the formula V.= (4/3)nr® and-the— v

other math texts deal with this situation? volume is known to be (153/6)r cm?,
find the radius r.
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Concept D: Exponents and Radicals

Objectives

D.2

To apply the laws of exponents to
simplify expressions involving
rational expenents,

D.3
To write exponential expressions
in radical form.

Instructional Notes

Some statements could be given to the students to work on in
pairs or in small groups. These should give the students some
practice in working with rational exponents.

Epg

a) x?JS . xﬁlﬂ

b) (xllz) 2/3

Once the students have had practice in working with the laws of
exponents, this can be extended to simplification, or evaluation
exercises as well.

12 3

Eg: x'¥ex

8!.0'2 . 81.’6

Students will be expected to be able to demonstrate that they
understand the definition of a rational exponent by writing a
given radical expression in radical form. Students should be
instructed to review their definition of a rational exponent and
to apply that definition to a set of exercises in which they would
practise this concept.

entire class, in practising this concept. (PSVS)
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Examples/Activities Adaptations

A sample set of exercises might include examples similar to the The teacher may wish to assign

following: questions that compare two
expressions that involve rational
1. x® x¥ exponents. Example: Which of the
following expressions is greater than
2. WS the other?
g X8, x ¥ or (x1%). x5
3. M.y

Is this true for all values of x? Can
4, xMylB, x¥ 0 we find values of x where each is
greater? Use your calculator to

5. x=® determine these results.
xﬁ/ﬁ
6. 8% 16%

7. 257 1000%

Rewrite each of the following exponential expressions in radical

form.

1. x51'3

2‘ xIM yﬂﬁi
8 &y

4. 27

5 1%
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Concept D: Exponents and Radicals

Objectives

D4

To simplify square root and cube
root expressions.

D.5
To write radical expressions in
exponential form.

Instructional Notes

A review of the simplifying process of square roots as studied in
Mathematics 20 may be a useful starfing point.

When the students have recalled the principles of simplifying
square root radicals, they can be introduced to cube root
simplification.

It may be necessary to have the students compare the square
root and the cube root of various numbers, to help them discover
that the cube root-of a negative number does in fact exist. This
can be tied to the definition of a rational exponent and aid
understanding of the role of an even or odd denominator in
rational exponents.

There are several different methods by which this concept can
be explained; check your reference texts for different

explanations. Some students may prefer to look at some of these
options.

Note that one common error that students tend to make with v

yatb = ya + /b

Try some numerical examples to show this is not the case.

Ask students if there are any cases where

va+b = a + {b?

Students are expected to become familiar with converting from
exponential expressions to radical form and vice versa. In
objective D.3, the former was introduced and practice given.

The teacher may find it useful to combine objectives D.3 and ID.5
in one lesson.

In any case, some practice should be given to the students to
work on converting from radical to exponential form. The
students could practise individually, in pairs, or in small groups.
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Examples/Activities Adaptations

The exercises should provide some numerical and variable Students could also be expected to
expressions. Simplify. attempt some written questions
similar to:
1. V27 ‘
For what value(s) of the variable is
2. %16 5 /64 x° greater than * V16x%?
3. Vi8%®
4, WXy
5. W343 XY

A set of exercises might include examples similar to the following:

Rewrite in exponential form.

1. v©
2. W&

343



Concept D: Exponents and Radicals

Objectives Instructional Notes
D.6 : Square root operations were introduced in Mathematics 20.
To add, subtract, multiply and " Students may be asked to recall the basic procedures involved in
divide square root and cube root these operations. Students can be given a few exercises to do to
expressions. ' review these Mathematics 20 operations.

The introduction of cube root operations can be done as an
entire class or by getting individual or group input when
developing these procedures.

Students could be given a set of exercises to use in developing
their skills in dealing with square and cube root operations.
Students could work in pairs or in small groups in doing these
exercises, (PSVS)
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Examples/Activities Adaptations

A variety of exercises involving all four basic operations could be  Better students should be encouraged

used. A combination of operations could also be used once to attempt exercises where the indices
students have become familiar with the basic operations. are not the same for all terms.
Eg.:
1 3/8 + 4/IE - 232 2/6 + 346
2 6xy/12y - 2y27x%y + 4xy3y
3. 3 3 3 As well, students could be given
216 + 43/750 - 3/54 , ald |
V16 + V34 exercises where the indices are
4. 4 W - 2y20 m %u;bers other than 2 or 3.
5. 43 (2/6 - 5/15) 2557 o 3755
6 @5+ 2365 - 1/3)
7. 8 -2 2 .
®/3 - 2/6) Students should also work with word
8. #5350 + 7 /75 problems similar to the following:
9. 15/12 - 8,93 1. Which of the triangies below has
U‘* the greatest perimeter?
6/3
10 /6 « &[T
2°/f6xy

2+L43 8“’3 -4

2. Square A has sides of length
72 + 643, while Square B has
sides of length 4V5 + 3V3. Which
square has the greater area?
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Concept D: Exponents and Radicals

Objectives

D.7

To rationalize monomial and
binomial denominators in radical
expressions.

Note: Objectives 1 through 7 are
generally covered in most
textbooks. The order of the
objectives may be somewhat
different than is listed here. The
teacher should endeavour to make
sure that all the objectives are
covered, but the order of
presentation will depend upon the
preference of the teacher, and
may depend upon the resources
used.

There are resources other than

print resources. Teachers are

encouraged to employ various
available computer programs, and

calculators where appropriate.
(TL)

Instructional Notes

Students can be introduced to the process of rationalizing by
practicing selected exercises, and being asked o examine the

results obtained in these situations.
Epg.:

f545 =
3/7 ¢ 3/7 « 3/7 =

(V2 - V5) (32 + B) =

They can be asked to determine an expression that could be
multiplied by a given expression so that the result is a rational
number.

E.g.:

@3 - 3yT) () =
a rational result.
Once the basic process of converting an irrational denominator

to a rational denominator is observed by the students, they
could be introduced to exercises which involve rationalizing the

_ denominator, They could work on exercises individually, in

pairs, in small groups, or as a class.

Students should be expected to summarize their results, and
describe the processes utilized for denominators with square
roots, and for denominators with cube roots. The teacher may
wish to have students theorize about a process that could be
utilized for denominators with other indices.
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Examples/Activities

Some sample exercises are provided.

1. 5
B
2/3 -5

3. 43 + 52
23 + 22
5,/5+2,/§

5. _B
s

& 7
425

Adaptations

Students could be asked to deal with
denominators which include variables.
Eg.:

3yx - 4y

2/x + 5y

x/3 - 2,3y
2/3x + 5/2y

This topic could also be extended by
using binemial denominators with an
index of 3.
Eg.:

3

3/7 - 3/4

X +y

332 - 3%y + 332
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Concept D: Exponents and Radicals

Objectives

D.8

To solve and verify the solutions
of quadratic equations by
factoring, completing the
trinomial square, and using the
quadratic formula.

Instructional Notes

Students have already solved quadratic equations by factoring,
and by taking the square root of both sides of the equation, in
Mathematics 20. As well, they have already reviewed these
types previously in Mathematics 30 (see objective C.9),

Students should be given some practice in factoring perfect
trinomial squares, and in determining the value of ¢ in ax®+
bx+c, which would make ax”+bx+c a perfect square. They could
work cooperatively on these skills. Students should be able to
summarize their findings, draw conclusions about the
completion of a perfect square, and demonstrate their
understanding by completing other examples. (CCT)

Once students are able to complete the square, this process can
be utilized in solving quadratic equations. Students should
observe some examples and work cooperatively to solve (and
check) several examples of their own.

The quadratic formula can then be developed as an exercise in
solving quadratic equations by completing the square for the
general case ax® +bx+c. Students can attempt the general case
in small groups, with the teacher providing assistance and hints
as necessary.

Students should have time in which to practise using all of these
methods in solving (and checking) quadratic equations.
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- Examples/Activities
1. Solve by factoring:
a) x46x+8=0

b) 2x*-5x+2=10

¢} 8x*=10x-3
d) x+15 = 6x°
e) 8x'-x=2
f* 8x%x =-2

2. Solve by completing the square:
a) x%-10x49=10

b) 3x*+12x-9 =0
c) 3x%5x42=0
d) 16x°-24x+45 =0
3. Solve by using the quadratic formula:
a) x-6x-T=0

b) 6x*+11x =10

Adaptations

This topic may be extended in many
ways. Students could be asked to
develop the quadratic formula on their
own, given the general equation
ax*+bx+c = 0, and the method of
completing the square.

Students could be asked to identify the
relationships between the solution of
the equation and the graph of the
corresponding function.

All students should be presented with
real-world situations where the
solution of quadratic equations is
necessary. These may be found in
various resource texts, from the fields
of engineering, commerce, health,
agriculture, aeronautics, electronics,
sports, and others. Successful
solutions to these types of word
problems will aid in the future study
of maxima-minima problems in related
classes. Students may be asked to
search through school resources for
some of these real-world applications,
with the help of the resource teacher
(librarian). (IL)

c) 5x*-8x=20
d) 4x*+6x-9=0

* You may wish to include some that do not have real number
solutions.

Use graphic calculators or computers to graph each of the above.

(change the 0 to y). Have students compare the graphs to the
solutions. The visual representation may help student
understanding. (TL)

Most texts have several of these types
of problems. The exercises in the
left-hand column illustrate the types
of equations that should be solved, but
word problems that utilize each type
of solution should be used.
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Concept I): Exponents and Radicals

Objectives

D.9
To solve and verify equations
involving absolute value.

Instructional Notes

Review the meaning of absolute value as studied in
Mathematics 20. There are several different methods of
presenting this topic to students. This can be done as an
exercise in solving equations, by designing a particular
algorithm that may be used in all cases, by using the definition
of absolute value and providing a visual representation, or by
graphing when the 0 is changed toa y.

Students usually. benefit if they are presented with several
choices and can use one that most closely fits their learning

style.

Most texts that include this topic use an algorithmic approach.
This method is best suited to a lecture approach, where students
work independently on the topic. Stress the fact that two '
solutions are to be found and both must be checked.

In the visual approach, the definition is used (e.g.: distance
from zero). If the absolute value quantity is placed on a number
line at the point that makes it zero, move the given distance to
the left and to the right to obtain the two solutions (Example
under Examples/Activities). Both must be checked in the
original context. Students can work individually, in pairs, or in
small groups.

A graphic approach can also be used, utilizing graphic

calculators or computers. Students may work cooperatively.
Solutions should be checked. (PSVS)
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Examples/Activities Adaptations

Solve each of the following absolute value equations. Students could search through

resource materials to locate real-world

1. x| =5 situations that utilize absolute value,
If any are found, they could be shared

2. |x}=-3 with the class. (Most applications are
not direct, but rather absolute value

3% |x4i=3 tends to be an important part of the
preliminary understanding of other

4% |3x-5|=2 concepts.) (IL)

5. |5x+2] = ¢

6.  3|2%-1|+8=20
* No solution is possible, given the definition.

** Solution by visual method.

Solutions

3.

Note absolute value quantity is (x-4). 4 is the value of x that
makes this quantity equal to zero. Therefore, mark 4 on a
number line. !

4
Now the distance from this ‘zero quantity’ is equal to 3. On
the number line, mark all distances of 3 from the ‘zero

quantity’.
| f | _ _ e
1 4 7
Do 1 and 7 both check? These are the solutions. Note that |3x - 5| = 2 , therefore,
3|x-5/3|=2 , and
Absolute value quantity is (3x-5). 5/3 is the value that makes |x - 5/3| =2/3 , hence 5/3

this quantity equal to zero. This is marked on a number line. is the starting point, and 2/3 is the
In this case, the distance is not just 2, but 2 divided by the distance.

coefficient of x, 3. The distance marked from the ‘zero

quantity’ 5/3 is then 2/3.

l l I
8/3 5/3 3

Check if I and 7/3 are the solutions.
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Concept D: Exponents and Radicals

Objectives

D.10
To solve radical equations with
two unlike radicands.

D.11
Te solve word problems invelving
radical equations.

Instructional Notes

In Mathematics 20, students were introduced to radical
equations involving one radical. A brief review of one or two
exercises may be useful in introducing this topic.

Most textbooks use an algorithmic approach to solving radical
equations involving two radicals, and this approach may be
utilized in the classroom. Students can be given a few
instructions, and then be asked to complete a few exercises,
working cooperatively in small groups or individually, to solve
these exercises,

After a short time, answers or possible solutions can be shared
with the entire class. It should be pointed out that checking the
solutions is important and the checking procedure should be
carried out when solutions are presented to the class. Students
should be asked to observe the solutions to determine if there
are any general procedures that might be followed which make
the solution to these equations simpler. Any such observations
can be discussed with the entire class.

Once suitable word problems have been identified, students
should work cooperatively to determine the necessary
information, to pose the question to be answered and to write
the equation, which, when solved, will provide the solution to

. the problem. (PSVS)_. ... - e

Problems may be presented one or two at a time. Student
answers may be shared with the entire class after students have
had a few moments to work on the problems. A discussion of
the main components of the problem, and the setup of the
equation may help all students increase their skills in problem
solving.

A few problems may be assigned to the class to complete in
small groups. Some statement should be elicited from the
student as to whether the problem outlined in each case is a
real-world situation, and if so, who might be responsible for its
solution in its real-world context.
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Examples/Activities

Solve each of the following equations. If an equation does not
have a solution, please indicate.

1

wo

L

T = 5

v QY RRPY

Vax+l - x-2 =3

If one rectangle has dimensions of length V3x-2 and width
Vx, while a second rectangle has dimensions of length ¥x
and width 2, what must the dimensions be in order for the
diagonals to have a difference of length 3 ?

Adaptations

This topic could be extended by having
the students solve equations with
indices other than 2. They could be
presented with some equations
involving cube roots, and others, and
asked to solve and check their
solutions.

They could also be asked to note any
observations and conclusions about the
solution of such equations. These
could be recorded in a journa! or daily
log of their activities in mathematics,
(COM)
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Concept E: Relations and Functions

Foundational Objectives

* To demonstrate the ability to work with functional notation and related operations (10 05 01).
Supported by learning objectives 1, 2, and 3,

* To be able to produce graphs of relations and functions and to be able to denote which graphs represent
functions (10 05 02). Supported by learning objectives 4 and 8.

* To demonstrate the ability to interpret graphs representing functions and to identify key points of these
graphs (10 05 03). Supported by learning objectives 5, 6, and 7.

Note: The Relations and Functions strand was first introduced in Mathematics 10, and continued in
Mathematics 20. It is assumed that Mathematics A 30 students will continue their study of functions as
outlined here. A review of some of the basic concepts of relations and functions can be found in Appendix
B of this document, if the students need a refresher for some of the basic terms and concepts.

Objectives Instructional Notes
E.1l This is the first occasion that the students will formally use
Ta evaluate functions using functional notation. The teacher will find it worthwhile to
functional notation. introduce the fix) notation, and have the students evaluate some

examples where x 1s 2, 3, 4, for a simple function such as f{z) =
4% + 7. The students can then be instructed to graph y = 4x + 7,
and look at their table of values. Draw comparisons between
the values of f{x), where x is 2, 3, 4, etc., and the table of values.
Repeat this with other functions familiar to the students.

Show how the ordered pairs for y = 3x - 5 can be generated by
fix) = 3x - 5, and the proper use of the notation.

Some students might have to be instructed that the technology

e _they are using simply uses "y =" at all times, and thisisthe

equivalent of f{x) for this purpose.

Alternatively, the teacher could use a discovery approach with
the students, letting them draw the conclusions about y = and
fix) =. (CCT)
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Examples/Activities

1. Iffx) = 2x + 8, then find the value of each of the following:
a) f(3)
b) f{-4)
c) f0)
d fs-3)

2. Iffix) = -2x + 1, then find the value of each of the following:
a) f-1)
b) f(-4)
¢y fi6)
d) fl2+t)

3. If g(x) = 3% - 4x + 5, find the value of each of the following:
a) g(-2)

b)) e
¢ g(-5)
d) g8+h)

4. For h(x) = 4x - 3, and where x is -1, 1, 3, and 5, list the
ordered pairs generated by h(x).

5. For flt) = 2t - 8, what value(s) of t will make f(f) =207

Adaptations

Students should be introduced to some
real-word situations where functional
notation is involved. Examples such
as distance as a function of time d(t),
cost as a function of demand c(d), and
the like could be used to introduce a
variety of variables other than x.
(NUM)
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Concept E: Relations and Functions

Objectives

E.2

To perform indicated operations
on functions using functional
notation.

E.3

Instructional Notes

Students might be asked to quickly define operations on
numbers, and provide some examples. (Or the teacher could
mention the operations, provide the examples, and have the
students give the answers.) Then the students could be asked
what they think might happen if they were to carry out these
operations on functions and how they might go about it. As an
example, they might be asked what would happen if they were
to add the functions f{x) = 2x + 3 and g{x) =-5x + 1. In other
words, what would result from fx) + g(x)?

Students could be asked to respond and to provide a rationale
for their response. The teacher might have different groups of
students attempt to use various methods, including technology.
What would happen to this operation if we used the same value
for x in each function? different values?

Ask them to repeat their trials for another pair of functions and
determine if their solution is justified. Have students explain
various methods of solution to the class, and summarize.

Other operations can be introduced and handled in a similar
fashion. The teacher may summarize by showing the students
accepted methods of calculation and their graphic
representation.

Students can be asked to predict what might happen if one

To form the composite of two or
more given functions.

function is defined in terms of another function or functions.
Display an example such as f{g(x)), where f{x) = 6x -1 and g(x) =
3x + 2, and ask students to determine what might oceur. They
could discuss this in pairs, and attempt to resolve this by
calculation, or with the aid of technology. (TL) Instruct them to
use a specific value for x if they are experiencing difficulty.
They then can be instructed to use a second value, and so on.

Once the students seem to understand what is asked, several
examples can be done in a classroom setting.

Alternately, the use of mapping diagrams can be considered as a
means of teaching this composition of functions,
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———e_8)

Examples/Activities

:For fix) = 2x - 3 and g(x) = 3% - 4, find the value of each of
the following:

a)
b)
c)
d)
)
“.f)
g)
h)
i)
),
k)
1)
m)
n)

(2) + g(2)

(2} + g(3)
f-5) - g(3)

fl4) - g(-1)
g8) - fi-5)

f{3) - g(1)

f(3) - g(3)
4f(3)

5g(2) - 3f(-2)
g(3) - 2f(3)
f(m) + g{m)
f(-2n) - g(n)
Find (f + gXx). Compare this notation to that used in a).
Find (f + g)(2).

If fix) = 2x* - x + 3, and g(x) = 3x + 1, find the value of each
of the following:

flg(2)

b)
c)
d)
e)
f
g
h)

Adaptations

Note that other styles of notation are
used for functions in various

__resources. Students should be taught =

fig-1)
2f(g(0))
4f1g(-2)]
glfl-1)]
3g[f0)]
fif(-2)}
glfir)]

If f(x) = 2x + 6, g(x) = -3x + 4, and h(x) = (1/2)x - 3, find the
value of each of the following:

a)
b)
c)
d)
e)
f
g)

h)
i)
)

f(3) + g(2) + h(1)
g(4) - 2h(1) + {5}
gh(2)]
higlft3)])
fih(4)}
hif(4)]
What did you notice about e) and f)? Why did this
happen? Would it happen for all functions? Try redoing
part c¢) as h(g(2)]?
Compare the results obtained for flg(x)] and g[f(x)].
fi2 + h) - f(2)
fl2 + h) - f12)
h

to realize that notations such asfo g,
or f o g(x) are also acceptable to most
mathematicians.
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Concept E: Relations and Functions

Objectives

Ed4
To determine if a function is
one-to-one or many-to-one.

E.5

To write the equation of a line in
standard form using: two
intercepts, slope and one
intercept, one point and the
equation of a parallel line, and
one point and the equation of a
perpendicular line.

Instructional Notes

Students should be presented with the meanings of one-to-one
and many-to-one functions, and then be asked to determine,
with justification, which of a set of functions are one-to-one, and
which are many-to-one. These functions should be presented as
ordered pairs, mapping diagrams, and as graphs, in order for
students to examine the relationships that exist between the
three representations.

Alternatively, the teacher could present functions in one form
and ask students to depict these functions in terms of the other
two forms and then determine if they are one-to-one or
many-to-one. (CCT)

Students should review the point-slope formula; e.g.:
ny, _

X7,

In each case listed in Objective E.5, students should be able to
graph using whatever method they wish. A copy of each graph
should be kept on paper, in order to have a permanent copy.
Analyzing each graph, the student should be able to determine
the slope and a point (usually the y-intercept, but peint out
others) from each graph. '

Small groups could discuss which are thé important featurés
that uniquely identify a graph (should be the slope and a point,
or two points).

Have students go through each example, substituting the slope
and one point(x,.y,) in the point-slope formula, and then
simplifying the resulting equation. This will give students one
method for writing any linear equation.
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Examples/Activities

The students could be given a set of functions in any of the three
forms they have studied, asked to place these functions in the
other two forms, and determine if they are one-to-one or
many-to-one.
The teacher may also ask students to generate types of functions
which are one-to-one or many-to-one (or to locate examples from
various resources).
Students may be expected to demonstrate some real life examples
of the concept of one-to-one and many-to-one.
E.g.. (student in class, colour of eyes) should represent
many-to-one.
I.  Graph each of the following lines:

l. m=3b=-2

2 m=2/3 a=5

3. a=-3,b=5

4. through (3,1) and paraliel to 2x-y = 6.

5. through (-2,5) and perpendicular to
3x+2y = 12.

Adaptations

Students can be given word problems
where they must identify the slope
and a point and then write the
equation of the line so described.
These problems can be taken from
various resources or adapted from
other sources.

E.g.: A student observes that a
bouncing ball reaches a height of 180
cm on the first bounce, and on its
subsequent bounces, loses 8 cm of

height each time. What height willit -

II. For each of the above, identify the slope and one point on the
line.

III. Write the equation that represents the line described by each
of the above.

be at on its 7th bounce, and what
equation would best describe the
bouncing pattern of this ball?
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Concept E: Relations and Functions

Objectives

E.6

To solve real-world problems
involving quadratic functions by
analyzing their graphs.

E.7

To graph quadratic functions of
the standard form

f(x) = a(x-p)* + q, by determining
the vertex, axis of symmetry,
concavity, maximum or mintmum

values, domain, range, and zeroces.

Instructional Notes

Students could work in small groups to solve problems based on
quadratic functions. Students have previously worked with
quadratic functions in Mathematics 20, so should have a basic
familiarity with the shape of their graphs.

Each group should be instructed to graph the quadratic
described in the problem (using whatever method they wish,
e.g.. paper, calculator, computer), and then be instructed to
determine the key components of the graph. They should decide
which of these represents the answer to the problem they are to
solve.

Their solutions can be shared with the class as a whole.

Have students using calculators, computers, or a table of values,
graph several equations as written in the form in Objective E.7.

Using enlargements of the completed graphs, (on overhead or
board), ask students to compare the key components of the
graph with the equation as written. Have them note any
comparisons between the key points and the equation and
determine whether their observation is valid for all the
examples.

When the students agree thaf a parficular key componentis

represented by a part of the equation, ask them to note it in
their journals or notes.

When all the major components have been agreed upon, the
students can be given a few additional exercises to graph by
hand, using the key components as identified from the equation.
Each group can check their results against that of a caleulator
or computer,

Students should be expected to demonstrate their understanding
of this technique by correctly identifying each of the key
components listed in Objective E.7 and to sketch the graph of a
quadratic equation written in this form.
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Examples/Activities

Many of these types of problems can be found in resource texts.
These can be adapted to utilize a graphic solution in most cases.

The teacher could introduce this section by having some prepared
graphs drawn, and asking the students to determine the key
components of the graphs. These key components might include
the intercepts, the maximum or minimum points, the change in
the ordinate from one point to the next, the domain and range.
In some introductory problems, the teacher might provide the

graphs, and lead the class through a discussion on which of the
components are important in a particular problem.

Graph each of the following:
1. y=2x3%1

2. y=-3(x+4)-3

3. y=(2)x-5%4

4. y=(-2/3)x+1)%2

5. y=3%x-5

6. y=(x-dP+5_ e

7. y=-2(x+5)

Adaptations

Have students identify occupations
that might require employees to
analyze graphs of quadratic functions
occasionally. They may wish to first
identify examples, and then relate
these to the occupations. (IL)

The learning resource centre of the
schoel may be used, or the guidance
counselling/careers information centre
for further search.

Students could be asked to graph an -
absolute value equation such as

y = 2|x-3|+1 and compare the result
to the one obtained for quadratics.
Students might be instructed to graph
several of these types of equations.

Students might also attempt to graph
a quadratic non-function such as
x = 2(y-3)%+1, and observe the result.

Students/Teachers may prefer to use

-.the-form.y-p-=-a|x-q}-as-the-vertex-is--—- -

then (p,q). The corresponding form for
the quadratic might also be preferred.
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Concept E: Relations and Functions

Objectives

ES8

To graph quadratic functions of
the general form f{x) = ax®+bx+c,
by completing the trinomial
square and converting to one of
the standard forms.

E9

To identify and graph examples of
inverse variation taken from real-
world situations,

Instructional Notes

The process of completing the square was learned in the
previous unit when solving quadratic equations.

The students could be presented with a quadratic equation such
as y = 2x-7x+6, and ask them to work in groups to graph the
equation in the form y = a(x-p)*+q. Allow a few minutes for
discussion. If little progress is being made, ask them to graph
the equation on the calculator or computer, identify the key
components, and generate the equation in standard form. -

Students can be told to begin with the original equation and to
utilize the process of completing the square to set the equation
in standard form. They should be given some time to attempt
this in small groups.

When some groups have been able to use the process to write

the equation in standard form, they can demonstrate to the
entire class how they were able to do this. The class may then
be given a few other equations to write in standard form and
graph.

Provide students with many examples of graphs, pictures,
tables, statements, actual objects and mathematical symbols
that can be used to illustrate inverse variation. Have students
attempt to describe why each of these belongs to the group.

._{These examples could be pictures of gears or gears themselves, ...

a graph, statements such as "the amount of gascline burned by a
vehicle depends upon its speed", etc.} (TL)

Students should define inverse variation first in their terms, and
then in more formal terms.

Ask students to provide examples of inverse variations from
their experience. Try to quantify some of these and have
students graph the results.
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Examples/Activities Adaptations

Write each of the following equations in standard form and graph
the result. Check your graph with the graph obtained by a
calculator or computer.

1. y=6x%x-2

2. y = 4x*+11x+6

3. y=2x%-7x+6
For the following, graph only these which represent inverse This topic might be modified by
variations. experimentation. A set of gears from

the Industrial Arts lab, or from a
1. Aninvestor leaves her broker with the following instructions: service station might be used to
"I wish to invest $500 per month in a mutual fund. For this, illustrate inverse variation. (IL)
I would like a monthly statement giving me the number of

~7 " ~shares purchased, and the cost of each share". Alternatively, materials might be =~

borrowed from the science lab to
2. The foreman of a work crew must complete a specific job in a  illustrate concepts such as
total of 288 worker-days. The superintendent wants to know illumination vs. distance, and
the various possibilities for how many work days might be weight-bearing vs. length.
needed and how many workers are required.

3. 'The distance travelled by a vehicle depends on the time
taken for the trip.

4. The time taken to complete a trip of 100 km depends upon
the speed travelled.

5. The mass of an object depends upon the product of its density
and its volume.
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Concept E: Relations and Functions

Objectives . Instructional Notes
E.10 Present students with some graphs representing inverse
To state the domain and range, variations. Have them state the domain and range of these
along with any restrictions, for examples. They should also be able to state restrictions to the
the graphs of inverse variations. domain and range.

Give students some inverse variations where they must both
graph and identify the domain and range.

Many of these exercises ecould be taken from the previous
objective,
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Examples/Activities Adaptations

For each of the following graphs, state the domain and the range. Ask the students to provide a story -
example for each of the questions done

1. ) in the previous column. Also have
' restricred 7, them determine who might be asked
XY= "J Ouselrast T to provide this type of calculation or
graph for their scenario.

2. .
xj"
. to
r«-*'f'“’w1
3 3 546 ' 1— i .
%Y Lt
a»”®
4. L

Graph each of the following, and state the domain and range in
each case. Discuss each answer with other group members.

1. xy=12

2. The time it takes to travel 150 km at any speed from 10
km/hour to 160 km/hour,
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Concept E: Relations and Functions

Objectives

E.11

To determine the constant of
proportionality of an inverse
relation.

E.12
Te solve problems that involve
inverse variation.

Instructional Notes

Provide the students with the definition of constant of
proportionality and ask them to review several examples from
work done in the previous objectives, to determine the constant
in each case.

They can share some of the examples they have used. The
examples shared should cover mathematical statements and

graphs.

‘Provide students with a number of examples in which they are

instructed to determine the constant of proportionality.

Once students are able to determine the constant, have them
work on related questions where the determination of the
constant of proportionality is necessary to the solution of the
question. Use real-world examples for problem solving
situations of this type.

Provide students with a sheet of problems and instruct them to
determine which of these problems represents a situation that is
an inverse variation.

Once they have correctly sorted out the problems that represent
inverse variations, instruct them to determine the constant of
propoertionality and to find the solution to the problem.

In addition, you might have them graph these inverse variations
and locate the solution on the graph. In the graph, what is the
role of the constant of proportionality?
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Examples/Activities

Identify the constant of proportionality in each case.
xy=8

D=m/V

The pairs of factors of 48 are.....

The length of a beam is inversely proportional to its strength.
X o< 1y

Ot N

Calculate the constant of proportionality in each of the following.
1. x e lly, where x is 6 when y is 8.

2. x(y-2)=k,when xis 5 and y is 10.

3. x = 1% where xis:4 when y is 8.

Calculate the indicated value in each case.

1. Ifx e 1/y, and x is 12 when y is 6, what is the value of x
when y is 97 :

2. Ifx e 1/y% and x is 3 when y is 6, what is the value of y
when x is 27

3. If the strength of a beam is inversely proportional to its

length, and a beam 5 m long can support at most 100 kg,
- how many kg can a beam of 8 m:support?

most textbooks. These can be used by the classroom teacher. (IL)

Students could work in pairs or small groups to discuss and solve
these problems. (PSVS)

Adaptations

Have students discuss other methods
they might use in employing the
constant of proportionality. (E.g.: as
a proportion statement they might
have used in science.) Instruct them
to use one or two of the examples
already done and to complete them by
using proportions. (COM)

There are examples of real-world inverse variation problems in
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Concept F: Systems of Linear Equations

Foundational Objectives
* To be able to identify the number of possible solutions of a system of linear equations (10 06 01).
Supported by learning objective 3.

* To demonstrate the ability to solve a system of linear equations (10 06 02). Supported by learning
objectives 1, 2, and 4.

Objectives Instructional Notes
F.1 This section may take several class periods to cover completely.
Tosolve and verify systems of It may be introduced by dealing with one method at a time, the
linear equations in two unknowns typical textbook approach, or it may be somewhat more
by the following methods: graphic, integrated.

substitution, and elimination.
As students have already done some graphing, it may be useful
to begin with this method. Students should discuss the various
possibilities that exist when two lines are drawn in the same

plane. What are the possible relationships between the two
lines?

Graphing may be done on a calculator or computer, so that
students can quickly determine that the point of intersection is
the most useful, if one exists. By using this technology, they can
quickly solve many different examples. Examples should be
varied to let students experience several cases where parallel
lines, and the same line, also occur.

By working in small groups, students should be able to
distribute the workload so that each member can use a different
technique to solve the same problem. For each, they can

compare to determine which is the most efficient method for that

particular question. Students should rotate techniques, to
practice several of those listed. (PSVS)

You may wish to have students graph each question on
calculators/computers after they have used another method, as a
visual check.

F.2 Provide students with some examples of such systems of

To solve linear systems in two equations. Have them work together to discuss how they might
unknowns that have rational find the solution to these systems. Ask the students for their
coefficients and to verify the suggestions on the approach to be used, making a list of various
solutions. strategies suggested by the groups.

Assign each group one or two strategies to use in solving these
systems. Have successful approaches presented to the class.
(Some students may graph, others may use a variety of
mathematical methods.)

If students are unsuccessful, the teacher may show some
different techniques for sample purposes.

Students should be able to complete several of these types of
systems,
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Examples/Activities Adaptations

An intreductory activity might be to ask the class to work in To adapt this concept for less able

small groups to attempt to solve the following problem in any students, the teacher might simply

manner: (Allow them to use calculators, computers, pencil and ask them to solve a word problem that

paper, graphs in their groups.} involves two unknowns using any
method they wish. Once their

The general manager of the Zoren Circus is to determine how solutions are shown to be correct,

many tickets need to be s0ld to ensure a matinee performance will equations can be made to outline the

make a profit for the circus. The manager knows from past situation and the concept can be

experience that the number of children under 12 attending a formalized.

matinee will be four times the number of adults attending. The E.g.:

total expenses associated with a matinee are $689. If adult Celine has nothing in her purse but

tickets are $5 and children’s tickets are $2, how many of each seven coins, all quarters or dimes, that

must be sold to break even? add up fo a total of $1.15. How many

of each does she have?
Solutions arrived at should be shared with the class, justified, and

discussed. Most students are able to solve this by
using the ‘guess and check’, or the

The questions assigned could be done in a standard format: substitution method. When they
determine the answer, they could be

1. Solve by graphing instructed to write equations

2. Solve by substitution representing the situation, and asked

3. Solve by elimination to solve in a more formal manner.
(NUM)

Each of the above would have to be introduced to the students,
either through their solutions to the practice problem or by
teacher example.

Solutions 2 and 3 could be checked by graphing.

Solve each of the following systems, using any of the methods you Students should summarize the
have learned. Check your answer by using a different method. techniques employed and note these in

a daily journal.
1. 1/4x+13y=4

12x-5/6y=-1

2. 32x+2By=13
Usx-23y=16/3
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Concept F: Systems of Linear Equations

Objectives Instructional Notes
F.3 , Provide students with several examples of each type of system.
To recognize the characteristics of Instruct them to graph all these systems, and determine the
linear equations in two variables solution. (If there is no solution, ask them to describe the
with graphs that are inconsistent, situation.) When the systems have all been graphed, ask
consistent-dependent, or students to classify each system based on the number of
consistent-independent. solutions.

When the graphs have been classed as having one, none, or
many solutions, provide the students with the appropriate
definitions for each, as listed in Objective F.3

Provide the students with several more systems, asking them to
work in their groups to classify each system without graphing it.
Have them discuss their justifications with other group
members. (PSVS)

If the entire class is satisfied with the shared results, they can
be summarized as the characteristics of these systems. If the
groups are not able to satisfactorily conclude how these graphs
can be classified, the teacher should provide clues.

Fd4d Provide students with two or three real-world problems that
To solve word problems involving involve systems of linear equations. Try to supply problems that K
linear systems in two variables. are somewhat different in nature.

writing the system of equations needed, and then finding the
solution, if one exists. (Students may be instructed to graph
their equations.)

Most textbooks have adequate exercises on this topic, but
additional real-world examples may be gleaned from polls
reported in newspapers, and from various magazines and
journals. (IL)
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Examples/Activities Adaptations

By graphing, determine whether each of the following systems has This topic could be adapted by starting

Zero, one, or many, solutions. with a set of graphs of pairs of lines.
1. 3x-4y=8 The students could be asked to
9x = 12y +4 separate these graphs according to
some of the characteristics of the
2. 2x-5y=12 graphs. (Hopefully, these categories
172x=5/4y+3 would be those of consistent,
consistent-dependent, or inconsistent.)
3. 4x+1B8y=-1 The equations of each system could be
2%-y = -5 listed under its category and analyzed
in this fashion.

Classify, by sight, each of the following systems as inconsistent,
consistent-dependent, or consistent-independent,

1 4dx+5y =20
10y -40 = -8x

2. 2x-3y=12
-4x-5y = -2

3. 3x2y=7
-6x +3y = 21

Solve each of the following problems in your groups, with group Students could research various
members using different methods, as a means of checking the resource texts for different problems of
solution. this type and classify them as

""" T A " political, econoiiic, Sports, eté. This
1. Joe remembers that a certain NHL hockey player set a record might help some students relate
for most points in a season with 215. (Points are found by mathematical concepts to the real-
combining the number of goals and the number of assists.) world,
He also remembers that the player obtained 111 more assists
than goals. How many goals did the player have that year?

2. Washers at $650 each, and dryers at $500 each were sold
during a year at a local appliance store. Invoices showed
that the total number of machines sold was 445, and the total
receipts were $236 250. How many of each were gold?

3. A fisheries biologist obtains a test netting that catches 14
more than three times as many pickerel as pike. Altogether,
there were 130 fish caught in this test netting. How many of
each were caught?

4. A mixed-farming operation has both cattle and chickens as
well as grain. One day, the owner notices that the chickens
and cows have a total of 162 eyes and 258 legs. (Obviously,
the owner doesn’t have much to do.) How many of each are
there?
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Concept G: Angles and Polygons

Foundational Objective

* To demonstrate the ability to determine trigonometric ratios in a given situation, and apply these ratios
to solving real-world problems (10 07 01). Supported by the following learning objectives.

Objectives

G.1
To sketch an angle in standard
position.

G.2

To determine the distance from
the origin to a point on the
terminal arm of an angle in
standard position.

Instructional Notes

Students should have graph paper, straight edge, protractor,
and pencil. Instruct them to draw several sets of axes on a
sheet of graph paper (4 or 6). When this fask is complete,
instruct them to draw an acute angle on their first graph.

Share these with the class by quickly observing other group
members’ graphs. Note how many have one side of the angle
parallel to the x-axis, how many have one side on the x-axis, and
how many have one side on the x-axis and the vertex at the
origin. Ask how many have none of the three above conditions.

Introduce the concept of standard position of an angle, and have
students draw specific angles (e.g.: 30°, 45°, 77°, 125%) in
standard position on the other sets of axes they have prepared.

Students should have graph paper, a ruler, and a pencil.
Instruct them to draw several sets of axes on a sheet of graph
paper. Label the origin O in each case. Give them a specific
ordered pair to plot (3,4), and label it A. Ask them to determine
the distance from O to A.

They may measure or use the Pythagorean Theorem. Have

them do several such_examples. Share the solutions with.the ... ... .

class having students describe the method used in each case.
Discuss which method séems to be the most efficient.

The teacher may summarize by using standard trigonometric

nomenclature for the legs and hypotenuse of the Pythagorean
Theorem, reducing this to x*+y” = r*. Have students do one or
two exercises using this formula.
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Examples/Activities Adaptations

Sketch each of the following angles in standard position: Students could be provided with a

1. 25° series of angles drawn in various
locations on a set of axes, and

2. 15° instructed: a) to identify those that

) are in standard position and measure

3. 225° them, and b) to transpose those that
are not in standard position to

4. 325° standard position.

5. 180°

1. Determine the distance from the origin to the given ordered
pair in each instance.

a) (512)
b) (-4,3)
0 (-3,-2)

D 52 ] ]
e) (0,-6)
f 1,0
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Concept G: Angles and Polygons

Objectives

G.3

To calculate the distance between

two ordered pairs in the
coordinate plane.

G4
To determine the coordinates of
the midpoint of a segment.

Instructional Notes

A few exercises involving the Pythagorean Theorem could be
used as a starting point. The Pythagorean Theorem was
introduced in Mathematics 10. These exercises would also serve
as a visual reminder to students.

Students could be instructed to draw triangles on graph paper,
such that one end of the hypotenuse was at the origin. (The
ordered pairs representing the vertices should be integers.)
Students can then be instructed to calculate the length of the
hypotenuse.

Have students work in small groups to discuss the procedure
they would use to determine the length of the hypotenuse of a
right triangle that is not drawn at the origin. Have them draw
such triangles on graph paper (ordered pairs representing
vertices should be integral values with the two legs of the
triangle parallel to the axes) and determine the length of the
hypotenuse. :

When students have been able to calculate the hypotenuse, with
Jjustification, have them determine the length of the hypotenuse
for the general case (legs parallel to the axes).

Once the class has developed a procedure for determining the
hypotenuse for the general case, ask students to work in their
groups to determine the distance between two given peints

_(some groups may need additional help in starting). (PSVS) .

When students are able to find this distance, they can be given
the distance formula (standard form) to use.

Ask students to discuss the meaning of midpoint. Introduce a
number line, and ask the class to identify the midpoint of two
specific points. Have students complete several examples.
Repeat using a vertical number line,

Introduce two ordered pairs on a graph, and ask students to
determine the midpoint of these two ordered pairs. After several
examples, ask students to determine the midpoint of the ordered
pairs (x,,y,) and (x,,y,). The completion of this exercise should
result in the formula for obtaining the midpoint of any two
ordered pairs.
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Examples/Activities
A set of exercises could include examples similar to the following:

1. Draw a few triangles with measurements given for the two
legs, and instructions to calculate the length of the
hypotenuse.

2. Draw a few right triangles on a graph such that one end of
- the hypotenuse is at the origin and give the ordered pairs
representing the vertices. Instruct students to calculate the
length of the hypotenuse.

3. Draw some right triangles on a graph, such that the legs are
parallel to the axes and give the ordered pairs representing
the vertices. Instruct students to calculate the length of the
hypotenuse.

4. Give students two ordered pairs to plot. Instruct them to use
these to construct a right triangle (with the given pairs
representing the endpoints of the hypotenuse) and calculate
the length of the hypotenuse.

5. Instruct the students to calculate the distance between pairs
of given points, Calculate the distance from A to B in each of
the following:

a) A(3,5); B(6,9)
b) A (-2,4): B(3, -8) -
c) A(4,-3): B(-1,4)

6. - Give some word problems that incorporate the distance
formula.
a) A surveyor wishes to determine the actual distance from
a rocky outcrop to a dock on the opposite side of a
northern lake, for purposes of stringing a power line. On
a map these points are labelled as (4,5 km, 3.1 km) and
{6.0 km, 1.9 km). What is the distance between them?

1. Determine the midpoint of the line segment joining the -
following pairs of points:

a) (51, (18,7
b) ('4; 7); ( 6;'3)
c) (5:'4): ('6: 9)

2. On a map with numerical references, the village of Sundown
is located at (6.3 km, 2.9 km), while the town of Sunup is
located at (4.7 km, 13.2 km). A water line is to be
constructed between the two centres. Each community will
be responsible for the construction of the line to the midpoint.
At which point do they meet? If Sundown’s projected costs
are estimated to be $63,475 per kilometre, what would be
their share of the construction cost? (INUM)

Adaptations

Students could be expected to find
other real-world examples of uses of
the distance formula by reviewing
other resources. The teacher may also
wish to point out to the students that
many of the identities used in
Trigonometry are based on the
distance formula (Pythagoras’
Theorem). (IL)

Alternatively, word problems of the
comparison type might be used to
check students’ understanding of this
concept.

E.g.: Which is the greater distance;
from (6,5) to (-1,3), or from {-5,-3) to
{0,-8)? By how much ?

The use of software with graphing
capability will add technological skills
to mathematical competence.
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Concept G: Angles and Polygons

Objectives

G.5

To determine the value of the six
trigonometric ratios when given a
point on the terminal arm of an
angle in standard position. (x,y,r)

G.6
To determine coterminal angles
for a given angle.

Instructional Notes

In Mathematics 10, students learned to find the three primary
trigonometric ratios using a right triangle, and the concepts of
hypotenuse, opposite sides, and adjacent sides. This can be
quickly reviewed and utilized as a starting point for this
objective.

Have students draw several sets of axes on a sheet of graph
paper and plot a specific ordered pair on the first axes. Instruct
them to determine the distance of the ordered pair from the
origin. -Using the idea of rotation in a circle and the angle in
standard position, x becomes the adjacent side, y the opposite
side, and r the hypotenuse. Redefine the three basic trig
functions in terms of x, y, and r. Have students determine the
values of these three basic functions using x, y, and r. Introduce
the functions of secant (r/y), cosecant (r/x), and cotangent (x/y) as
reciprocals of the basic functions. Have students find the values
of these functions as well.

Assign several other ordered pairs where students are asked to
determine all six trigonometric functions of an ordered pair. Use
ordered pairs from different quadrants and some whose
coordinates include a zero.

Ensure that each student sees that for angles where
© < 90°, sin e = opp and sin e = y, are the same. (
hyp T

Have students draw an angle in standard position, and denote it
by marking it with a curved line drawn from the initial side to
the terminal side. Measure this angle with a protractor and
record.

Have the students discuss the existence of any other angles that
might have the same initial and terminal sides. (The concept of

a negative angle should be introduced in this section.) Students
should be able to find both the negative coterminal angle and

the positive angles that are coterminal. Conclusions can be
shared with the entire class and summarized for the entire

class.

Instruct students to determine at least 6 coterminal angles for a
specific ease (E.g.: 50°), three negative and three positive.
Repeat with one or two other angles. Then have them discuss in -
groups how they might represent this in a general form. (Same
e.g.. 50° + n - 360°, where n is any integer).

Have students do a few examples of the general case.
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Examples/Activities

Determine the six trigonometric ratios for each of the following
ordered pairs, where the point represents the end of an arm of an
angle in standard position.

1.

2.

(6,12)
(-3,4)
(-8,-15)
(2,-3)
(-5,0)

0,7

Determine three positive and three negative coterminal
angles for each of the following.

a) 60°

b) 125°

c) 305°

d} 180°

e) -75°

Determine the general form of the coterminal angles for each
of the following.

a) 45°

b) 173°

c) -215°

Adaptations
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Concept G: Angles and Polygons

Objectives

G.7
To determine the reference angle
for positive or negative angles.

G.8 _
To determine the values for the

o "Six‘tfi‘gbﬁﬁ'ﬁe’tﬁﬁ'fﬁﬁb@: whest T

given one trigonometric ratio and
the quadrant in which the angle
terminates.

Instructional Notes

Since most tables used for trigonometry tended to give values
between 0 and 90 degrees, it used to be the case that students
would have to use the reference angles to find the trigonometric
values for any angle greater than 90 degrees.

Most calculators are now able to give the trigonometric values
for any angle. The reference angle is no longer necessary for
this type of operation; however, in the cases of exact values, it
may still be necessary to have students deal with reference
angles,

Have students plot the ordered pairs (3,4), (-3,4), (-3,-4), and
(3,-4) on a graph, and determine the six trigonometric values of
each. Have them measure the angle between the x-axis and the
ordered pair (with vertex at the origin) with a protractor. Give
them another set of four ordered pairs and ask them to repeat
the exercise. Discuss the outcomes in small groups and
determine how one might calculate such reference angles
(reference < = | e - nearest ray of x-axis|). Have them find
several reference angles.

Students can be given a trigonometric ratio, and the quadrant,
and asked to determine the other five ratios. They could be

instructed to plot the given information on a graph, to find the

necessary missing information, and to provide the remaining
trigonometric ratios.

If student groups experience difficulty, the teacher might
suggest that they try to identify x, y, and r, and use the process
outlined under Objective G.5. Solutions can be shared with the
other groups in the class.

Provide a few exercises of the same type for students to obtain
practice.
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Examples/Activities Adaptations

Find the reference angle of each of the following.

1. 140°
2. 215°
3. 345°
4, 97

5. 272
6. 175°

Determine the six trigonometric values of each of the following,
using reference angles in each case.

1. 150°

2. 255°

3. 330°

Determine the values of all six trigonometric ratios, given the Students could be asked to provide the
following information. six trigonometric values for the angle

1. sine=4/5,einQI __formed by a line segment through the

origin, and in a specific quadrant.

2. cose=-2/3 ein QIV E.g.: Determine the six trigonometric
' values for the angle in standard
3. tan e =5/6, & in Q.III position formed by 3x-4dy = 0, in the
third quadrant.

4. csce=-18/5, e in Q.III
This is a good time to redefine the
slope of a line as the tangent of its
angle of inclination (in standard form).

m=tane 0°<e <180°. Why?
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Concept G: Angles and Polygons

Objectives Instructional Notes
G.9 Given a trigonometric ratio, students should use a calculator to
To determine the values for the determine the angle associated with that ratio.
trigonometric ratios by using a
calculator. Provide several exercises of the type sin e = .6336, cos & =

.9200, tan e = -1.385, and instruct students to determine all
possible values (0°«< O< 360°) with which these trigonometric
ratios are associated.

Present students with a set of more specific exercises such as sin
e =.7335in Q.I, cos & = -.3882 in Q.II, tan & = 3.247 in Q.III
and instruct students to determine the angle using calculators.

As a third type of exercise in this section, have students draw
and label two or three right triangles, and assign lengths for any
two sides. Then instruct the students to determine the size of
the acute angles in each triangle by setting up the proper ratios,
and using calculators to determine the angle,

G.10 Present students with a real-world problem to discuss and solve
To apply the trigonometric ratios in their group. They should have pencil, paper, straightedge,

to problems involving right and caleculators in order to illustrate the problem and solve it.
triangles.

The problems presented to the students should be of two types,
the first where the sides are given and they are instructed to
determine the angle(s), and the second where a trigonometric
ratio of an angle is given, and they are instructed to find the
side(s) or the angle(s).

Most resource texts have an adequate number of word problems
of this type. (IL)
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Examples/Activities

Determine all possible values between 0° and 360° for & in each of
the following.

1. cos e=.7660
2. csce=-19876
3. cote=-2.3548
4. sece = 18182
5. sin e = -.3486
6.* sin e = 2.3500

Determine the value of e in each of the following.

1. sin e = .4529,in Q.IV
2. cos &=-6525in Q.III
3. tane=1100in Q.

Determine the size of the acute angles in each of the right
triangles below.

1L A 2. D
8 17 12 3
B — C E F
15 5

1. Jodi has a kite which is attached to a 100 m cord. When
flying the kite one day, Jodi notices that the kite has reached
the end of this cord. Brayden, standing 72 m away from
Jodi, states that the kite is directly overhead. How high is
the kite and what is the angle the cord makes with the
ground?

2. A lawnmower has a handle 1.5 m long and is attached to the
lawnmower at a point 20 ¢cm above the ground. The manual
states that the maximum efficiency in the handling of the
lawnmower is reached when the handle is at an angle of 60°
with respect to the ground. How high off the ground must
the handle be held to achieve this maximum efficiency?

3. A carpenter wishes to install a shelf at one end of a hallway.
Because of space restriction, the shelf must be a right
triangle with legs of 75 em and 100 cm. The carpenter
determines the angle formed by the 75 cm leg and the
hypotenuse in order to set the saw correctly. What is the size
of the angle?

Adaptations

Students can be presented with
problems where the solution to the
problem depends upon solving more
than one triangle. They can work in
their groups, making sure to draw
sketches of the situation as described
in the problem, and discussing various
approaches to solving the problem.
E.g.: A receiving antenna 5 m tall is
installed on the edge of a roof of a
building. The installer notes that from
a point on the street 50 m from the
building, the angle to the top of the
building is 42°and that the angle to
the top of the antenna is 46°. How tall
is the building? (TL)
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Concept G: Angles and Polygons

Objectives

G.11

“To determine the relationships
among the sides of each special
right triangle (45°-45°-90° and

30°-60°-90°}.

G.12

To calculate the length of the
missing sides of the special right
triangles when given the exact
value of one side.

Instructional Notes

Have the students construct isosceles right triangles where the
legs have integral measures, and measure the hypotenuse. Then
have them calculate the length of the hypotenuse using the
Pythagorean Theorem. They can compare their results with the
results of other group members. Have them draw other isosceles
right triangles and repeat the process.

In their groups, have them discuss their results and summarize
them for sharing with the entire class.

Ask the students to generalize their results for an isosceles right
triangle whose legs are of length x.

In a similar fashion, ask them to determine the relationships of
the legs and the hypotenuse of a 30°-60°-90° triangle,

Students should summarize the results from both types of
triangles and understand the relationships for the general case.

Once students become familiar with these relationships, they
can be given exercises which require them to calculate the
lengths of the missing sides based on these relationships.
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Calculate the lengths of the missing sides in each of the following

cases,

1.

Examples/Activities

3¢

2.

Adaptations
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. Western P’rOtccol’-' |
Common Currlculum

Framework (1996)

10-12 Mathemat1cs General
| Outcomes g

Number (Number Concepts} S
~ » Analyze graphs or charts of glven s1tuatxons to
derive specific information.

* Analyze the data in a table for trends patterns' L

and mterrelatmnshlps

* Explain and illustrate the structure and the
interrelationship of the sets- of numbers w1th1n

. - the real number system. . .
= Explain and illustrate the structure of the :

~ “complex number sjrstem and 1ts subse*s

Number (Number Operatlons)

* Use basic arithmeti¢ operatlons on real
-numbers to solve problems..

» Describe and apply arithmetic operatlons on-

tables to solve problems usmg technology as ..

‘required. s
-~ » Describe and apply anth.metm operatwns on

matrices to solve problems “usinig techno]ogy ag -

requlred .
. Make and Justlfy ﬁnanmal dec1s1ons

Patterns and Relatxons (Patterns) -
;. Jlepresent naturally occumng dlscrete data .
~using linear:or nonlinear functions.

. Generate. and .analyze number patterns.
. Invest:gate the nature of mathematlcal S
~ reasoning. - o

. * Generate and analyze recurswe and fractal

_ pattems ' :

'.Patterns and Relatmns (Vanables and
-Equations). . :

* * Generalize operahons on polynom:als to
“include rational- -eXpressions..

"' Represent and. analyze s1tuatlons that. mvolve o

‘variables, expressmns, equatlons and
_inequalities. -
* Use linear programmmg to solve opt1m1zatlon
- models. -

* Solve exponentlal loganthmm and
' tngonometnc equatlons -

Patterns and Relatmns (Relatmns a.nd
Functions) '
* Examine the nature of relatlons w1th an
emphasas on functlons .

* Represent by models naturally-occurrmg data

using linear functions.

- Represent and analyze functlons usmg

. technology, as appropriate.

e Use the concept of functlon to solve 'problems,

':" Shape and Space (Measurement)

» Use measuring devices to make estimates and

- to perform calculations in solving problems. -
" - » Demonstrate an understandmg of scale factors

and their interrelationship with the = _
dimensions of similar shapes and objects. - -
* Solve problems involving triangles, 1ncludmg
those found in 3-D apphcatlons )
s Analyze objects, shapes and | processes to solve‘
cost. and demgn problems

Shape and Space (3-D ObJects and 2-D
- Shapes) . .
- »_Solve co-ordinate geometry problerns mvolvmg '

- lines and liné segments. .

‘s Develop and apply the geometnc prOpert1es of . -

circles and polygons to solve problems.
. Classl.fy conic. sectmns usmg theu- shapes and' ‘
equations. -

-~ » Solve problems mvolvmg tnangles and vectors

. ‘-mcludmg 3-D apphcatlons

Shape a.nd Space (Transformatmns)
‘& Perform, analyze and create transformatmns of

functlons and relahons

s Statlstlcs and Probablllty (Data Analysm)
» Describe, ‘implement and analyze sampling:

procédures and dfaw appmpnate inferences - _
- from the data collected, usmg mathematmal C
- and technical language

' ' Apply line-fitting teclm.lques- to analyze 5

expenmental results.

. Analyze bwanate data

; - Statnst:cs and Probablhty (Chance and
.Uncertamty)
# Make and analyze demsxons using expected

‘gains and losses based on single events.

" » Model the-probability of a compound event i in |

“order to solve problems based on the combmmg

_ L of simpler probabilities. - -
e ‘Solve problems based on the countmg of sets,

“using techniques such as the fundamental
- counting principle, permutataons and
‘combinations,

» Use normal prohablhty dlatnbutlon to solve
. problems mvolvmg uncerta.mty
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Mathematics B 30

A. Probability

Foundational Objectives

* To demonstrate the ability to set up and
calculate probabilities of related events
(10 01 01). Supported by learning
objectives 1 to 5.

* To apply the Binomial Theorem to expand
binomials, and to real-world problems
(10 01 02). Supported by learning
objectives 6, 7, and 8.

Data Analysis
Foundational Objectives

¢ To determine the standard deviation of a
set of data, and to utilize the standard
deviation in analyzing that set of data
(10 02 01). Supported by learning
objectives 1 to 3.

* To develop skill in interpreting data
through the use of z-scores (10 02 02).
Supported by learning objectives 4 to 6.

Matrices

Foundational Objectives

* To illustrate appropriate real-world
situations using matrices (10 03 01).
Supported by learning objective 2.

¢ To demonstrate knowledge of terms
associated with matrices (10 03 02).
Supported by learning objectives 1 and 6.

¢ To develop skills in matrix operations and
in solving related real-world problems
(10 03 03). Supported by learning
objectives 3, 4,5, 7, 8, 9, 10, 11, and 12.

Complex Numbers

Foundational Objective

* To demonstrate the skills developed in
operations with complex numbers

(10 04 01). Supported by the following
learning objectives.

Quadratic Equations
Foundational Objectives

¢ To demonstrate skill in solving quadratic
equations (10 05 01). Supported by
learning objectives 1, 2, 3, 7, and 8.

* To write a quadratic equation through
analysis of the given roots (10 05 02).
Supported by learning objectives 4, 5, and
6.

Polynomial and Rational Functions
Foundational Objectives

¢ To demonstrate the ability to graph and to
analyze the graphs of polynomial and
rational functions (10 06 01). Supported
by learning objectives 1 to 3.

* To demonstrate understanding of an
inverse of a function (10 06 02).
Supported by learning objectives 4 and 5.

Exponential and Logarithmic Functions
Foundational Objectives
* To develop skills and knowledge in

working with a variety of exponential and
logarithmic functions {10 07 01).

___Supported by learning objectives 1t0 5.
* To demonstrate the ability to apply the

knowledge of exponential and logarithmic
functions to real-world situations
(10 07 02). Supported by learning
objectives 6 to 17. .
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Concept A: Probability

Foundational Objectives

* To demonstrate the ability to set up and calculate probabilities of related events (10 01 01). Supported

by learning objectives 1 to 5.

* To apply the Binomial Theorem to expand binomials, and to real-world problems (10 01 02). Supported

by learning objectives 6, 7, and 8.
Objectives

Al

To define the principle of
inclusion and exclusion when
working with two or more sets
and/or events.

Iﬁstructional Notes

Some students may have been introduced to this concept
previously (See Mathematics A 30 - concept A. 1). This concept
is needed before beginning the section on probability.

Students can be introduced to the concept of inclusion and
exclusion by dealing with two sets of objects at the outset, and
then expanding this to three or more sets of objects. Students
should work individually, or in pairs, with some initial exercises
designed to illustrate the principle of inclusion and exclusion.

Venn diagrams should be used to illustrate these concepts.
When students have become familiar with the concepts, formal
notation should be introduced.

Eg: [AuBj=]A|+|B|-|AnB}|,or

[AuBuUC |=|A|+ |B|+|C|-|[AnB|-|AnC]|
-IBnC|+}JAnBnC|.
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Examples/Activities

a) Given the sets A ={2,3,4,5,6,7) and B = {1,3,5,7,9}, list
the elements these sets have in common.
E.g.: whatis A n B?

b) For these sets A and B, list all the elements that are
present. E.g.: what is A u B?

¢) IHustrate both A 4 B and A r B by drawing a Venn
diagram.

Given the following Venn diagram, identify the numbers
represented by each of the following;

a)lAuB| BJAuC| o iBuC|

d)JAnB| e]AnCl{ 6 |BnC|

g)lAnBnC|

Draw a Venn diagram to illustrate the following situation,
and then solve the problems.

Ms. Jones is the Vice-Principal of a comprehensive high
school in Saskatchewan. Part of her job is to determine the
timetable for the school year. From the Grade 12 student
request forms this year, she has found that 163 students
requested Mathematics, 95 requested Physies, and 124
requested Chemistry, while 17 students requested none of
these. As well, she noted that 61 requested Mathematics and
Physics, 67 Mathematics and Chemistry, 49 Chemistry and
Physics, and 27 requested all three. How many requested
only Mathematics? Only Physics? Only Chemistry? How
many request forms (students) were there?

Adaptations

Students having difficulty with these
concepts could be given sets of playing
cards and asked to model situations of
the type that illustrate these concepts.
As an example, find the sets of cards
that would illustrate:

a) aces or kings

b) aces or spades

¢) face cards or diamonds

For each of these situations, the
principles of inclusion and exclusion
can be discussed and written down,

Other sets of manipulatives could be
used instead of playing cards.

Students might also be instructed to
attempt some questions of a more
abstract variety, such as the following:

- If A n B contains 17 elements, while A

itself has 46 elements, and B has 39
elements, how many elements are in
A U B?(CCD
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Concept A: Probability
Objectives
A2

To determine the probability of
mutually exclusive events.

Instructional Notes

The term mutually exclusive should be defined and examples
provided by/for the students to indicate their understanding of
the term. When this is complete, students may attempt some
exercises that involve mutually exclusive events. They should
work individually, in pairs or in small groups to determine the
solutions to these questions. A brief review of the concept of
probability may also be necessary. (PSVS)

Some examples they might work on are as follows:

a) Given two Canadian pennies, find the probability of tossing
two heads or two tails. A

b) Given a set of cards numbered from 1 to 6, find the
probability of drawing a 5 or a 6.

Exercises should become progressively more difficult, as the
students’ understanding deepens. Students should be able to
determine the pattern for calculating the number of outcomes
for mutually exclusive events, determine if A and B represent
mutually exclusive events, then note that P(A or B) = P(A) +
P(B).

It is important to note that for any two events that are not
mutually exclusive, we have P(A n B) = 0. The teacher may
wish to include some questions of this type as well.

For these, the P(A u B) = P(A) + P(B) - P(A n B), which can be
related to the principle of inclusion and exclusion.

E.g.. What is the probability of rolling a 4 or rolling an even

number?
E.g.: What is the probability of drawing a king or a red card?
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Examples/Activities

What is the probability that a eard drawn at random from a
standard deck of 52 playing cards will be a king or a queen?

If a die is rolled, what is the probability it is a 5 or a number
less than 37

When rolling two dice at the same time, what is the
probability of obtaining a total of 7 or a total of 11 on one
roll?

Statistics indicate that 64% of our population lives in cities,
27% in suburban areas, and 9% in rural areas. If we are to
randomly select a person to take part in a poll, what is the
probability that person will be from a rural or suburban
area?

If you toss a coin and roll a fair die, what is the probability of
tossing a head or rolling a 37

What is the probability of drawing a face card (jack, queen,
king) or a chub?

Adaptations

The teacher should introduce this
topic by using Venn diagrams to
illustrate some of the situations the
students are exploring. Seeing the
solutions in a number of different
ways should help students understand
the interconnectedness of these
concepts. Most of the resource texts
do not separate this concept
completely from independent and

-dependent events, so the teacher

should cheoose exercises with some
caution.
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Concept A: Probability
Objectives

A3
To determine the probability of

two or more independent events.

Instructional Notes

The students should be given some problem situation to solve
using their knowledge of probability. This could be similar to
finding the probability of rolling a five on a die and tossing a
head with a coin. The students could do this experimentally, list
the sample space, and read the result. The introduction of
probability trees in some of these instances may help student
understanding. After doing several of these types of questions,
the students could be guided to the definition of independent
events and the formula used to calculate the probability of

‘independent events, that is, P(A n B) = P(A»P(B)

It is useful to introduce the definition of the complement of the
probability of an event A at this point.

Note that: P(A}+ P(A) =1
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A bag contains 3 red marbles, 4 green marbles, and 7 blue
marbles. Draw two marbles, one at a time, placing the first
marble back in the bag before the second draw. What is the

Examples/Activities

probability that we draw:

a)
b)
c)
d)
€)
b
g

In three draws, always replacing the first marble, what is the

a red, then a green;
ared and a green;
a red and a blue;

a green and a blue;
two red;

two green;

two blue?

probability of one red, one green, and one blue?

The probability that Jennifer will be chosen to run for her
school's relay team is 2/3, while the probability that Ila will
be chosen is 1/2, and for Kendra 2/5. Given that these events

are independent, what is the probability that:

Adaptations

The teacher may adapt this concept by
utilizing a more experimental
approach in introducing this topic.
Probability trees, or activities that
involve manipulatives could be
employed to reinforce the definition of
independent events. It may also help
the reinforcement of the concept to use
a modified form of concept attainment,
where students are given some
examples of both independent and
dependent events, and asked to
categorize the two types.

Exercise 2 in the Activities column
indicates some ways in which this
concept can be extended. By
introducing three or more independent
events, and finding related real-world
applications, better students can be
challenged.

Students could be asked to solve
problems 5 and 6 for Objective A.2
using another method.

a}) Ila and Jennifer are chosen;

b) Kendra and Jennifer are chosen;

¢} Ila and Kendra are chosen;

d) Ila, Kendra, and Jennifer are chosen;

e) Jennifer and Kendra are chosen, but Ila is not;
f) Ila and Kendra are chosen, but Jennifer is not;
g) Jennifer is chosen, but Ila and Kendra are not;
h) none of them are chosen;

i) at least one of the three is chosen;

J}  at least two of the three are chosen?
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Concept A: Probability
Objectives

Ad

To determine the probability of
dependent events (conditional
probabilities).

Instructional Notes

The definition of dependent events is crucial to a valid
understanding of this concept. In order to help students attain
this understanding, it might be useful to discuss real-world
dependent events and their connectedness before doing any
calculations.

Example. Using a deck of standard playing cards, discuss the
effect of drawing two cards without replacing the first card
drawn. Point out that it would be impossible to redraw the
same card, that there would only be 51 (instead of 52) choices
for the second draw, and so on.

Note: Many students are not familiar with playing cards, so a
sample pack may have to be provided by the teacher or other
students.

Have students work individually, in pairs or small groups on an
exercise or two that allows them to work with dependent events.
As an example, they might be given a paper bag containing

- three green and four red markers, and a series of exercises such

as:

If we pull out two markers, one at a time, without replacing the
first, what is the probability that we obtain two red ones? two
green ones? one green and one red? (A probability tree may be
utilized here.)

The students should eventually become familiar withthe

formula associated with dependent events.
P(A n B) = P(A) " P(B/A)

Note that P(B/A) = P(AnB) = P(B)
: P(A)
in the case where A and B are independent.
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Examples/Activities Adaptations

1. In their annual door prize draw, the employees of a store This topic can be extended by having
have one ticket entered for each year they have been with the students set up, but not necessarily
company. Reid has been with the company for five years, solving, situations that involve a
Janet for 15 years, and Bill for 22 years. There are 258 series of dependent events. For
tickets altogether. If winning tickets are discarded after example, students might be asked the
being drawn, what are Reid's chances of winning the first two probability of being dealt six clubs in a
draws? Janet's chances of winning the first two draws? row. Other similar exercises could be
Bill's chances? given.

2. In drawing two cards from a standard deck of playing cards, The students could also relate their

one after the other, without replacement, what is the knowledge of combinations and
probability that: permutations to the types of exercises
a) two clubs are drawn; above, in order to determine other

b) two kings are drawn; types of valid solutions.

¢) an ace and a queen are drawn;

d) two red cards are drawn; or, Probability trees can be utilized to

e) two face cards (jacks, queens, or kings) are drawn? illustrate the procedure involved in

the solutions of these exercises.

3. From a drawer containing six black socks, 8 white socks, and

4 red socks, Jon reaches in and selects two without looking.

What is the probability that:

a} he selects a pair of black socks;

b) e selects a pair of red socks;

¢} he selects a pair of white socks; or,

d) he selects a mismatched pair?
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Concept A: Probability
Objectives

A5

To set up, analyze, estimate, and
solve word problems based on
objectives 1 - 4.

Instructional Notes

The students should be relatively familiar with the types of
exercises posed in this section, but may encounter difficulty in
deciding what type of situation is described in each exercise. To
allow for such, some opportunity to practise identifying the types
when they appear together should be provided. A series of
statements representing the various types of exercises could be
distributed. Students should identify, with justification, the
concept involved. Once the underlying concept is correctly
identified, then the students can be instructed to complete the
calculations to find the indicated solution. (In some cases, it
might be suggested that setting-up the correct solution is all
that is required.)
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Decide whether each of the following represents events which are
mutually exclusive, independent, or dependent, and then complete

Examples/Activities

the calculations to determine the indicated result.

1.

What is the probability of being dealt two successive aces, if

the first card is not replaced?

When rolling a die and tossing a coin, what is the probability
of rolling a number greater than 4 or tossing a head?

What is the probability of drawing two hearts in succession,
if the first card is replaced before the second is drawn?

What is the probability of rolling a 4 or a 3 on one roll of a

die?

A student determines the probability of being accepted to the
college of law is 3/5, to the college of engineering 1/2, and to
the college of education 3/4. What is the probability that the

student is:

a) accepted by both law and engineering;

b) accepted by engineering or education;

¢) accepted by all three;

d) not accepted by any; or,

e) accepted by law or engineering or education?

Adaptations

This section is intended to allow
students to practise their
newly-developed skills in a variety of
situations, where they have to make a
choice from several types of problems
posed to them. The adaptation can
occur in various ways, such as the
level of difficuity or challenge in the
exercises, or in the method and type of
calculation required. A student might
be instructed to estimate the
probability before the calculation,
asked to set up the calculation but not
simplify, or be asked to use calculators
or computers to provide the
calculation.

Students who wish to be challenged
may be given examples such as the
following:

What is the probability of being dealt
(without replacement) a five-card hand
that includes three jacks and two
tens?

See Appendix A for a discussion of

Lotto 6/49 and related notations. =~
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Concept A: Probability
Objectives

Agé

To determine the coefficients of
terms in a binomial expansion
using the Binomial Theorem.
(Pascal’'s Triangle or combinations
could be used to introduce this
topic).

Instructional Notes

This topic can be introduced in many ways, as indicated in the
objective itself. The students should receive enough practice to
become familiar with the coefficients of expansion and how to
obtain them. It might be useful to actually expand a binomia! of
the type (x + y)* by multiplication, so that students actually see
that the coefficients are in fact the same as those found using
these other techniques.

The techniques most often utilized are Pascal’s Triangle,
combinations, or multiplication. (It is intended that students
will use combinations by the end of this section.)

The teacher might have students complete the following exercise
and relate the coefficients to Pascal’s Triangle.

(x+y)f = 1

x+y)} = 1x + 1y

(x+y)F = 1% + 2xy + 1y*

(x+y)° = 1x® + 3x% + 3xy” +1y°, and so on.

Other activities are suggested in the next column.

When students are familiar with these coefficients, they should
be given some exercises enabling them to practise not only
finding these coefficients but being able to determine the
indicated term as well. The combinatorial approach should be
emphasized.
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Examples/Activities

Several types of activities can be suggested to generate the
coefficients of a binomial expansion. One is the problem of
determining how many routes there are from A to B in the
following grid, if no ‘doubling back’ is allowed.

A

¥

b

B

A second activity is to request students to design an elementary
‘pinball’ machine. In this machine, the ball is let in at the top,
and must work its way to the bottom, without rebounding
upwards. The students are to determine how many different
paths the ball might take to reach the bottom. Two different
pinball machines are drawn below.

N
L4

Ball enters Ball enters

Adaptations

This topic could be adapted by asking
students to determine the outcomes
(listing, if necessary) of events which
have approximately equal chances of
occurring. As an example, students
could be asked to determine in how
many ways could there be a family of
three girls and two boys. Similarly, if
you toss a fair coin six times, in how
many different patterns can you have
two heads and four tails?

Students should also be expected to
determine the coefficient and the
proper sign of binomials whose initial
coefficients are not equal to 1.

Use examples like:

a) the fifth term of (2x + 8y)"is ____

b) the third term of (3% - 2y is _____
¢) the fourth term of (2a® - 3xy*)®is ___
Students can also be asked to note the
exponents of these terms and their

relationships to each other and the
original exponent.

SR 24
O

Ball leaves
: Ball leaves

1. Find the coefficient of the third term of (x + y)®&.

2. Find the coefficient of the middle term of (b + g)®.
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Concept A: Probability

Objectives

A7

To expand binomials of the form
(a + b )" using the Binomial
Theorem.

A8
To solve word problems associated
with Obiectives 6 and 7.

Instructional Notes

Students should be able to perform the expansion of common
binomials using the Binomial Theorem. It is expected that
students will be able to expand examples such as (x + ¥, (2x -
y), and (x* + 2yz)® for test purposes, and will be able to expand
more difficult binomials as part of their classroom exercises.

It is important to remember that while binomial expansion is a
concept to be studied, many applications deal with a specific
term of the expansion.

Most real-world expansions deal with two events that have
approximately equal chances of occurring, such as the result of -
tossing coins, the appearance of boys or girls in family order, or
the opening or closing of an electrical circuit. (TL) :

When introducing the Binomial Theorem, it may be useful to
have students expand some examples such as (x + y’ by
multiplication and note the coefficients, the total of the
coefficients, the number of terms, and the relationships of the
exponents of each successive term. This may enable the students
to understand the Binomial Theorem more easily.

Most of the problems in this section deal with two events that
have an equally likely chance of occurring, where several trials
of the events are conducted. Students could work on these types

__of questions individuall_y,_in._pairs_,_or_.in_small_groups,_to_practise----

the skills they have learned, not only in the last two sections but
in the entire unit in the problem-solving context. (PSVS)
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Examples/Activities Adaptations

Expand (x - y)° using the Binomial Theorem. These expansions could be done in
. several ways to deepen students’
Expand (3x + y)* using the Binomial Theorem. appreciation of the different

approaches to mathematics.
Illustrate how many different ways a coin tossed seven times Introductory exercises could be done
could land using the expansion of (h + t). How many ways by multiplication as in the previous

can we have less than three heads? section, as well as by using the
Binomial Theorem. These could also

Consider the special case where h and t are both equal to be introduced by completing one term

one. at a time, in similar fashion to the

preceding section.
Expand (4x - 2yz)°.
See Appendix B for a related
Set up, but do not_simplify, the expansion of (2x - 5y)°. discussion and examples on the
Binomial Theorem.

In a family of five children, in how many ways might one Many of the types of problems

have three girls and two boys? What is the probability of associated with binomial coefficients
having a family of three girls and two boys? Four girls and a are closely related to combinations and
boy? five boys? (Note that for our purposes, we are assuming probability. Students may find it

that there is an equal chance of a boy or a girl being born, useful to refer to these sections when
whereas in the real world there is, in Canada, a slightly attempting to do problems of this type.
higher than 50% occurrence of girls being born.) :
: Students should be encouraged to use
If Asha’s success rate in completing free throws is 50%, what a variety of problem-solving

is the probability that she will be successful on all four free techniques, including the listing of all

throws she is awarded in a game? possibilities, if they are experiencing
difficulty in the solution of these
In a series of tossing a coin, what is the probability that a problems.

fair coin will land 'heads’ 8 times in a row ?

If a coin is tossed 12 times, in how many ways could four
heads and eight tails appear? What is the probability of this
occurring? In how many ways could six of each appear?
What is the probability of this occurring?

In a family of seven children, what is the probahility of
having at least five girls? at least six girls? all but one boy?

What is the seventh term of the expansion of (4x® - 2y)*?
In a true-false test of twelve questions, how many different

ways can five true and seven false answers be arranged? How
many different test solutions are possible?
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Concept B: Data Analysis

Foundational Objectives

* To determine the standard deviation of a set of data and to utilize the standard deviation in analyzing
that set of data (10 02 01). Supported by learning objectives 1 to 3. '
* To develop skill in interpreting data through the use of z-scores (10 02 02). Supported by learning

objectives 4 to 6.

Objectives

B.1

To describe and illustrate normal
and skewed distributions using
real-world examples.

Instructional Notes

This section is to be treated as an introduction to the concept of

‘normal and skewed distributions. It is largely intended to allow

the students to identify, analyze, and interpret these
distributions. The objective of having students draw a normal
distribution for a given set of data should be postponed until
students have learned how to calculate standard deviations,
which is done in objectives 2 and 3 of the unit.

In this objective, students should become familiar with the
definitions of the terms involved, the general appearance of
normal and skewed distributions and be able to interpret the
information presented by a given diagram. Most of the newer
recommended resources include sections on these topics. Basic
definitions are included and illustrated.

The teacher might present some given information, and ask
students to interpret and expand on the information, as well as
instruct the students to identify those elements associated with
the basic definitions.

Example.

The heights of 600 male secondary school students are normally
distributed. The average height is determined to be 170 cm and
the standard deviation is determined to be 6.5 cm. Draw a
normal curve to illustrate this situation.

About how many of these students would be more than 183 ¢m
tall or less than 163.5 cm? How many students would you
expect to be between 163.5 cm and 176.5 cm tall?
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Examples/Activities

Have students work individually, in pairs, or in small groups, on
the following types of exercises.

1.

The weight of beef roasts is normally distributed with a mean
of 2.35 kg and a standard deviation of .5 kg. If a butcher cuts
350 roasts a day, what number of roasts would you expect to
weigh more than 2.85 kg? What is the probability that you
would choose one of these roasts at random? How many
roasts would you expect to weigh less than 1.35 kg?

You are aware that the weights for children of age 10 are
normally distributed with a mean of 40 kg and standard
deviation 8 kg. As an assistant medical worker, you weigh a
group of sixty 10 year olds and find their weights to average
31 kg, with a standard deviation of 4 kg. Illustrate both sets
of data by drawing the distributions (bell curves) for each.
What might some interpretations of these two sets of data
conclude? Write your answer as a brief report to your
sSupervisor.

A buyer for a department store chain is aware that the sizes
of men’s shoes for Canadian men are normally distributed
with a mean of size 10 and a standard deviation of 1.5 sizes.

—For_the chain, he purchases 12000 pairs.of shoes-to.fit-this—. ..~ . -

distribution. In this batch, how many pairs of shoes would be
suitable for a man who has a shoe size greater than size 137
How many pairs would there be within one standard
deviation from the mean?

Adaptations

Students could be provided with a set
of bell curves where the mean and
standard deviation are noted. They
should be asked for their
interpretations and to decide whether
these would represent normal or
skewed distributions. They could also
be asked to write brief reports based
on the details provided by the graphs,
outlining their analysis and
interpretation.

These graphs might be suggested by
newspaper or magazine articles, found
in other print sources, gathered from
local officials, or assigned from
recommended resources. (IL)
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Concept B: Data Analysis

Objectives

B.2
To calculate the standard
deviation of a set of data.

Note: There are two statistical
standard deviations; one
calculated for a sample

n-1

and one calculated for a
population,

0 = Tx-x)P?
J n

The teacher might wish to make

~ students aware that these two =~

methods exist; but for purposes of
this course, only the standard
deviation for a population will be
used {(where the divisor is simply
n).

Instructional Notes

Students should be introduced to the caleulations required to
determine the standard deviation for a given set of data. Once
they understand how the standard deviation is to be determined,
they should be provided data from which they can determine the
mean and the standard deviation. The students should be able
to make use of appropriate technology in doing the calculations.
Students may aiso find it more valuable to work in pairs or
small groups, in order to monitor each others’ progress and
calculations. (PSVS)

The data provided could be assigned from recommended
Tesources, newspapers, or magazines, could be class-generated
(e.g.: height, marks, height of standing jump, number of
successful free throws in twenty-five tries), or from other subject
areas. (IL)

The first calculations should be based on finite sets of data,
small enough in number that the calculations themselves do not
overshadow the main objective. As students become more
familiar with the objective, the number of elements in the
distribution can be increased.

As an additional exercise, you may wish to compare frequency

distributions such as:

a) 100 elements all having a value of 50;

b) 50 elements having a value of 1, and 50 having a value of
9g,

Note that both distributions have the same mean but their
standard deviations are far from equal. This illustrates the

need of more than one parameter, such as the mean, to describe
a population.
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Examples/Activities Adaptations

Given the following scores obtained by local basketball teams For each of the exercises in the

in the last several games, determine the mean number of previous column, the addition of a
points and the standard deviation. statement asking students to depict
37 46 55 31 72 66 81 52 the information calculated in a

29 63 47 36 58 73 65 56 ' histogram could be part of an

44 27 53 66 70 62 41 39 assignment. Then the students could
64 58 37 62 51 54 48 57 be asked whether the given values

50 49 56 60 45 29 54 56 depict a normal distribution, and/or

whether some of the given values
The following table represents a test of the number of hours  would be the expected ones, If some of
that lightbulbs worked before burning out. These were these values do not fit in a normal
selected at random from a shipment from a supplier. distribution, students could be asked
Determine the mean length of time the lightbulbs lasted and  to supply reasons for this.
the standard deviation.
69 122 108 196 145 1925 Students might also be asked to
98 8% 120 142 135 106 discover why we use

122 102 99 163 116 131 _
VE(x-x)?

The following table represents the number of pairs of pants
sold by a local mens’ wear store in the last month.

Determine the mean size, and the standard deviation. rather than
Y(x-x).

Waist Size { _ Number of pairs s0ld

26 | 2

28 l 1 U U et i et ¢ e ae

32 | 18

34 | 12

36 i 10

38 | 6

40 | 4

42 | 2

44 | 0

46 | 1
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Concept B: Data Analysis
Objectives

B.3

To utilize the standard deviation
to interpret data represented by a
normal distribution.

Instructional Notes

Given a few exercises involving means and standard deviation,
students should be able to determine and justify results based
upon these. Students could work in pairs, and use appropriate
technology, to aid them in their caleulations. (TL)

Wherever possible, exercises should reflect local conditions. If
this is not possible, most of the recommended resource texts
have an adequate supply of exercises on this topic. Other
sources of available statistics are Stats Canada, monthly bank
magazines, stock market quotes in most newspapers, and on
databases via Internet, and the daily news of stock markets,
including agricultural commodities, as reported on TV
newscasts. (NUM)
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Examples/Activities

Assuming the weights of fish are normally distributed,
Fisheries Department officials have determined that fish in a
remote northern Saskatchewan lake average 1.5 kg., with a
standard deviation of .6 kg. Of 1 000 fish, how many should
weigh from .3 kg to 2.7 kg? Would a fish of 4.5 kg be very
common? How many fish of 4.5 kg or greater would we
expect in this population?

Have students analyze a stock market report page from a
local newspaper. Get them to determine the mean change in
stock value for the first fifty listed stocks, Have them
determine the standard deviation for their data set. Do these
represent a normal distribution? How many of these stocks
change by more than two standard deviations? How many
would we expect to change by more than two standard
deviations in a normal distribution?

Have students note the scores from all the weekend games
reported in the local paper. Have them determine the mean
score per team, and the standard deviation. Illustrate these
results on a bell curve. Do these scores form a normal
distribution? (Perhaps these stats can be compared to the
listed selections of the lottery game Over/Under.)

Assuming the lifetimes of the batteries they produce are
normally distributed, workers randomly carry out tests to
determine if the batteries meet the requirements of lasting a

mean time of 144 hours and having a standard deviation of 8

hours. In a shipment of 2 400 batteries, how many would you
expect to last 160 hours or more? How many should last
between 136 and 152 hours? If you had four batteries that
died after 80 hours, and another six after 96 hours, would
you conclude this was a defective batch?

Adaptations

As an extension of this topic, students
could be assigned some specific set of
data to research, asked to calculate
the mean and standard deviation, and
required to present to the classfteacher
as a report. This type of data might
include size of deliveries at the local
elevator, size of farms in hectares,
precipitation for the local area,
temperature, wind speed, length of
growing season, or number of vehicles
passing through a specific location in
five-minute intervals. (COM)
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Concept B: Data Analysis
Objectives

B.4
To define and calculate z-scores.

Instructional Notes

In some text resources, z-scores are explained as values taken
from a set whose mean is zero and whose standard deviation is
cne.

In others, the 2-score is indicated to be a quantifier determined
by subtracting the mean from each value, and dividing the
difference by the standard deviation. Although the end result is
the same, students may find it easier to understand the second
version. The teacher should introduce the topic in this manner.

In this case, z is determined by
x-x

s

where x is the mean and s the standard deviation.

Emphasize that z measures how many standard deviations x is
from the mean.

Students can be given several types of exercises in which they
are to determine the z-scores for sets of data. They could work
on these individually, or in pairs, and utilize appropriate
technology.

See the note under the Adaptations.
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Examples/Activities

Calculate the z-scores for the following set of data:
34 42 52 43 37 87
40 35 48 54 47 50
44 51 47 52 46 48

The following are the number of successful free throws
thrown by the girls’ basketball team in a recent practice.
Each was given twenty-five free throws and results for all
fourteen girls were recorded. Calculate the z-score for each.
11 17 6 10 12 8 11

13 9 10 12 9 10 12

On a recent quiz, the twenty-two students of Mr. Campbel}
received the following scores out of a total of 57. Calculate
the z-score for each student.

29 44 37 51 42 54 36 45

43 39 46 48 50 46 44

38 48 24 51 47 49 52

Have the students collect some data on their own and
calculate the z-scores for that data. This could be in the form
of temperatures, precipitation, weight of cattle offered for
sale, number of tonnes of grain delivered to the local elevator,
number of words on a page, and the like. (IL)

Adaptations

Students should understand the
relationship between the calculation of
the z-score and the normal
distribution. The text resources that
deal with z-scores also include a table
indicating the area under a standard
normal distribution curve. At this
point, it might be useful to indicate to
students how one reads these tables,
both to find the area under the curve
and to find the z-score when given the
area.

Some exercises on reading these
correct values can be given to the
class.
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Concept B: Data Analysis
Objectives

B.5
To be able to utilize z-scores as an
aid in interpreting data.

B.6
To solve related real-world
problems using statistical

_.inference e e

Instructional Notes

Calculation of z-scores allows us to compare data obtained from
different sets, which have different means and different
standard deviations. Some examples in calculating and
comparing z-scores can be done for the class, before any
exercises or activities might be assigned.

For any value x in a set of data, the z-score, z, can be

determined by
x-x
z T —
s

where s is the standard deviation.

In this section, the teacher may wish to have students supply
data of their own. This necessitates assigning this task in
advance of the lesson itself. Students might be encouraged to
begin collecting data early in the course, to have adequate
entries to use. Alternatively, the teacher may wish to use
teacher-selected data. Again, this should be prepared in
advance. Statistics Canada is a good source of such data,
databases on the Internet as well as local developments. Text
resources also supply a good cross-section of exercises, (IL) (TL)

The problems introduced to students in this section can be

-developed-through-student-generated-data; locally-generated——- ~-—- = -

data, data supplied by the teacher or obtained from text and
other resources. In most of these situations, it may be useful to
have students work in pairs or in small groups, as they can
double-check calculations, table values, and provide each other
with immediate assurances or doubts about strategies. (PSVS)

These problems can also be constructed to lend themselves to
brainstorming, and to Creative and Critical Thinking. The
teacher may wish to have students do summary problems; that
is, to introduce a problem that reviews all sections of this unit,
or to do problems that have a specific focus. (CCT)
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Examples/Activities

1. One activity that students might wish to do on their own is
to compare their own marks on two tests to determine the
z-scores. If Chandra obtained a 68 on a test where the class
average was 62, with a standard deviation of 5 and obtained
a 77 on a test where the class average was 72, with a
standard deviation of 8, on which test did she obtain the
higher z-score? Students could obtain their own mark
information from the teacher and compare some of their
results in this manner.

2. Find the z-scores for the weight of each player on the senior
football team (volleyball team, basketball team, hockey team).

3. A fishing derby on a lake gives first place to the fisherman
who obtains the best result for that lake for the day. Three
species are quite commonly caught and it is assumed that the
weights of the fish are normally distributed in the lake.
Perch have a mean weight of .5 kg, with a standard deviation
of .2 kg; pickerel have a mean weight of 1.4 kg, with a
standard deviation of .6 kg; and northern pike have a mean
weight of 2.3 kg, with a standard deviation of .8 kg, If Ali
brings in a perch of .9 kg, Bob a pickerel of 2.5 kg, and
Cheryl a northern pike of 3.9 kg, who should be awarded first
prize?

1. Assuming a normal distribution for the life of its test
batteries, a company has foungd that its batteries have a

Adaptations

Students could be given sets of data
from which to calculate the mean,
standard deviation, and z-scores. This
could be done in pairs.

Example.

Use the following sets of data to
calculate the mean, standard
deviation, and z- score for each
element (number of free throws in
twenty five tries).

Team A

6 9 7 8 10 15 7 11
9 14 12 11 13 10 11 7

Team B
(number of free throws in fifteen
shots)
7 9 12 4 6 8 B
9 10 B 7 9 B 6

Which player would you expect to win
the free throw competition at a game
involving these two teams? Who
would you expect to obtain the fewest
free throws?

If the students and teacher are

~~—mean life-of 72 hours, with astand=rd dsviation of 9 hours.
What are the z-scores of two batteries which last 68 and 84
hours respectively? What is the probability that if we choose
a battery at random, we will obtain one that will last
anywhere from 68 to 84 hours? What is the probability that
we will choose a battery that lasts less than 64 hours?

2. On a standardized math test where the marks are normally
distributed, the results show a mean of 73, with a standard
deviation of 11. What is the probability of randomly selecting
a student whose mark is more than 86, less than 68, between
50 and 707

3. On which of the two following tests did Jean get the better
result:

Test A ! Test B
Mean 68 | 73
Stan Dev 12 | 15
Jean’s mark 75 ! 82

4. If a well-known standardized 1Q test has a mean of 100, with
a standard deviation of 15, how many Canadians (of
30 000 000} would be expected to have 1Qs greater than 145,
if the scores are normally distributed?

comnfortable with acéess to class
marks, heights, shoe sizes, and the
like, this type of data can lend itself to
comparative analysis quite easily. The
advantage in using data such as class
marks is that it may in itself serve as
a motivator for some students, and in
some small way as a diagnostic tool
for others. Teachers should again
remind students of the role of
statistics and that, interpreted in
various ways, they can lead to
misleading information.

Questions or exercises on intelligence
tests, learning ability tests, and
physical characteristics can all be
introduced, as many of the practical
applications are based on human
measurements. Use these only if the
class feels comfortable with such
measurements.
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Concept C: Matrices

Foundational Objectives

* To illustrate appropriate real-world situations using matrices (10 03 01). Supported by learning

objective 2,

* To demonstrate knowledge of terms associated with matrices (10 03 02). Supported by learning

objectives 1 and 6.

* To develop skills in matrix operations and in solving related real-world preblems (10 03 03). Supported
by learning objectives 3, 4, 5, 7, 8, 9, 10, 11, and 12.

Objectives

C.1
To define basic terms associated
with matrices.

Instructional Notes

Students should be made familiar with the definitions of matrix,

-rows, columns, entries, row matrix, column matrix, elements,

dimensions of a matrix, square matrix, zero matrix, and other
introductory terms. These definitions can be learned through
identification practice. The teacher can write a matrix on the
board and have class members identify various elements, TOwsS,
dimensions of the matrix.

The teacher may also wish to indicate to students some of the
applications of matrices in the real world. These include aspects
of inventory control, data management systems, traffic
management systems, and linear programming. More specific
examples of these types can be shown at this point, or
introduced throughout this unit.

Students should be able to demonstrate their knowledge of the
basic terms by correctly identifying them from sample matrices.

See Appendix C for an alternative method of introducing =~

matrices and for some of their applications.
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Examples/Activities

For the matrix
(6 4 0 -2]

1 3 51

2 610

3 -52 7
-5 2 4 1

a} State the dimensions of the matrix.

b} How many elements are in the matrix?

¢) List the elements of the third row.

d) List the elements of the fourth column.

e) What element is in the third column and the second

row?
) The element in the fifth row and first column is .

Form a matrix that has dimensions of 3x2. List the element
in the second row am_lﬁrst co}g;_nn.

Create a row matrix having three elements. What are the
dimensions of this matrix?

Create a column matrix of five elements. What are the
dimensions of this matrix? -

Create a square matrix of nine elements. What are the
dimensions of this matrix?

In the matrices given below, find the value of each variable
which will make the matrices equal.

4 x -2 a ~4 ¢
2 B= 1|5
6w v

Adaptations

Students might be given exercises
such as the following.

What values of x and y would make
matrix A and matrix B equal?

3x+2y 2 ]
B=
2x-4y -20
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Concept C: Matrices
Objectives
c.2

To create a matrix to illustrate a
given gituation.

Instructional Notes

Students can work individually, in pairs, or in small groups, to
create matrices for situations described and outlined by the
teacher, or found in resource texts. An example or two done for
the entire class might be a useful starting point. Use the
vocabulary developed in the first section as reinforcement of
these terms. (PSVS)

Some examples from which matrices are created can be found in
the next column, however, the teacher may wish to use others
that have a more local flavour.

Draw attention to the creation of matrices in Spreadsheet and
Word Processing programs the students might have studied.
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Examples/Activities Adaptations

1. The Platters’ music store sells records, cassettes, and compact Once students have had a little

discs. Create a matrix illustrating the following sales: experience with matrices, it might be
C&W 31 records 128 cassettes 63 CDs interesting for them to use matrices to
Rock 42 records 85 cassettes 38CDS . mode] some situations in their

R&B 27 records 64 cassettes 55 CDs personal domain. These could reflect

the number of routes to and from a
few of their most commoen destinations
2. Food Wholesalers’ warehouse supplies vegetables (in kg) to (school, a friend’s, a confectionery).
four food chains in the area. To All-Rite Foods, they sell 60  Other suggestions might include

kg of peas, 257 kg of potatoes, and 72 kg of carrots. To varieties and quantities of grain
Mainly-Fine Foods, they sell 45 kg of peas, 187 kg of delivered to their local elevator, sales
potatoes, and 59 kg of carrots. To Grate Foods, they sell 73 from the local co-op store, garage, or
kg of peas, 225 kg of potatoes, and 82 kg of carrots. To ranch. (NUM)

Hardly Foods, they sell 65 kg of peas, 168 kg of potatoes, and
62 kg of carrots. Create a matrix to illustrate the above
sales.

3. For the following schematic road map, create a matrix that
illustrates the number of ways to travel between A, B, and C,
where arrows indicate the directions to be followed, and
routes must be one-step (not through any connecting point).
Then create a two-step matrix based on the diagram.

One-step solution

021
101
001
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Concept C: Matrices
Objectives

C.3

To add and subtract matrices.

Instructi_onal Notes

Students could be asked to create matrices based on a given
situation and then be instructed to find the sum of the matrices
based on this information, This could be done by posing a
problem and allowing students to work toward the solution
individually, in pairs, or in small groups. Students should be
instructed to use matrices in their solution of the problem, and
to justify their solutions. (PSVS)

By comparing the work of various students or groups, it may be
possible to illustrate the commutativity of addition of matrices.
When students have successfully completed the problem, more
exercises can be assigned. In the case of numerical exercises,
students might be asked to create a hypothetical situation that
exemplifies the matrices to be added, and their sum.

Ask students to state any conditions that they feel must be met
before matrices can be added or subtracted {e.g.: matrices must
have the same dimensions before they can be added or
subtracted).
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Examples/Activities Adaptations

1. A musical supplier, Hi-Note Inc., supplies records(R), This topic might be adapted by
cassettes(C), and compact dises(CD) to three music stores introducing variables as missing
(Do, Re, and Mi) in the local area. elements and having students
determine the value of each of the
In February, the number of records sent out were 47 to Do, variables, This would necessitate the

62 to Re, and 55 to Mi. The cassettes were 123 to Do, 145 to understanding of matrix addition on

Re, and 172 to Mi. The CDs were 73 to Do, 82 to Re, and 66 the part of the student and would

to Mi. ' provide a little practice in solving
simple equations.

In March, the records were 72 to Do, 68 to Re, and 71 to Mi.

Cassettes were 153 to Do, 149 to Re, and 193 to Mi. CDs Example.

were 82 to Do, 79 to Re, and 53 to Mi. ‘

Find the value(s) of each of the

Create a sales matrix for each month, and then add the two  variables in the following addition.

matrices to illustrate the total for a two-month period. Label

rows and columns so you can justify your solution. x 3 2 gl [-1 -5
2. Add. 4 2y +[-2 z|=|h 5
a) -2 2 |7y |j 1
6 -3 5 4 3 -1
2 5 -1 « |0 -5 5| =
-3 7 4 3 -2 8
b)
4= 47 -2
SR 1 B 0 5 I - -
and
3 -54
-5 3 6

FindA+B,A-B,B+A B-A

3.  Solve for the matrix X.
4 -3 6 5 2 -1
X+|0 2 4|=(-3 -1 0
-5 1 3 -2 0 -1
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Concept C: Matrices
Objectives
Cd4

To add and subtract matrices
using scalar multiplication.

Instructional Notes

Students can be given a problem situation to work upon
individually, in pairs, or in small groups, to determine their
solution to the problem. They should be instructed to utilize
matrices in their solutions and to justify their solutions. As well,
they should be expected to be able to explain how to multiply a
matrix by a scalar.
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Examples/Activities

1.

a) The Sure-Shot Hockey Stick Co. supplies a sporting goods
store with a monthly order of junior and senior hockey
sticks. Each division comes in three styles: left, right, and
goaltender. A monthly order for junior sizes is 98 left, 124
right, and 15 goaltender, while the senior order is 225 left,
283 right, and 28 goaltender. Use a matrix to illustrate
these sales. The stick company decides to change to
three-month ordering to facilitate book-keeping. Use a
scalar multiplier to illustrate the matrix created under the
new system.

b} The stick company also supplies a second store with a
monthly junior order of 125 left, 167 right, and 23
goaltender, while the seniors are 289 left, 302 right, and 36
goaltender. Create a matrix of the same order as a), to
illustrate the sales to the second store. The second store
has purchased a record-keeping system that requires them
to control inventory with a four-month total. Use a scalar
multiplier to illustrate this four-month matrix.

¢) The stick company wishes to determine a matrix that sums
up its sales to the two stores in a) and b), for the respective
periods of three and four months. Write out the matrix
statement that illustrates this situation and determine the
solution matrix.

2 3 5 4 2_ 0 )
IfA=|-4 2 -1/,B=|2 3 =2
3 0 2 1 -1 1
Calculate:
a) 2A+ 3B b)A-2B c)4A - B
d) 5A+2B e)3B - 2A f)-2A + 3B
g -2A-3B h)-4B+3A 1) A--2B

Adaptations

This topic could be adapted by again
using variables in the matrices for

which students would be expected to
determine the values of the variables
that would make the statement true.

Exzample 1.

13 -2 -1 12 4
3X +210 2 -4 =12 13 -14
41 -2 11 2 -10

Example 2.
4 x a x 25 0
2 Y +3 VL
z2 -3 -1ed 4 1 -12
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Concept C: Matrices
Objectives
C's

To muitiply two matrices (not
larger than 3x3).

Instructional Notes

Students should work individually, in pairs or in small groups,
in order to provide immediate feedback and to check calculations
in each others’ work. The teacher should illustrate the process
of matrix multiplication, starting with a row matrix times a
column matrix, then a matrix times a column mafrix, and so on.
The teacher should outline or illustrate the process and have
students determine which types of matrices can be multiplied.

Students should be given both multiplication exercises and real-
world problems to practise multiplication.

If students do not determine the fact that matrices can be
multiplied only when the number of rows in the first matrix is
equal to the number of columns in the second matrix, (A__, B
with the result being Cuy)s then the teacher should be prepared
to give examples or counterexamples that lead to this conclusion.

Students could also be given the opportunity to justify their
solutions to others, especially if they are working with real-
world situations. Many of the newer text resources have good
real-world applications of matrix multiplication. (CCT)
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Examples/Activities

1. a} The Whiz-Bang Fireworks Co. sells three different
packages of fireworks. Package A includes 12
ladyfingers, 6 Tom Thumbs, and 3 sparklers. Package B
includes 18 ladyfingers, 4 Tom Thumbs, and 5 sparklers.
Package C contains 9 ladyfingers, 10 Tom Thumbs, and
8 sparklers. Create a matrix to illustrate these
packages.

b) The Company charges $.15 for each ladyfinger, $1.30 for
each Tom Thumb, and $.85 for each sparkler. Create a
matrix to illustrate these prices.

c) Write a matrix multiplication statement that would
allow the company to determine how much to charze for
each of the packages of fireworks described in a).
Complete the multiplication and show the price for each
package in a matrix.

d) The Big Bang Company sells the same three packages
but they charge $.12 for ladyfingers, $1.35 for Tom
Thumbs, and $.82 for sparklers. Create a matrix
multiplication statement that compares both companies
and their package prices. Do the indicated
multiplication and identify the company that offers the
best price to the consumer for each package.

2.  Multiply
2 —3 4 PR
x[1 5
-2 0 3
0 -2

What are the dimensions of the product matrix?

Adaptations

This topic can be adapted by
extending multiplication to three
matrices. Students would have to
determine if the multiplication could
take place by checking the dimensions
of the matrices and then carry out the
required multiplications. It is also
possible to have the students test to
see if the order of multiplication is
important. This will preview the next
section,

Example.
Multiply.
-3 1 .
2 3 -4 2
x|2 -3x
[0 -2 1 {—J
0
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Concept C: Matrices

Objectives

C.é

To determine the properties of
matrices with respect to addition,
scalar multiplication, and
multiplieation.

Instructional Notes

While students should be relatively familiar with the terms
commutative, identity element, and zero element, these and
others may have to briefly be reviewed in the context of integers
or rational numbers. If the definitions are not familiar, the
operations will be. When the students have reviewed these
basic properties, they can be asked to work individually, in pairs
or in small groups to determine analogous rules and elements
for matrices. They can be instructed to create their own
matrices to determine if addition is commutative, associative,
distributive with respect to addition or subtraction, if there is an
identity matrix for matrix addition, if there is an inverse for
matrix addition, and the like, They should also be reminded
that one correct counter-example is sufficient to negate the
property. (CCT)

The students can then be asked to complete a similar activity for
subtraction, then for scalar multiplication, and for matrix
multiplication.

Students should also prepare a written summary for themselves
after completing this activity. This summary should indicate
which properties are valid for matrices and which are not.
Included examples will make it easier for students to review
their notes. (COM)
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Examples/Activities

Is it possible to add two matrices whose dimensions are 2x3,

or to multiply them?

Create three 3x2 matrices. Label them A, B, and C.
a) Add A + B. Add B + A. Do you obtain the same result?

Try B + C. C + B. Result?

What property does this illustrate?
b) Add (A + B)+ C. Now add A + (B + C). Is the result the
same? What property does this illustrate?
¢) Can you find a matrix X such that A+ X=X+ A= A?
d) Is there a matrix Ysuchthat B+ Y=Y + B = Zero

matrix?
e) Doesn(A + C)=nA + nC?

Create three matrices with dimensions 2x2. Label them A,

B, and C.

a) Does AxB=BxA? DoesAxC=CxA?

b) Dees(AxB)xC=Ax(B=xCy

¢) Does A(B + C) = AxB + AxC?

d) Isthere a matrix Tsuchthat Tx A=A x T = A? Is this
alsotruefor TxB=Bx T = B?

Adaptations

The teacher may adapt this topic by
listing the properties which are
associated with matrices and those
which are not; rather than have
students determine them on their own.
In cases where the properties do not
hold true, a counter-example should be
given to illustrate why this property is
not valid. The teacher may also wish
to combine the two, having students
determine some of the properties on
their own, and to list or do others for
the class as examples,
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Concept C: Matrices
Objectives
Cq

To use row operations with
matrices.

Instructional Notes

Row operations are skills that the students will employ in
solving matrix equations in Objective C.9. As skills, they could
be demonstrated to the students by the teacher and then
practised on a few exercises that will help students attain these
skills. ‘

There are three types of row operations on matrices. Each of
these is called an elementary row operation. All row operations
are compositions of those elementary operations. The three

- types of elementary row operations are:

1. Interchange any row with any other row.

2. Multiply each element of any row by a non-zero scalar and
then replace the original row by the new row obtained by
this scalar multiplication. The new row is called a scalar
multiple of the original row.

3. Replace any row by the sum of that row and a scalar
multiple of some other row.

Students can obtain practice developing these skills. The first

row operation can be shown by real-world example quite easily
at this stage.
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Examples/Activities

1. In the matrix

Records Cassettes CDs

Stored 78 135 82

StoreB 68 144 72

Would changing the order of the stores make a difference?

b

Rewrite this matrix showing such a change.

C

2. In the matrix

6 4 1
-3 4 2|,
5 -36

)

d)
Write the matrix created by each operation.

multiply the given row by a scalar that will produce the
intended result for each of the following. Begin with the
original matrix in each case.
a)
b)

First row, second element to be 1
First row, third element to be -5.
Third row, second element to be 4.
Second row, first element to be 6.

3. For the matrix

|

multiply the second row by n and add the result to the first
row, such that the third element of the first row becomes 0.

3

-5 31

2 -4 5
31 2
1

{6210

complete each of the indicated row operations. Show each
result. Begin each question with the original matrix.

a)
b)
¢} Multiply 3rd row by 1, add to 2nd row.

Muitiply 1st row by 2, add to 3rd row.
Multiply 2nd row by -2, add to 4th row.

4. In the matrix

-2 4

b

Adaptations

These row operations are skills that
all students at this level should attain.
If the teacher wishes, the practice
exercises could include beginning with
a given matrix and changing it
through a series of row operations,
instead of always working with the
original matrix. As an example, in the
matrix in exercise 2 in the previous
column, the students could be
instructed to carry out successive row
operations to make the first element of
row 2, and the first and second
elements of row 3 equal to 0. This
would allow the students to obtain a
foretaste of the techniques needed in
solving simultaneous equations using
matrices.
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Concept C: Matrices
Objectives
C.B

To determine the inverse of a
"2x2" matrix.

--—geveral-2x2-matrices: - - - - -

Instructional Notes

Students should be expected to state the meaning of an inverse
before beginning this topic. Once the meaning of an inverse has
been reviewed, the teacher might ask the students to attempt to
determine the inverse of a 2x2 matrix such as

14 3
165
The students should be reminded that by definition of i inverse,

the inverse A” must satisfy AxA™" = A”'xA = I, the identity
matrix.

If students are not able to find the solution in a few minutes,
the teacher should indicate the procedure to be used.

For
ab
cd

first multiply ad, then bc and take the difference. This is the
determinant, D. Then the inverse, A", is determined by

e

Students can then be given practice finding the determinant for
2x2 matrices and then be asked to deternnne the inverse of

A=
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Examples/Activities Adaptations

1. Find the determinant of each of the following matrices. This topic may be adapted by
introducing the determinant of a 3x3
a) matrix. Resource texts have adequate
6 -3 numbers of exercises on this extension.
l This may be introduced either through
3 1] the use of diagonals, or expansion by
minors.
b)
7 2
-4 3]
¢}
[ 4
-2 3
d)
[-6 2
|0
e)

in exercise 1.

3. Determine the inverse of
-4 3
-8 6

Can inverses be found for all matrices?
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Concept C: Matrices
Objectives

C.9

To solve matrix equations using
multiplication by an inverse.
(Orders higher than 2x2 could be
solved using technology.)

Instructional Notes

Students could be presented with a set of two simultaneous
equations in two variables and be asked to solve these using
methods with which they are already familiar. Then they could
be asked to create a matrix based on the coefficients and
constant terms. If this is done successfully, have the students
discuss as a class, in pairs or in small groups how they might
transform the matrix to determine the solutions of the variables
in the equations.

If some students are successful in this step, they might be asked
to present their technique to the class for discussion.

If students are not successful, the teacher should indicate some
possible methods of solution.

Alternatively, the teacher can model the two methods of solving
equations based on previous objectives. For the system of
equations ax+by=m

and ¢cx+dy=n

Method 1. Row operations.

Create matrix.

abm
cdn

- "Use_l'UW"Op'el'ﬂti’OHS_tD_re'dTI'C'E'_a"tO' 1',_"a"ﬁd'f_t'0_0',' theiithe "~~~ T

equations can be solved easily by substitution. (Or you may
continue row operations to reduce d to 1, and b to 0 as well.)

Method 2. Using inverses.

For the same system as Method 1,
create the matrices

)
Left-multiply both sides by the inverse. (Why?)

R 1 B

ab
x
c d

m

n

D

x

1[d -b

1
-c a D

Simplify.
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Examples/Activities

Solve, using the method of row operations.

a) 3x+ y=7 h) 4x+5y=8
2% -8y =-1 6x-4y=11

Solve, using the method of inverses.

a) 8x-4y=-10b) x-2y= 17
2x+ 6y= 1 x+y=-14

A manager of a double movie theatre is preparing her day’s
admissions. However, the till had a malfunction and did not
register all the information. She knows the total receipts
from Theatre 1 are $905, and that there were 62 adults and
84 children in attendance. Theatre 2’s proceeds are $1203,
with 114 adults and 52 children. She needs to determine the
admission charged adults and children on that day. She
thinks for a moment and then proceeds to find the solution.
Re-create her solution by writing equations to represent the
given data and solve by using matrices. (CCT)

gy

Adaptations

This topic can be adapted by having
students solve for matrix equations of
three variables x, v, and 2. 'This can
be done by inverses, or by row
operations. Row operations may be
found to be more suitable in this
situation. Matrices of the order 3x3
can be handled quite quickly, if
substitution is used once the entries
under the left diagonal are made equal
to 0. Eg.:

Xyz

abecd

Ce fg
00 k& i

Then the 3rdrow is Ox + Oy + hz =i
orhz =1i.

The second row is Ox + ey + fz = g or
ey + fz = g and so on.

Then hz = i. Solve for z.

Then,ey+fz=g

(Substitute for z, and solve for y.)
Finally,ax + by + ez =4

(Substitute for y and z, and solve for

You may also take the matrix all the
way to:

100 m
01 0n
0 01.p

and we immediately see x=m, y=n,
and z=p.

Questions of four equations in four
variables, and five equations in five
variables, etc., can be solved using
calculators or computers, and might be
assigned to students who like to use
technology, or who might like to
attempt these. (TL)
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Concept C: Matrices

Objectives

C.10
To graph systems of inequalities.

Instructional Notes

The topic of inequalities has not been dealt with directly since
the solution of inequalities in Mathematics 10, It may therefore
be necessary to briefly review some of the aspects of solving
inequalities. .

Wher introducing the graphing of inequalities on a coordinate
plane, the differences between graphs containing <, >, g, 2,
should be specified. The teacher may find that some students
will understand this topic more quickly if they begin with
exercises such as x > 2, y < -3, before introducing other types of
linear inequalities. These types of examples lend themselves to
easily understanding the use of a test point to determine the
region to be shaded.

After students have been introduced to graphic inequalities,
then other types of linear inequalities and systems of
inequalities could be introduced. Students should be expected to
understand and explain the regions which represent the
intersection of the two solutions and those regions which
represent the union of the two solutions.

When students understand the procedure involved in the
graphic solution of systems of inequalities, they might also be
encouraged to solve these systems using graphic calculators, or
appropriate computer software. (TL)

C.11
To determine the points of
intersection of lines drawn in

- Objective C.10.

Points of intersection of a system of linear inequalities can be
found by using the methods developed for solving systemis of
equations as done in C.9 or Mathematics A 30. The students
should be instructed to locate an intersecting point, identify
which inequalities are involved, and use these inequalities to
determine the coordinates of the point of intersection.

The inequality symbols can be replaced with equal signs for the
purpose of determining the point of intersection. Then the
students can briefly review the various types of methods
available to them for solution and complete the exercise.

Students could use calculators or computer software to help with
calculations or graphing in this section. (TL)
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Examples/Activities Adaptations

Graph each of the following inequalities: As an extension to this topic of
graphing of systems of linear

1. z2 4 inequalities, students might be asked

2. y<3 to graph some ahsolute value

3. y22x-1 ' inequalities, such as y < |x|,

4. 3x+2y<6 y2|x|]+3,0ory<|x-2{+ 3.

5 -5x+4yz=10

As well, students could graph regions
Graph each of the following systems of inequalities, highlighting  formed by three inequalities such as

the intersection of the inequalities. X+2y<6
3x-y>86
L x20 y21x-8
yz20 2
dx+2y=<6
Exercises involving a system of four,
2. 2x-5y<10 five or more linear inequalities should
3x+4y< 12 alse be intreduced for student practice
%20 and discussion of results.
yz0
3. x-4vy<-4
3x+y>9
4, 2x+3y =28
4x - 3y <9

5. Compare the regions obtained in exercises 1 and 2 to those
obtained in exercises 3 and 4. How many lmear 1nequa11t1es

———~do-we need tocompletely enclosea region? T T T e

Determine all points of intersection for each of the following Students might be instructed to graph
systems of inequalities. Students may find it useful to graph each these systems on a graphic calculator,
system and note the coordinates at the point of intersection when or a computer, and then utilize the

they have been determined. various trace and zoom features to
identify the coordinates of the points
1. 3x-y=22 of intersection. The degree of accuracy
dx+y<8 required could be determined through
discussion in the class itself.
2, x+3>0
X+y<H
2x-y <6
3, y>4x-3
Bx+ys4d
X + 2y >-12
2x+y<3
2x +y 2 -12

Several other examples could be done, including real-world
problem situations. These are available from the resource texts
which include the solution of systems of linear inequalities. (IL)
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Concept C: Matrices

Objectives

C.12

To determine which vertices of
the polygon formed by a system of
inequalities maximizes or
minimizes a given linear function.

Instructional Notes

Students should become familiar with the words or phrases that
indicate an optimization is required. Students could be asked to
generate a list of words such as maximum, minimum, greatest,
least, highest, lowest, largest, smallest, and so on.

In this section, the focus should be on drawing polygons from
information given in real-world problem situations and using
this to determine the solution to a question written as an
optimization.

Not all the text resources cover this topic, so the teacher may
have to utilize alternate sources, or prepare exercises and
activities in advance.

The students may be instructed to determine what optimization -

is required and write an equation based on this optimization.
The other factors which affect this optimization must be
included and equations or inequalities written. When all factors
are taken into account, the statements are graphed-and the
vertices determined. The coordinates of the vertices can then be
substituted into the optimization equation to determine which
one represents the solution. This is a simple example of linear
programming.
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Examples/Activities

A recent math contest for high school students had questions
categorized in sections A and B. Questions in section A took
four minutes to solve, and were worth 6 points each. Those
from section B took 6 minutes each, and were worth 10
points each. You are to answer a total of 12 questions, and
are given 60 minutes to complete this test. How many
questions of each type should you answer, in order to obtain
the best possible score, if your answers are all correct?

Solution:

Optimization equation. For ‘best score’ (T)
T=6x+ 10y

Other factors.

Time to write test: 4x + 6y < 60

Number of questions: x +y < 12

Section A questions: x>0

Section B questions: y = 0

Graph those inequalities representing ‘other factors’. Points
of intersection are (0,0), (0,10), (12,0), (6,6). Substitute each
of these into the optimization equation (T = 6x + 10y) to
determine the solution that gives the best score.

Answer: (6,6)

Note (0,0) is the minimum score.

Adaptations

Similar types of real-world situations
could be assigned classes to solve.
These could have parameters that are
not necessarily the x - and/or the y -
axes.

Example.

Victoria wants to invest up to $30 000
in Eagle or in SkyHi mutual funds.
She wants to invest at least $13 000,
but not more than $23 000, in Eagle
funds and no more than $20 000 in
SkyHi funds. Eagle funds offers a
rate of return of 6% per year, while
SkyHi funds offers a rate of 7% per
year. How much should she invest in
each to maximize her income?. What
is the maximum income? (NUM)
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Concept D: Complex Numbers

Foundational Objective:
* To demonstrate the skills developed in operations with complex numbers (10 04 01). Supported by the
following learning objectives.

Note: The teacher may combine Concept D: Complex Numbers and Concept E: Quadratic Equations in
order to form one larger unit of study. '

Objectives Instructional Notes
Da The teacher may wish to complete a very brief review of the
To define and illustrate complex number system at this point, illustrating the numbers belonging
numbers. to the various sets, and also noting why some numbers are real

numbers and others are not. As this is the first instance of
dealing formally with complex numbers, definitions are
important. The concept of i = -1, and therefore, i =v-1 should
be introduced.

The teacher may wish to have the students practise some
exercises using this concept, in order for it to become familiar to
them,

To simplify expressions involving powers of i, the teacher can
introduce the values of i, i%, i%, and i* , and develop the strategy
of using i* = 1 to simplify.
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Examples/Activities

Simplify each of the following expressions.

a) 4
b) -3i°
¢ 2°
d) 6

e) T°

Find the simplest form of the expression i™.

Express in terms of .
a) V-5

b) ¥-10

c) +-48

Adaptations

Simplify.
a) V-3 4i
b) v-6- 5°
c) 15- 61
d) 4i°7i

e) V-6 -3
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Concept D: Complex Numbers

Objectives Instructional Notes
D.2 Students could be shown that both real and imaginary
To express complex numbers in components are part of a complex number. The complex
the form a + bi. numbers written in this form can also be illustrated on an

Argand-Gauss coordinate plane, where the x-axis is the real part
of the complex number, a, and the y- axis represents the
coefficient of the imaginary component, b. The teacher may also
wish to indicate to students the definition of the absolute value
of a complex number at this time, using the plotted number on
the coordinate plane and the Pythagorean Theorem.

D3 The introduction to addition and subtraction of complex
To add and subtract complex - numbers can be done in a number of ways. The teacher may
numbers. wish to ask students to decide how to add two numbers such as

(4 + 3i) and (3 + 5i), reminding them of the real and imaginary
reals to the reals and the imaginaries to the imaginaries.

Alternatively, the teacher may outline the algorithmic
procedure, present examples, and have students practise this
procedure.

A third method is to present this topic graphically. By treating
each complex number as a vector and using the origin as a
starting point, students can demonstrate the addition of the two
complex numbers above by starting at the origin and plotting

(4 + 3i). Then using (4 + 3{) as a starting point, Plot (3 + 5i) by
moving three units to the right and five units up. The total of
the two complex numbers is represented by the coordinates of
the last point.
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Examples/Activities

1. Plot each of the following on a coordinate plane. Find
fa + bi| for each as well.

a)
b)
c)
d)
e)

3+ 4
S+
-3-2
7T+ 4
6 -8f

2. Write as a complex number.

a) 4.2,
b) VB+5
¢} T

3. Simplify.
a) 42 +5i)
b) 6(5-3i)
c) -6(4--3)
d) 83 -3¢

1. Complete the indicated operation.

al 4+7H+3+30)
_._..__b.)____(6____._3.i_)_+_(79. +_2L_)_ e e e i tn i e tien ¢ oo i+ 221 o 2mee
¢ (-B+50)+(6-3D)
d) (2-50)-(-3 + 4i)
e) 3(2-3i)+ 46 +1)
i 2(4-30)-8(5-2)
2. IHlustrate the following operations on a graph. State your
solution.
a) (3+2)+(4+30)
b) (3-4i)+(2+ 20)
e) (-2-30)-(3-2D
d) 23 +1)

Adaptations

An extension to this objective and
Objective D.1 is to assign students the
task of researching the histarical
development and use of complex
numbers. This can be done by reading
the introduction to complex numbers
in several different mathematics text
resources, or by allowing students to
use their skills in locating information
from the learning resource centre. (IL)

Another source is NCTM's Historical
topics in the mathematics classroom.

This information can be written in a
paragraph or two. It may help some
students appreciate the value of
complex numbers.

The teacher might have students
determine if the properties that are
associated with addition and

gubtraction for real numbers are also

true for complex numbers. That is,
.are commutativity and associativity
valid for complex numbers? What

~ about the distributive property of

multiplication with respect to
addition? Students might also be
expected to determine the identity
element for addition and the additive
inverse for complex numbers, "Are
they the same as for real numbers?
(CCT)
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Concept D: Complex Numbers
Objectives
D4

To multiply and divide complex
numbers.

Instructional Notes

The teacher may wish to begin with multiplication of complex
numbers and then proceed to division. Multiplication of complex
numbers can be introduced as an algorithmic procedure, or the
students may be given some exercises to attempt to complete on
their own, or in small groups.

Before moving to division, the teacher may find it helpful to
review the concept of rationalizing a denominator.

D.5
To divide complex numbers using
conjugates.

Students should be reminded of the process of rationalizing the
denominator and then could be asked to determine what
multiplier is to be used when attempting to rationalize a
complex number such as (4 +3i).

Students might be given a series of multiplication exercises that

lead to the development of this concept. Example.
V3 V3=

V5 V5=

60 6i =
(a+b)a-b)=
(4 - N5)(4 + V5) =

Students should be reminded of the term conjugate and be
expected o use it in describing the process.
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Examples/Activities

Multiply.

a) 6(3 + 2i)

b) 5i(4 - 3i)

c) (3 +2i)5 -3
d) (5- 3i)-2 + 70)

What is the square of (2 +3i); the cube; the fourth power?

Simplify.

a) bfi
b)) 7+ (3D
c) -12 + (4i)

d) (6 - 5i) + (20)

e) (3+2i)5-30)
7i

Write the reciprocal of each of the following. Simplify.

a) 3
b) -8
c) 9

Adaj)tations

The teacher may include the
multiplication of three or more
complex numbers, such ag

(2 + 5i)(3 - 41)(5 +2i).

Other types of extensions could be
similar to { 4(3 - 20) + 3(2 + 6i) } (5 - 1),

Determining the square root of a
complex number can also be used as
an activity to challenge some of the
better students.

Example: Determine the square root
of (-7 + 241).

Solution. Let V-7 + 24i = a + bi,
where a, b are reals.

Square. -7 + 24i = a® + 2abi - b?

Real = Real; Imaginary = Imaginary;
therefore, ‘
-7=2a%-b?
Simplify to obtain
12 = ab, or 12/a =b
Substitute, and solve.
-7=a’-(12/a)®

24i = 2abi

 Complete the division.

a) 5+(3+2i)

by 12 +(5- 3i)

c) (4+)+1+10)
d) (6-2i)+(4+5i)
el (3+5Hi)+(4-15)

Find the reciprocal of each, and write it in the form a + bi.

a) 3

b) 2-7i
c)-5+ 3i
d) a+bi

Solve for each x and y.
a) 3x+yi=T7+3i

b) 2x+y+4x-3y)i=3+ 1L
¢ (6-50x= (2+50)

-7 = af - (144/a%)

-7a* = a*- 144

0=a*+7a%-144
0=(a*+16)(a®*-9),....a=3,-3

and correspondingly, b= 4, -4

The square roots (a+bi) are therefore
(3+4i) and (-3-4i). Check by squaring
each root.
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Concept E: Quadratic Equations

Foundational Objectives

» To demonstrate skill in solving quadratic equations (10 05 01). Supported by learning objectives 1, 2, 3,

7, and 8.

* To write a quadratic equation through analy_sié of the given roots (10 05 02). Supported by learning

objectives 4, 5, and 6.
Objectives
E.1

To solve quadratic equations
using the quadratic formula.

Instructional Notes

This topic was previously introduced in Objective D.8 of
Mathematics A 30. It may be necessary to review briefly the
methods of solving quadratic equations and re-introduce the

.quadratic formula.

The teacher may have students develop the quadratic formula
from the completing the square method of solving quadratic
equations of the type ax’* + bx + ¢ = 0, or develop it for the
students as a class activity.

Students shouid obtain some practice in the use of the quadratic
formula to solve equations. For any equation to be solved, the
teacher could also expect students to draw the graph of the
equation (replacing 0 by y), on a graphic calculater or computer.
The students should be instructed to observe the roots of the
equation and the x-intercepts of the graph. (TL)

E.2
To solve quadratic equations
having complex roots.

Students could be given a quadratic equation whose roots are
complex and be instructed to solve the equation. Write any
complex roots in the form a+bi. The students should have little
difficulty with this topic, as the previous unit dealt with complex
numbers. Note that in many resource texts, these complex roots
are referred to as non-real roots. Students should be made
aware of these various terms being used to represent the same
roots. (COM)
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Examples/Activities Adaptations

1. Solve each of the equations below, using the quadratic Students should also be given some
formula. exercises that allow them to utilize
_ their knowledge of other areas of
a) 3x*-5x-2=0 mathematics. An example might be
b) 9x*+6x+1=0 the use of the Pythagorean Theorem.
¢ 6x*+10x+3=0
d) 2x*-8x-3=0 Example.
e) 2x°-Tx+2=0 Determine the value of x and the
N 2%-17x+21=0 length of each side of the triangle
below. '

2. Arectangular picture has a length which is 1 more than

twice its width. If the area of the picture is 136 cm?, what A

are its dimensions?

3x-1 2x+3

3. A rectangular swimming pool is to be built having a depth of

x m. The width is to be 1 more than twice the depth and the B x+2 C

length is to be 4 more than three times the depth. If the

surface area is 69 m®, what is the depth of the pool? What

are its other dimensions?

-~k -—Determine the rootsof eachof the followinig egiiations. If the
roots are complex, write them in the form a+hi.

al 5x°+2x+4=0
b) -3x*+5x-4=0
¢) 4x*3x+2=0
d) 7 +6x=-5
e} 8x=6x"+3

2. Draw the graph for the function
4x* +2x + 1 =y. What are the x-intercepts?
What kind of roots does this equation have?
Draw the graphs of the equations in 1.a) and 1.b) above.
What is the relationship between the roots and the
x-intercepts? Would this be true for all such cases?
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Concept E: Quadratic Equations

Objectives

E.3

To solve word problems involving
real-world applications of
quadratic equations.

Instructional Notes

Students can be given one or two real-world problems to work on
as an introduction to this section. They should be allowed to
work cooperatively, to discuss possible methods of solution, to
restate the information given and asked for, and to develop the
equation to be used in their solution. The solution obtained
should be checked for reasonableness and written in statement
form if it is the answer to a word problem.

The teacher should monitor this introductory activity, in order to
assist students who need further direction.

Once the initial problems have been correctly solved, the teacher
may wish to assign a few more of these types of problems for
student practice.

Most resource texts have an adequate number of these types of
exercises, but the teacher should attempt to assign exercises
which provide some variety.
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Examples/Activities Adaptations

Solve. The teacher should identify some
problems from other areas that are
1. The square of the third of three consecutive integers is equal applicable to this topic. They could
to twenty-five more than the product of the first two. What  then be introduced as a
are the three integers? supplementary activity, or as
examples to the students of some
2. Two ships leave a port, A, at the same time, at right angles  areas these situations are
to each other. The first ship sails at a rate which iz I knot encountered. Again, many of these
faster than the second. After five hours, the ships are 145 types of problems are available from
nautical miles from each other. What is the rate of speed, in resource texts.

knots, of each of the ships? Example 1.
: If n! = 72( n-2)!, find the value of n,
3. The winning pair of drivers in an automobile rally from where n20.

Victoria to Winnipeg (2 400 km) took 24 hours, 30 minutes to
complete the trip. The first driver drove 900 km through the Example 2.
mountains, while the second driver drove the remaining

1 500 km at a rate of speed which was 50 kmh less than From a rectangular sheet of metal 50
twice the rate of the first driver. What was the average rate cm long by 36 cm wide, an open
of speed attained by each driver? rectangular box is constructed by

cutting squares of equal area from
Supplementary ‘wide-awake’ question: What was the approximate each of the four corners and folding up
average speed maintained for the entire trip? the ends. If the area of the base of the
‘ box so constructed is 1 320 cm?, find
the dimensions of the cut out squares.
What is the volume of the box?

Other examples might include
exercises from commerce, business,

"industry, or agriculture.
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Concept E: Quadratic Equations

Objectives

Ed

To determine the nature of the
roots of a quadratic equation
using the discriminant.

Instructional Notes

The introduction {o this section might be taken from the
exercises completed in the previous three sections, or the teacher
might provide or assign a set of equations which would result in
roots which are of several different types. In either case, the
teacher could instruct the students to categorize the roots as

real or complex, to note how many different roots there are, and,
if real, whether rational or irrational. Students could then be
instructed to categorize their work in a chart,

Eguation | Type of Roots | Substitution in quadratic formula

I |
| l

and then to analyze their summary to attempt to determine how
to predict the nature of the roots expected for any quadratic
equation.,

Allow a few minutes for discussion, before summarizing.

If students are not able to identify the quantifier, b® - 4ac,
known as the discriminant, the teacher should point out the
value of the discriminant in each case.

After introducing the terminology and the use of the
discriminant in determining the nature of the roots of a
quadratic equation, some exercises should be given for the
students to practise.

ES5 -

To determine that the sum of the
roots of a quadratic equation

ax’ + bx + ¢ = 0 equals (-b/a) and
the product of the roots equals
(cfa).

Students should be expected to demonstrate their understanding
of the nature of the roots when the discriminant is equal to 0, is
>0,o0ris < 0. ‘

The teacher might introduce this section by having students
solve a set of quadratic equations, writing the equation and the
roots in a table similar to

Equation | Roots

and have students compare the roots and the coefficients of the
equation. Note that the first few equations could have integral
roots, to make the determination easier.

When the students have understood the pattern, the teacher
may formalize the results, namely that the sum of the roots of
the equation ax® + bx + ¢ = 0 equals (-b/a) and the product of the
roots equals (¢/a).

Students could be assigned a few exercises in which they are to
determine the sum and product of the roots of a quadratic
equation.
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Examples/Activities Adaptations

1. Determine the value of the discriminant in each of the This topic might be extended by
following. What is the nature of the roots in each case? supplying students with exercises and

examples similar to the two below.
a}) 4x*-Tx+3=0

b) 2x*+8x+7=0 Example 1.

¢) -5x*+10x-5=0

d 6xX+9x-2=0 Describe the roots of ax* + bx + ¢ = 0
e} V2x’-4x+V8=0 if:

f) Bix*-6x+4i=0 i) ais positive and c is negative.

ii} a and c are positive, b = (1/2)a.
2. For what value(s) of b would the equation 4x*-bx + 3 =0
have two real roots? 1 double root? (What would be the Example 2.
nature of this double root?) 2 complex roots?

A projectile fired upwards has a height

3. For what value(s} of a would the equation ax® + 6x-2=0 given by -4x* + 27x metres. Isit
have two real roots? a double root? (what nature?) two possible for this projectile to reach a
complex roots? height of 125 m?

1. Find the sum and produét of the roots for each of the : Have students verify the sum and
following equations. Determine the nature of the roots of product of roots by:
each equation. Find the roots. a) Adding
—biybi-
a) xX*+5x+4=0 —btyb"-dac
b) x2-7x =44 2a
¢ 3x*-10x+3=0
d) 4°+7x-2=0 ' b) Multiplying
e) Tx*+8x+2=0 —hedB2- ~b-b2-
f) 6x°-3x+4=0 b+;’a4acx b ;4“
g) 9’ -12x+4=0

2. By inspection, determine the sum and product of the roots of
the eguation
4x? +11x - 8 = 0.

3. Determine the roots of the equation
2ix* - V-3 x + 5i = 0.
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Concept E: Quadratic Equations

Objectives

E6
To write a quadratic equation,
given the roots.

E.7

To solve equations of degree
greater than two by expressing
them in quadratic form.

E.g: x*-34x% + 225 = 0.

Instructional Notes

Given integral roots of an equation, the students should be
instructed to write the quadratic equation which has the given
roots, Students could be referred to their work in the previous
section, if they are not able to write this equation in a short
time. Once the equation has been written, and validated, other
like exercises could be done, moving progressively to rational
roots, irrational roots, complex roots, and double roots,

Students should be instructed to formalize their procedure,
noting that for ax® + bx + ¢ = 0, (-b/a) = r, + 1, and (¢/a) = 1,1,,
where 1, and r, are the roots of the equation. Therefore, the
equation is written in initial form as x* - (r, + 1)x + r,r, = 0 and
then simplified by clearing any denominators.

Practice exercises could then be assigned by the teacher.

The students can be given some exercises of this type to
complete in pairs, or individually. They might need some
instruction or hints as to what is expected of them in solving
particular cases. Some examples may have to be readied in
advance, in order to illustrate some of the techniques. None of
the techniques employed here are new to the students but their
use in this context may not be expected.
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Examples/Activities

Write the quadratic equation which has the given roots.

a) (6,-1)

b) {4, 7]

c) {2/3, 1/2)
d) {3/5, -1/6}
e) (V3, -43)
D {25

g) {6-3i4+5i
h) {-5/8}, double root.
1)  {h/3, k/2)

iy {-3m, -5m}

Solve each of the following equations. Be sure to check your
answers to identify the solutions in each case.

a) x*-13x2+36=0

b} x-3Vx-4=0

) 4x*-37x2+9=0

d) 8x%+6x'+1=0

e) 36x°-25x°+4x =0
D &+3°-5x*+3)=6

Adaptations

An extension to this topic is to provide
other types of questions that deal with
the sum and roots of a quadratic
equation, similar to the example
below,

Exzample.

Determine the values of m and n in
the equation 4x* + mx - 2n = 0, if the
sum of the roots is known to be -3/4
and the product of the roots is -5/2.

Students could be asked to graph each
of the equations in the left-hand
column and to identify the x-intercepts
in each case. The graphing could be
done using graphic calculators or
computers and the intercepts located
through the use of the trace and zoom
functions. (TL)

Another extension of this topic could
be through the use of a few word

problents sitiilar to thie examplé Fiven
below.

Example.

A particle travels a distance from the
x-axis best described by the equation
4x® - 677x% + 169x = 0. For what
values of x will this particle be above
the x-axis?
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Concept E: Quadratic Equations

Objectives

E.8
To solve quadratic inequalities.

Instructional Notes

The teacher may wish to provide students with a sample
quadratic inequality such as ¥* - 4x - 21 2 0 and instruct the
students to find all possible values of x that would make this a
true statement. The teacher would then ask the students for
their answers, with justification of their solution. A discussion
about the various procedures may provide the students with the
insight needed to solve such inequalities. (COM)

Alternatively, the teacher may wish to model several different
methods that could be used to solve quadratic inequalities.
Some of these are stated below.

Method 1. Trial and error. The student substitutes a number
and determines whether it works. After many trials, the
student is able to reach an almost exact conclusion.

Method 2. Analysis of signs and factoring.

Example. x*- 4x-2120 .

Factors are (x - 7) and (x + 3). Result is positive; therefore, both
factors must be positive, or both must be negative.
Ifx-720,andx+320,orx-T<0andx+3%<0,

x27and x2-3,orx<T7andx<-3,

SoxzT7o0rx<-3

Method 3. Factor the inequality and set each factor equal to
zero. Plot these critical points on a number line. These points
divide the number line into sections. Take a test point from

After a few examples, students find they need only one test
point. Why? A completed example is in the next column.

A chart is useful for Methods 2 and 3.
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Examples/Activities

Find the values of the variable which will make each
inequality a true statement. Use any method.

a) x*+5x-14<0

b) x*-6x-16>0

¢ 28°-Tx+320

d) 82+ 10x+3<0

e) 6x°-x-1520

) 4%°-8%-12x50

g 9+6x+1>0

Solve 4x* + 9x - 9 < 0, using method 3.

Solution. Factors are (4x-3) and (x+3).
Find critical points by setting the factors equal to zero.

Critical points are x = 4/3 and x = -3. Plot these on a number’

line. Use open circles as they are not included in the
solution.

1 !
-3 4/3
Take a test point less than -3 (e.g.: -5). Does it make the

“statement true? No. Take a test point between -3and &/3 7

(e.g: 0). Does it work? Yes. Shade this section of the
number line. A test point greater than 4/3 does not work.
The number line now looks like

| |
- -3 4/3
The solution is -3<x<4/3.

Adaptations

This topic may be extended by
introducing more examples of
quadratic inequalities of degree
greater than two. As well, there may
be some word problems in your main
text resource that you might use in
your class.
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Concept F: Polynomial and Rational Functions

Foundational Objectives
* To demonstrate the ability to graph and to analyze the graphs of polynomial and rational functions
(10 06 01). Supported by learning objectives 1 to 3. '

* To demonstrate understanding of an inverse of a function (10 06 02). Supported by learning objectives 4
and 5.

Objectives Instructional Notes
F.1 In order to work effectively on this unit, students should review
To define and illustrate some topics they have studied previously. The Factor Theorem,
polynomial and rational functions. the Remainder Theorem, and synthetic division can all be

utilized in this unit. A brief review of some or all of these topics
may be a good starting point.

In addition to these, the students must become familiar with the
definitions associated with polynomial and rational functions. A
polynomial function is usually described as

fix) = ax® + a, %" + a_x"% +......... + a;% + a,. Polynomial
functions are generally written in descending order, and a_ is
referred to as the leading coefficient.

The rational functions are usually described as

f(x} = p(x)
q(x), where gq(x) # 0 and both p(x) and q(x) are
polynomials.

It is recommended that a selection of resource texts be used in ,-
this unit, in order to provide adequate coverage of the concepts {

presented.
F.2 In this section, it is expected that students will be given the
To sketch the graphs of opportunity to graph a series of polynomial and rational
polynomial and rational functions functions, utilizing graphic calculators or computers. It will be
with integral coefficients, using necessary for the students to demonstrate their capability in
calculators or computers. using these technologies. Because of this, the teacher may wish

to have students complete a series of graphs beginning with
linear functions, in order to build student confidence in using
this technology. If a printer is attached, have some of these
graphs printed for documentation and for further work in the
next sections. If no printer is available, have students make a
sketch of the graph in their notebooks, asking them to note the
shape and any intercepts on the x- and y- axes. (TL)

466



Examples/Activities
Factor each of the following polynomials.
a) x*+2x°-x-2
b) x°-38x*-10x + 24
¢) x*4+2x*-7x-8x+ 12

Determine the remainder in each case,

a) (x*-4x*+7x+2)+(x-3)
b) (4x*+5x*-38x-T) 2 (x+4)

Determine three ordered pairs for each of the polynomial
functions given below. You may wish to use the remainder

theorem.

a) flx)=4x-3x*+5x-2
by flx)=6x'-4x" +5x%-4x+ 8

Determine three ordered pairs for the given rational function.

flx)=3x-5
4x° - 9

—-—a)—Create-a-polynomial-functionof at least four terms.
Determine three ordered pairs for your function.
b) Create a rational function. Determine three ordered

pairs for this function.

Graph each of the following functions on a graphic calculator
or computer. Sketch the result in your notebook noting any

intercepts.
a) fx)=2x-5
b) flx)=-1/3x +5
¢) flx)=x"-4x+3
d) flx)=-2x°+ 5% -2
e} fx)=-x"+4
N fX)=x*-5x+4
g) flx)=x"-3x*-10x + 24
h) flx)=-x*+3x*-2
1) f(W=xt+x-3x*x+2
B )= -1
4x -3

k) flx)}= 2% + 5
3xz-x-2

Adaptations

At this stage of the unit, all students
should be expected to demonstrate
they have learned the basic definitions
associated with these types of
functions. They might demonstrate
this through stating the definitions, or
by providing examples that
demonstrate the concept.

Students may also be expected to
determine factors, remainders, and
ordered pairs by employing available
technology, as well as by calculation.
(TL)

After graphing functions of these types
on calculators and computers, some
students might be asked to plot one of
these types of graphs by determining
ordered pairs. These students would
have to work on their own to
determine how many points are
needed to define the graph of the
function and to graph it. (TL)

Students might also be asked to
search through available math-related
resources to note any polynomial
functions that are referred to in real-
world situations, and in what context.
Some examples may be found in
commerce, or engineering texts. (TL)
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Concept F: Polynomial and Rational Functions

Objectives

F.3

To analyze the characteristics of
the graphs of polynomial and
rational functions and to identify
the ‘zeros’ of these graphs.

Instructional Notes

The resource texts that include polynomial functions also include
the major characteristics that define them and information on
how they may be analyzed.

The students should refer to the graphs already drawn in
previous sections and be instructed to note: i) the degree of each
function, and the number of points of intersection with the
x-axis, ii) the leading coefficient, and the direction of the graph
from left to right, iii) the number of times the graph changes
direction, and the signs in the function, iv) the gaps in the
graphs where asymptotes occur, and restricted domains, and v)
any y- intercept, and the constant in the function.

Given a set of graphs representing polynomial functions, they
should be able to identify the major characteristics of the graph,
As well, given a set of polynomial functions, they should be able
to identify the characteristies of the function and to provide a
sketch of the function. The process of actually sketching a
function is detailed in the resource texts that include polynomial
functions.
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Examples/Activities Adaptations

1. List the major characteristics (see previous column) of each of Students might be expected to use the
the graphs representing polynomial and rational functions as Remainder and Factor Theorems, and

drawn below. synthetic division, to aid in finding the
roots (and the number of roots to
a) b} expect) of the given functions, or in

developing a table of values for the
functions. They could also be
introduced to Descartes’ rule of signs.
These could be combined to expect a
more accurate sketch of the graphs of
polynomial functions.

The use of terms such as concave up
and concave down can be utilized to
make descriptions more illustrative,

c) d)

T2 Given the following funietions; identify the major 7 T
characteristics, and then sketch the graph of the function,

using these as a guide.

a) fx)=x*-3x-2"

by fw)=-x+x*+Tx-7

c) flx)= 1

x?- 4
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Concept F: Polynomial and Rational Functions

Objectives Instructional Notes
Fd Students have studied inverses prior to this topic, but not the
To define, determine, and sketch inverse of a function. They should be made aware of the
the inverse of a function, where it definition of the inverse of a function and the symbol associated
exists. with it. If fix) is a function, then its inverse is symbolized by

f Y(x). It is important that the students understand that this is
a symbol to denote the inverse of the function and not a
reciprocal.

The starting point for this topic is usually to employ the
definition of the inverse of a function. The definition varies
somewhat depending on the resource used, but the following is
generally acceptable.

f(x) and f (x) are inverses if for every (x,y) € f{x),
then (v,x) € £ ().

Alternatively, you might use f "'(f(x)) = fif 'x)) = x

The determination of the inverse of a function can be done using
this definition. However, it may also be accomplished by
interchanging the variables in the function and solving for ¥,
which is the method utilized in most of the text resources.

In order to sketch the graph of the inverse of a function, first
graph the function and then its image as reflected in the line
given by y = x. This reflection also allows you to determine

quickly whether two graphs represent inverses of each other.

Note that not every function has an inverse which is itself a
function. This only occurs when fix) is one to one. In general,
f '(x) is a relation.
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1.

Examples/Activities

For each f{x) given below, determine f "(x).

a) fix)=2zx+5

b) flx}=-4x +3

e) flx)=3"-x

d) fix} = {(-2,5), (4,-2), (1,5), (0,-1))

e) flx) = 3x-2, where x € {1, 2, 3, 4, 5}

) fix)=4x*-3x+4

Determine the inverse of each of the following functions.
Sketch each function and its inverse.

a) flx)=4x-1

b) flx)= -3z +2x -4

c) flx)=dx®+4x*-x-1

Given each of the following graphs representing f(x), sketch
the graph of f X(x).

a) b)

£6) T

Adaptations

This topic can be extended by having
students find the inverses and sketch
the graphs of other types of functions.
Some examples are given below.

Example 1.

Find the inverse of y = |x|, and
sketch y and y*.

Try a similar exercise for
y =2|x-3| 4.

Ezample 2.

Find the inverse of y = ¥3x-1, and
sketch both y and y*.

Other types of exercises could include
similar exercises invelving composite
functions.
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Concept F: Polynomial and Rational Functions

Objectives Instructional Notes
F.5 Students should learn the basic definition of a reciprocal
To define, determine, and sketch function, that is, if f{x) represents a function, then 1 _is its
the reciprocal of a function. fix)

reciprocal function. They should also be made aware that the
roots of f{x) represent critical points for the reciprocal function,
in that these points indicate where vertical asymptotes will
occur. They should be given practice in determining these
critical points, perhaps before attempting any other graphing
exercises in this section. Students should also have some
practice in determining any horizontal asymptotes that may
exist.

Students could be introduced to this topic using a table of values
for a linear equation, such as y = 2x -1. They could be
instructed to complete a table of values having at least three
ordered pairs. Then they could be instructed to determine the
reciprocal function, complete a table of values, and sketch. The
graph of the reciprocal function could also be done using
available technology. (TL)

Fory=2x:1

x [ -2 |-110]112
y | -5 ]-8[-1 1113
Vy |-ws|-v3| 1 | 1|ws
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Examples/Activities Adaptations

Determine the reciprocal function for each of the following. The topic of reciprocal functions could
be related to the six trigonometric

a) fix)=4x+ 8 functions, as studied in Mathematics
A 30 (Objective G.B), and how these

b} fix)=3x*-7 reciprocal functions could be utilized
to simplify calculations in some

e) fix}=xt+x?-4x-4 specific questions.

d)  f{x) = {(-3,4),(-2,3),(-1,1),(0,-3),(1,-9)}

Sketch the graph of each function in question 1. Then sketch
the graph of the reciprocal functions as determined in
question 1.

Sketch the reciprocal function of each of the following.

a) b)
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Concept G: Exponential and Logarithmic Functions

Foundational Objectives

* To develop skills and knowledge in working with a variety of exponential and logarithmic functions
(10 07 01). Supported by learning objectives 1 to 5.

* To demonstrate the ability to apply the knowledge of exponential and logarithmic functions to real-world
situations (10 07 02). Supported by learning objectives 6 to 17.

Objectives

G.1
To define exponential functions
and logarithmic functions.

Instructional Notes

Students could be presented with some real-world examples,
such as chain letters, the checkerboard problem, or interest
calculations (see next column), to show how exponents are
encountered in various situations. These all represent
exponential functions. From these examples, the definition of an
exponential function could be introduced. A general form is

fix) = a*, where a > 0,andx e R.

The logarithmic function can be introduced as the inverse of the
exponential function. If y = a* is the exponential function, then
the logarithmic function can be written as x =a’. This can then
be written in logarithmic form as y = log, x. E.g.: log, x is the
power to which we raise a to get x. Students can be given some
practice converting from one form to the other.

Examples.
8 = 2% is equivalent to log, 8 = 3

¢ = b® is equivalent to log, c = a

22 =3

5 51 = q
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Examples/Activities

A chain letter is sent out asking that the recipient copy the
letter and send it to four other people. Assuming no one
breaks the chain, set up a table of values that shows the
number of letters in the chain at each stage, for six stages.
Write the exponential function that represents this situation.

According to an old story, a king is to reward a loyal subject
by placing a penny on the first square of a checkerboard, two
pennies on the second square, four pennies on the third
square, and continue this pattern until the 64th square.
Write an expression that indicates how many pennies there
will be on any square. How many will there be on the last
sguare?

If interest is added only once a year, write an expression for
the amount of interest earned on an investment of $1 000 at
a rate of 7% compounded for any number of years. How
much would there be in ten years?

Rewrite each of the following exponential functions in

Adaptations

Students might be introduced to the
particular exponential function

f{n) = (1 + /n )” and to the limit of the
values of this function as n approaches

This is the irrational number e,
named after Euler, and is one of the
possible values for the base a in the
formula y = a®.

The exponential function y = fix) = ¢*
has many applications in nature.

Several of the resource texts make use
of this number e and have real-world
problems based upon e. You might
have students research the catenary
curve (which approximates a cable
suspended between two fixed points,

logarithmic form. y =e® +e%, -
a)y=ge - 5
where it is used, and by whom.
b) y =2y
Also useful is
c) y=10 y = e ¥

Rewrite as an exponential function

a) y=log,x

which has many applications in
statistics. '
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Concept G: Exponential and Logarithmic Functions

Objectives Instructional Notes

G.2 This section includes the review of the laws of exponents for

To use correctly the laws of integral and rational values, the extension of these laws to
exponents for integral and include irrational exponents, the solution of equations involving
rational exponents. exponents, and the introduction of the laws of logarithms for

base ten. It is important that students gain an understanding of
the laws of logarithms and how they relate to the laws of
exponents. The solution of equations involving exponents, by
converting to the same base, is also useful in further work,
especially series.

The teacher may wish to structure the review of laws of
exponents as a series of exercises designed to allow students to
review these on their own. The introduction of irrational
exponents could be done by pairs of students working on a few

exercises, and discussing their procedures with each other.
(COM)

The solution of equations could be done by example, allowing
students to propose possible procedures, and then checking the
result, while the laws of logarithms could be introduced by the
teacher as a class lesson, using didactic questioning.

The laws of logarithms should include those for:
multiplication (log mn = log m+log n),

division (log x/y = log x - log y),

powers (log x° = n log x), and

roots (log VX = 1/n log x).
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Examples/Activities
Simplify each of the following.
a) x*-x* b} (x*? e} x°.x°

d) x7 2yt e) x\{a . x2w’3 f) (x\fﬁ)ds
g) 3x21: N 4x3l+2 -

Solve each of the following equations for the variable.

a) 3y = (27)™? b) (4)* = (8
) (1/32)*° = (64y™="

Write as a single logarithm, Simplify.

a) log9+log6 b) log 42 -log 14
c) 3log4 +2log2 d) 4log7-log7
e} logx+2logy-1/3logz

f) 3log (x-2) - log (x-2)

g) log (= - 3x% -4x) -{log(x-4)+log(x+1))

Many other varieties of exercises are available from resource
texts. These include problems based on real-world situations.

Adaptations

Students might be shown how common
logarithms were used for calculation
before the advent of calculators and
computers. This should be a
demonstration simply for historical
purposes and should not be considered
part of the course, nor should it be
tested. The slide rule could also be
shown, as an example of how
mathematicians worked before
calculators became feasible. It is not
necessary to demonstrate how to use
the slide rule, but simply to indicate it
is based on logarithms and that
calculations were done in that
manner. (TL)
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Concept G: Exponential and Logarithmic Functions

Objectives

G.3
To work with logs of numbers
with bases other than 10.

G4
To construct graphs of
exponential functions and
logarithmic functions, to identify
the properties of these graphs,
and to recognize they are inverses
of each other.

Instructional Notes

In this section, the laws of logarithms should be adapted to
allow for work with bases other than 10. The exercises and
examples chosen should be similar to those in the previous
section. The teacher may wish to begin by having the students
discuss the solutions to log statements such as

log;, 8 = 7, log, (1/216)=? ,log, & =?

The introduction of log, n = log, n

]'Ogb a,
as a means of changing bases, might also be introduced at this
point.

Students should be given a series of graphs to sketch on a
graphic calculator or computer, transcribing the general shape to
paper, or obtaining print-outs for further analysis.

The first such series of graphs could be y = a*, where a>0. The
second series could be y = log, x. These two families of graphs
could be compared to determine some characteristics that each

types.

Other types of exponential and logarithmic functions could then
be graphed, using graphic calculators or computers.

The teacher may wish students to obtain a table of values for
one or two of the first graphs, in order to understand the
calculations that are necessary before the graphs appear on a
screen.
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3.

4.

Examples/Activities
Write as a single log statement.
a) log, 7 +log, 6
b) log (x-3) + log, 4
c) 6log; 2
Solve for the variable.
a) log, (3x+2) + log, 2 = log. 16
b) log; (x-9) - log, (x+3) = log, 5
e) logs (x-8) + log, (x} =8

Change log; 5 to a logarithm written in base 10.

Convert log; 8 to a base 6 log.

There are many other types of exercises and real-world problem

solving situations in many of the resource texts. Teachers should

also utilize these.

1.

3.

4.

5.

Graph the following, using a table of values obtained by
calculator or computer.

a) y=3
b) "y =log,x

Graph the following, using a calculator or computer. Record

Adaptations

Teachers could introduce the inverse
of the exponential function y = e*, y =
log. x. Note that log, x is commonly
referred to as In %, the natural
logarithm of x. Most student
calculators will have this funetion.
Students can be given some exercises
in which they are able to use the In
button on their calculator. This
function also has many real-world
applications. Some of the questions
suggested in the resource texts should
be attempted by the students.

Given calculators or computers,
students could be given a series of
functions to graph that represent
other exponential and logarithmie
functions than the straight-forward
ones in the previous column.

For example, students could plot the
rate of growth. of a thirty year bond

—results for further analysis.

a) y=2* b) y=5

d) y= {Lzy e) y= (374)
note d) could also be y = 2™

g) What happens when y = 1*?

cy=§
f) y=(1/8"

Graph each of the following. Record the results for further
analysis. .

a) y=logyx
d) y=logy,, x

b y=logy
e) y=logyy, x

¢l y=log, x

a} What happens to graphs of exponential functions when
the exponent x > 1 ? = 1? between 0 and 1?

b} From this, what might happen to a sum of money that is

invested at 7% over a long term (assume no inflation)?
¢) Some Las Vegas casinos point out that certain games

pay back as much as 98% of money gambled. From the
graphs, what might you conclude would happen? (CCT)

Repeat 3.a) for logarithms.

fund which has a rate of annual
interest of 6%7 (NUM)

Other types of graphs students should
do are those representing the families
suggested by y = e*, and y = In x.
They might also graph functions such
as

y=e*
and y = (e"+e”) + 2.

Many other graphs representing
exponential and logarithmic functions
taken from real-world examples could
also be graphed. Most text resources
have an adequate supply of these
types of questions.

Discuss properties, domain, range, x
and y intercepts, increasing and
decreasing intervals, for exponential
and logarithmic functions. What point
always belongs, what is the role of the
base?
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Concept G: Exponential and Logarithmic Functions

Objectives

G5

To sketch graphs of exponential
and logarithmic functions by
selecting an appropriate point for
the new origin.

G.6
To solve expenential and
logarithmic equations.

Instructional Notes

This section is intended to have students become familiar with
exponential and logarithmic graphs that have the same
properties as those in the previous section, but have constants
included which cause shifts in the graphs. By choosing a
different point as the origin, the shifts can be counteracted and
the same properties become much more evident.

Once students understand how to shift or translate the axes, a
few exercises might be given for them to graph. These exercises
might be relatively simple, such as graphing y = 3 + 2%, and
then shifting the axes, or they might be more difficult, involving
several shifts, such as y = 2 + 2%, This could also be written in
the form y-2 = 2%,

Similar types of graphs could be done for logarithmic funections.

This section could be introduced by asking students to attempt
to determine how long it would take an investment to quadruple
in value if it grew at an annual rate of 8%. Students could work
individually, in pairs or in small groups to discuss strategies,

—-pertinent-information; how-to make-use-of exponents-or--—-

logarithms, and attempt to solve the problem. Should the
students seem to be having difficulty starting, a second problem
might be posed. The second problem could be stated as; "What
number, when cubed, has a result of 500?" Once students are
able to solve this, they may return to the first problem, (CCT)

Alternatively, the teacher may wish to do a class example of an
exponential or logarithmic equation and then have students
complete a few exercises.
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Examples/Activities

Graph each of the following.

a) y=4+3"
b) y= -3+ 2
c) y=1+4"
d) y=-3 +2*
e) y=5".3

Identify the type and magnitude of the shift in each case.
Draw the graph with a new origin that takes the shift into

account.

Draw the graph in each case. Identify the nature and
magnitude of the shift. Redraw the graph using a new origin

that takes the shift into account.

a)
b)
c)
d)

Find the value of x in each of the following.

y=4+log; x
y=-2+log, x

y= 1+10g7 (X'4)
y=-3+log, (3-%)

Adaptations

As in the previous sections, the
introduction of similar questions
involving y = € and y = In x could be
used to adapt or extend this section.
Exercises which include shifts could be
given to the students for similar type
of practice in translating the axes to
take into account these shifts.

This topic could be extended by having
students find the natural logarithms
of given numbers.

Example 1. Find In 7.54

a) 2"=6

b) 3*=18

C) 4: - 63—[

d) 27=.048

e} If $7 500 was invested at 7% compounded annually and

Solve for the variable in each of the following.

a)
b)
c)

the present amount including interest is $12 450, how

long has this principal been invested?

log; (x-3) + log, (x+5) = 2
log *Vx = Vlog x

PH = -log H*, where H* is the concentration of the
hydrogen ion in moles per litre. A batch of tomatoes has

H' = 6.2 x 10®. What is its pH value?

A piece of blackboard chalk has H* = 1.5 x 10%., What is

its pH?

Example 2. Find In 68.8

Example 3. Find x given x = %%®

Other types of questions that could be

dealt with in this section include the
common business ‘fact’ of the rule of
72, that the doubling rate of an
investment is the point at which the
rate of interest multiplied by the time
in years is 72. Students could
determine the accuracy of this rule of
thumb by using calculators, (NUM)
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Concept G: Exponential and Logarithmic Functions

Objectives

G.7

To solve word problems involving
exponential and logarithmic
functions.

G.8
To identify a geometric sequence,

Instructional Notes

Most of the text resources have adequate numbers of real-world
problems. The teacher may wish to have the students work on a
few of these in pairs and have the entire class take part in the
‘taking-up’ of these initial exercises. Most of these problems
deal with growth and decay, and require formulas in some cases.
These formulas are normally part of, or immediately preceding,
the problems given in the resource texts.

Adaptation of these problems to events and places closer to the

. student might. generate more interest, but will take extra

preparation time.

When students have had some successful experience with the
initial exercises, they might be provided with some further
problems for practice. (IL)

Begin with a brief review of the definition of sequence and some
of the terms associated with an arithmetic sequence as taken in
Mathematics 10.

Once the review is complete, students could be given some
examples of geometric sequences and asked to determine the
next few terms of the sequence. When they have completed
these, the definitions and terms associated with geometric

sequences can be formalized. The basic terms aré the first term, 7

the common ratio between successive terms, and the number of
terms. Various resources employ different variables to designate
each, but the definitions and usage remain constant.

Student exercises for this topic can be identification exercises,
completing the next few terms, or the generation of geometric
sequences.
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Examples/Activities

A formula to describe population growth in Canada is

P = Pe™, where P, is the initial population, P is the
population at time t, and n is a constant representing the
rate of growth. If the population of Canada in 1981 was

25 000 000, and in 1991, it was 27 500 000. Find the value
of n and then use this value to predict the Canadian
population in 2001.

Using the formula in number 1, and knowing that the
population of Saskatoon was 120 000 in 1961, and 190 000 in
1991, find the value of n and then use this value to predict
Saskatoon’s population in 2006,

If an investment of $12 500 was made in 1875, having an
annual rate of interest of 7%, how much is that investment
now worth? At what point did this investment double?

Given the following sequences, identify those which are
geometric sequences. For each geometric sequence, also
identify a (t,), and r, and write the next two terms of the
sequence.

a) 4,7,10,13, ........

by 2,3,4.

¢ 1,1,23,5,8, 13,......
d) 2,-6,18,-54, ..........
€) 2%, 4%, 6%, 8%, ...
f) 3, 2v8, 343, 443,..........
g 12,6,3,15 v,

h) x, 2%% 4%° 8x%,..covon

i) -5, 10, -20, 40,...........

i) N2, 4, 8V2, 32, ...........

Given the geometric series 1.2, 1.8, 2.7, 4.05, ........... , identify
r. Explain how you obtained the value of r.

For the geometric sequence at, at?, at”, at'’, find the common
ratio. Justify your answer.

Adaptations

The teacher might ask students to
identify some geometric sequences
that represent real-world situations.
The students could be asked to state
these in a sentence, provide the first
three or four terms, and identify a and
r. Seme examples might include cell
division, number of ancestors, interest
on savings bonds, the successive

‘heights of a bouncing ball, chain ™~~~

letters, and pyramid organizations.
(COM)

The teacher may also have students
plot some geometric sequences where
[r| > 1, join the plotted points with a
smooth line, and observe the result.
Repeat with geometric sequences
where 0< Jrj < 1.
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Concept G: Exponential and Logarithmic Functions

Objectives . Instructional Notes
G.9 The teacher may initially instruct students to determine a
To determine the nth term of a specific term of a given sequence, without further instruction.
geometric sequence. Students could work individually or in pairs on a short series of

exercises of this nature. The exercises could be designed so that
the students can begin to identify a procedure other than
continually multiplying successive terms by r.

If the class is not able to identify the general rule, the teacher
can help them formalize the process by demonstrating the rule
for finding the nth term of a geometric sequence through class
examples,

Students should be able to demonstrate their understanding of
the general rule by correctly applying it to a short series of
assigned exercises where they are instructed to find the nth
term, or by being able to develop the rule from the general
geometric sequence a, ar, ar” ar’, ..

G.10 Students could work individually, in pairs, or small groups, and

To calculate the required number have a problem posed to them. The information provided would

of geometric means between given allow them to determine a, and t,. They would be instructed to

terms. determine a specific number of terms (geometric means) between
the two.

They would be expected to provide the solution and justify their
answer. When this exercise has been completed, the entire class
can work together to formalize the procedure, including specific
definitions needed for this topic. A short series of exercises on
calculating means could then be given as an assignment.
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1. Find the indicated term in each of the following.

e)

Examples/Activities

sixth term of 1, 3, 9, ......
t;, of 2, -4, 8,.......

t;, 12,6, 8, ..cc.....

t;, wherea=4,r=.5

t,, where a = V5, r = V3

f} t;, where a = $2 500, r = 1.1*
*What % interest rate does 1.1 represent ?

2. A student is researching her family genealogy and finds that
she is able to record all direct ancestors to the ninth
generation preceding her. How many ancestors would she

have in this ninth preceding generation ?

3. It is known that the half-life of a certain isotope is three
days. If a research lab receives 2 kg of this isotope, how

many grams will remain three weeks later?

1. Given that the first term of a geometric sequence is 12, and
the last term is 4/27. Find three geometric meansg for this

sequence.

2. ‘Ifa=-32/125, and t; = 25, find the four geometric means for

this sequence.

3. Find three geometric means between 9 and 208 1/3.

4. Use a calculator for the following problem.

Florence invested $2 750 in a term deposit at an unknown rate of
interest compounded annually. Six years later, the term deposit
was worth $4 127. Find the rate of annual interest earned, and
the value of the term deposit in each of the five intervening years.

Adaptations

Students could be instructed to use
caleulators or computers to find the
value of long-term investments.

Example. In 1985, a savings bond was
purchased which offered an annual
rate of interest of 9% for thirty years.
If the initial purchase price of the
bond was $5 000, how much should it
be worth in 20157 (NUM)

Students can also be given other types
of exercises in which geometric series
with a, r, and ar™! are involved, In
these, students are given two of the
values, and asked to determine the
third.

Example 1. Find the value of a, if
r = 1/3, and t, = 2/81.

Example 2. Find the value of r, if
a=3,and t, = 192.

Example 8. Find the value of a if
t; = 128/243 and t, = 16/9.

When students are solving for r in
determining the geometric means,
have them utilize logarithmic
equations as well as equations where
they set both bases equal to each
other. The use of logarithmic
equations will reinforce the utility of
logs and will also allow them to solve
questions such as number 4 in the
preceding column.

Most of the resource texts will have
real-world problem situations that can
be assigned for further student
practice, (IL)
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Concept G: Exponential and Logarithmic Functions

Objectives

G.11
To calculate the sum of a
geometric series.

Instructional Notes

The definition of a geometric series and the formulas required
for geometric series should be introduced. Some of the better
students may wish to derive the formula on their own, given a
starting point. However, for most students, the teacher could
lead the class through the derivation.

The class should practise using these formulas to find the
indicated sum of a few series. The summation notation for
geometric series should also be introduced in this section. The
students should become familiar with all terms associated with
the summation notation.

The class should be given a variety of exercises that allows them
to practise using these formulas and notations.

G.12

To define and illustrate the
following terms: geometric
sequence, compound interest,
present value, annuity, geometric
means.

This section is placed here in order for students to take
inventory of some of the terms and concepts they will need in
the following sections, where applications of their knowledge will
be expected. Students should be able to define and explain each
of the terms listed here, as well as demonstrate their knowledge
of the terms.

In this section, the specific terms of annuity and present value
are the only ones not encountered previously in mathematics,
and should be introduced to the class. Most of the students will
have encountered these terms through their everyday life, or in
other classes, and may be able to provide background
explanation, and know examples of applications. (COM)
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Exaxﬁples/Activities

Find the indicated sum in each case.
a) a=6,r=2n="7

b) a=14,r=.5n=6

¢) a=36r=-1/3,n=8

d) a=4,r=31 =48

Find the indicated variable in each case.
g8) r=12,n=178,=1905a="

b) a=13,r=28,=21,n="

¢) 8,=1705r=-5n=10,a="

Evaluate.
a) 9
T 32!
i=1
b) 5
T 3(5)!
=1

Write the following in summation notation.
3+6+12+24+ ... + 986.

The sum of -2+ 6- 18 + ....... + 486 is .

Write a geometric sequence, and identify the first term, the
common ratio, and the number of terms.

Find four geometric means between 20 and 1.25.

To what amount will an investment of $12 000 at a rate of
interest of 5% compounded annually for 10 years, grow?

What amount must be invested today at a rate of interest of
8% compounded quarterly, for five years, to accumulate to a
total of $3 5757

An annuity is purchased where the buyer pays $750 a year
for each of 12 years. If the interest rate is 9% compounded
yearly, how much is the annuity worth at maturity?

How much would a person have to invest each month for two

years at 10% compounded monthly in order to accumulate
$7500?

Adaptations

As an alternative, the teacher might
find some real-world problems that
incorporate most of the concepts used
in the summation of a geometric
sequence.

One example that might be used is the
story problem following.
Example.

A Saskatchewan fur trader of the
1700s left a will that stipulated his
estate should remain untouched for
two hundred years and then be shared
equally by each of the remaining
direct descendants. The estate at the
time of his death was $250 000. It
was invested at a rate of 6% for the
two hundred years. If we know that
each generation is separated from the
next by about 25 years, with an
average of three offspring per
descendant, what share should each of
the descendants receive? Assume that
the last three generations are alive.
This problem has been adapted from
the will of Peter Fiddler, one of the
early fur traders in Saskatchewan.

- (NUM)-- :

In addition, there are an adequate
number of word problems in the
resource texts available,

Students might be instructed to talk
to financial representatives in their
community to determine the meaning
of the terms present value and
annuity, and where they applied in
that particular financial institution.
Each student could give a brief
description of the findings, orally or in
writing.

487



Concept G: Exponential and Logarithmic Functions

Objectives

G.13
To determine the limit of a
sequence.

G.14
To calculate the sum of an infinite
series.

Instructional Notes

The teacher can present the class with a set of sequences which
have an infinite number of terms, and have students plot the
first several terms of each sequence on a graph. This should
enable students to determine visually whether the sequence has
a limit {asymptote). Example.

Plot each sequence on a graph.

a) 1,13, 19, 1/27, U81,.......
b) 2,8,2,3,2,3,2, 3,0
¢} 2,4,86,8 10,.....

d) 1/3, /5, 5/7, 719, 9/11........

From this introduction, the teacher ean then introduce the
concept of a limit and the definitions of converging and
diverging sequences. Some examples and exercises involving
these concepts can be completed by the class.

Students could be given one or two exercises in which to attempt
to determine the sum of a given series. These might include the
following; _ '

a) 9,6,4,8/3,...... and

b) 2,3,4.5,6.75, ...

Students should be able to identify a and r in both cases and
substitute into one of the summation formunlas. For the first,
they should obtain S, = 9[1- (2/3)]

14(2/3) ,

and 8, = 2[ 1-(3/2)7]
143/2)

When they arrive at this point, they can be instructed to utilize
their work with limits in the previous section to determine what
happens to (2/3)" and (3/2)" as n->e , and complete the question.

Have them attempt one or two more exercises, and then
determine the formula, using
S, = a(1-r") first with |r|<1, and then |r|>1.

1-r
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Examples/Activities

Adaptations

Determine whether each sequence converges or diverges. If it The concept of limit is a topic that can

converges, supply the limiting value of the sequence. For
this exercise, assume n must be a positive number.

a) 2,5,8 11, 14.........

b) 6,4, 8/3, 16/9, 32/27, .....

c) 1/n, asn becomes increasingly larger.

d) Ll/n, as n becomes increasingly smaller, but remains
positive.

e) 3n, as n increases in value.

f) (2)° as n increases in value.

g) 2n/(2n+l), as n increases in value,

Determine the limit of each converging sequence. If a
sequence does not converge, so state.

a} lim (6n-2)
n->o0

b) lim 3/An+2)
n->e

¢) lim (3/4)y
N->c0

Find the sum of each infinite series, if possible. If it is not
possible, please explain why it is not.

a) 8,4,2,1,....

b) 100, 90, 81, 72.9..........
c) 24, -16, 32/3, -64/9,........
d) a=102,r=1%6

e) a=48, r=-3/4

f) 6,8, 32/3, 128/9,......

Find the value of the indicated variable in each case.

a) Sew=8a=41="?
b) Se=1/3,1r=12a=7?

be extended by the intreduction of
polynomials that are to be factored,
the use of substitution, and choosing n
to approach other values than o,

Some examples are given below. In
these, the teacher may also choose to
instruct the students to determine the
first three or four terms of the
sequence.

Example 1.

Find lim 3x%-10x+3
x->b Ix+1

Example 2.

Find lim 3n+5
n->0 2n

Example 3.

Find lim  4x?-5x -3
x-»-2

This topic could be extended by
employing a variety of word problems
that can be taken from real-world
situations. Many can be found using
the available resource texts. (IL)

Example.

A journalist is given $200 to spend on
a new form of entertainment that
promises to return 90% of the money
each time it is spent. The journalist
finds that the money is eventually
spent, but wants to know just what
the total spent was. Calculate this

Convert .363636.... to a rational number, using the sum of an total for the journalist.

infinite series.

A ball dropped from a height of 9 m rebounds 2/3 of its
height on each successive bounce. How far does it travel
before coming to rest? (Note that it travels both up and
down, except for the first drop.)
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Concept G: Exponential and Logarithmic Functions

Objectives

G.15

To solve word problems
containing arithmetic or
geometric series.

Instructional Notes

Students will need a brief review of the formulas for arithmetic
series, as they were studied in Mathematics 10. It may be
necessary to begin with one or two exercises in finding the sum
of an arithmetic series before moving to word problems. Once
the review is complete, students could work individually or in
pairs on a set of word problems invelving arithmetic and
geometric series. The students should decide which type of
series is inherent in the problem and what information is
pertinent to the problem. Then the appropriate formula can be
selected and the calculations carried out.- Answers should be
checked for reasonableness and solutions should be written.
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Examples/Activities Adaptations

Find the sum for each arithmetic series. Most of the text resources have word

: problems that are adequate for this
a}) 44 7+10+13+ ...+ 40 section. You may wish to ask students
b) a=5n=251t,=180,S,="? to research some problems of these

types on their own. (IL)
If the eighth term of an arithmetic sequence is 29 and the
third term is 9, determine a and d, and the sum of the first
twelve terms.

The sum of the first n terms of a geometric sequence is 21. If
a=1/3 and r = 2, what is n?

A warehouse employee stacks rows of boxes such that there
are two fewer boxes in each successively higher row. If the
bottom row has 57 boxes, and there are 23 rows, how many
boxes are stacked together?

Yvonne is studying her genealogy, By using only parents,
grandparents, great-grandparents, and other direct ancestors,
she is able to trace her roots back 14 generations. Assuming
she has traced all direct ancestors, how many different direct
ancestors did she trace? (NUM)
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Concept G: Exponential and Logarithmic Functions

Objectives

G.16

To solve word problems involving
compound interest or present
value.

G.17
To solve word problems involving
annuities or mortgages.

Instructional Notes

These next two sections could be done in conjunction with the
previous section. These problems should be addressed
throughout the unit and are shown as real-world applications of
geometric sequences. The students could work individually, in
pairs or in small groups to solve a few of these types of
problems. Once the initial set has been solved, students could
work individually on a short assignment of other problems of
this type.

Various problems-could also be posed or elicited from the
students.

Decide on an amount of money you would like to earn as a
yearly salary in the next few years. What amount of money
would you need at a rate of 7% to generate this yearly salary?
Call this amount m. Suppose you wish to retire at age 55. In
order to have a retirement income equal to your salary, you need
to save amount m. How much would you have to save each
year, assuming a rate of interest of 7%, compounded yearly, to
equal amount m?

Students should use calculators or computers to help with the
calculations. They can also utilize logs in the calculations.
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Examples/Activities

The Belczyk’s are purchasing a home for $125 000. They find
additional costs such as surveyors’ certificates, lawyer’s fees,
transfer fees, title searches, and the like, bring the total cost
to them to be $130 000. They are paying $25 000 down, and
are to mortgage the remainder at 10.5% for 15 years,
compounded monthly. What will their monthly payment be
to pay off the mortgage in the specified time?

Twelve years ago, Kendra’s parents began investing $750 a
year at 8% interest compounded quarterly, for her education .
beyond high school. What is the value of this fund now? If
they continued in this plan for another five years, what
would be the value of the plan?

When she is 25 years of age, Kiena decides to plan for
retirement. If Kiena invests $2 500 a year in an investment
that averages 8% a year, compounded monthly, how much
would the total investment be worth at age 507 age 557 age
60?7 If Kiena received 8% on her investment upon retirement,
what monthly income could be expected at age 50 7 55?7 607

Adaptations

Many financial institutions and
businesses offer much information
about RRSPs, mortgages, annuities,
and similar investments. Much of this
information is available free of charge
in the form of pamphlets, which the
students might read in order to
understand better how compound
interest affects their investment. In
addition,-employees of these
institutions and businesses might be
willing to speak to students ahout
these concepts. (CCT) (COM) (IL)
(NUM)
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Western Protocol -
Common Curriculum

Framework (1996)
10-12 Mathematics - General
Outcomes '

Number (Number-Concepts)‘-' '

e Amnalyze graphs or charts of given situations to
derive specific information.

~» Analyze the data in a table for trends, patterns

" and interrelationships.

¢ Explain and illustrate the structure and the
interrelationship of the sets of numbers within

. the real number system. _

* Explain and illustrate the structure of the

complex number system and its subsets.

Number (Number Operations)
¢ Use basic arithmetic operations on real
numbers to solve problems.
¢ Describe and apply arithmetic operations on
. tables to solve problems, usmg technology as
required.
® Describe and apply arithmetic operahons on
.matrices to solve problems, using technology as
- required.
e Make and justify financial decisions.

Patterns and Relations (Patterns) -
. » Represent naturally occurring discrete data,
using linear or nonlinear functions. '
* Generate and analyze number patterns.
. Investigate the nature of mathematical
~ reasoning.
» Generate and enalyze recursive and fractal
patterns

Patterns and Relatlons (Vanables and
' Equations)
* Generalize operations on polynom:als to -
include rational expressions. - '
* Represent and analyze situations that mvolve
variables, expressions, equatlons and
inequalities.
¢ Use linear programming to solve optumzatmn
models,
* Solve exponential, logarithmic and
tngonometnc equatlons

Patterns and Relations (Relations and
.- Functions)
- . » Examine the nature of r_elatmns w1th an
' emphasm on functions. -

» Represent by models naturally-occurring data
using linear functions.

* Represent and analyze functions using
technology, as appropriate. °

" o Use the concept of function to solve problems. A '

.Shape and Space (Measurement)
"o Use measuring devices to make estimates and

to perform calculations in solving problems.
» Demonstrate an understanding of scale factors,
. and their interrelationship with the -
dimensions of similar shapes and objects. -
¢ Solve problems involving triangles, mcludmg
.those found in-3-D-applications.
e A.nalyze objects, shapes, and processes to solve
‘cost and demgn problems

Shape and Space (3-D ObJects and 2-D

Shapes) :

s Solve co-ordinate geometry problems mvolwng ‘
lines and line segments. ‘

* Develop and apply the geometric propertles of ’
circles and polygons to solve problems.

* Classify conic sections, using theu' shapes and -
‘ equations.

¢ Solve problems involving triangles and vectors
mcludmg 3-D applications.

" Shape and Space (Transformatlons)

* Perform, analyze and-create transformations of '

: functlons and relatzons

Statlstlcs and Probability (Date Analysis)

* Describe, implement and analyze sampling
procedures and draw appropriate inferences
from the data collected, using mathematical
and technical language.

* Apply line-fitting techniques. to analyze
experimental results.

* Analyze bivariate data.

Statlshcs and Probabxhty (Chance and

Uncertainty) C

* Make and analyze decisions usmg expected
gains and losses based on single events,

s Model the probablhty of a compound event in

- order to solve problems based on the combining
of simpler proba]:nhtles ‘

* Solve problems based on the countmg of sets

using techniques such as the fundamental
counting principle, permutotmns and
-combinations.

. Use normal probability d:stnbutton to solve |

problems mvolvmg uncertamty
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Mathematics C 30

A.

___ trigonometric functions as developed by . . ..

Mathematical Proof
Foundational Objective

e To appreciate the various types of
mathematical thinking processes and to
demonstrate gkill in applying these
processes (10 01 01). Supported by the
following learning objectives.

Conic Sections
Foundational Objectives

¢ To become aware of the various conic
sections, and to demonstrate skill in
graphing and writing equations of the
conic sections (10 02 01). Supported by
learning objectives 1 to 5.

* To demonstrate the ability to solve
systems of linear-quadratic and quadratic-
quadratic equations (10 02 02). Supported
by learning objectives 6 and 7.

Circular Functions

Foundational Objectives

s To demonstrate the understanding of
circular functions (10 03 01). Supported
by learning objectives 1 to 5.

» To be able to produce the graphs of

trigonometric functions (10 03 02).
Supported by learning objectives 6 and 7.

Applications of Trigonometry
Foundational Objectives

¢ To demonstrate the ability to apply
trigonometry to real-world problem
situations (10 04 01). Supported by
learning objectives 1 to 5.

¢ To demonstrate the ability to calculate
areas of given triangles using
trigonometry (10 04 02). Supported by
learning objectives 6 and 7.

. - Trigonometric Identities

Foundational Objective

s To demonstrate the ability to work with
trigonometric identities and to be able to
apply them when necessary (10 05 01).
Supported by the following learning
objectives.

Trigonometric Equations

Foundational Objectives

¢ To demonstrate understanding and ability
in solving trigonometric equations

(10 06 01). Supported by the following
learning objective.
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Concept A: Mathematical Proof

Foundational Objective

¢ To appreciate the various types of mathematical thinking processes and to demonstrate skill in applying
these processes (10 01 01). Supported by the following learning objectives.

Objectives

Al

To define and illustrate by means
of examples; deductive, inductive,
and analogical statements or
arguments.

Instructional Notes

Students should become familiar with types of arguments
usually utilized in the real world. Examples of all types should
be used to help the students determine the use and misuse of
each. Many of these examples can be found in geometry texts
but can also be located in other resources.

Students can be given a set of practice exercises to be discussed
in small groups with the results to be shared with the class. A
set of exercises to be done as homework could then be assigned.
The students should not only be able to identify the type of
thinking involved but also be prepared to comment on whether
the result obtained is likely to be true for all cases. (COM)
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Examples/Activities

A discussion of a problem, with justification, may be useful in
setting up the need for proof.

Jolie travels from Saskatoon to North Battleford, a distance of 120

km. If she travels one direction at 100 kmh, and returns at 80
kmh, what is her average speed for the entire trip?

1.

State which type of argument is being used in each case.
Also, state whether the conclusion reached is valid.

a) Ben was asked to complete the sequence 1, 1, 2, 3, . ..
Ben wrote 5, 8, 11.

b) Mary’s mother stated that she was poor in writing, so
therefore, Mary was likely to be poor in writing.

¢} Complete:
All horses eat hay.
Silver is a horse.
Therefore, Silver

d) Joan ate brunch at Cody's restaurant two Sundays in a
tow. She saw Brie there both times. Joan told her

_friends that Brie always eats brunch at Cody’s.

e) Vertically opposite angles are congruerit. Angles A and
B are vertically opposite. Conclusion:

Adaptations

Other types of problems can be
utilized as examples, These may be
diagrammatic, geometric, or from
applied science.

E.gz.: You have a litre of cola, and a
litre of milk. You take a teaspoon (5
ml) of cola, add it to the milk, and stir.
Then you take a teaspoon (5ml) from
the milk container, add it to the cola,
and stir. Which of the following is
true; there is more cola in the milk
container, more milk in the cola
container, or equal amounts of both?

The teacher should also reinforce the
principle of using a counterexample to
disprove a statement. Effective
counterexamples can help illustrate
the need for proof and may help
students to formulate arguments more
clearly. (CCT)

"One can also rélaté thése typesof 77
thinking processes to other areas, such

as in debating, parliamentary

discussion, or the law.
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Concept A: Mathematical Proof

Note: This objective has been covered in previous mathematics courses. Teachers may choose to use it as
an optional topic at this level, if they feel that their students have retained most of their skills with this

type of proof.
Objectives

A2

Tao complete deductive proofs from

geometry using a two-column
format.

Instructional Notes

Students have had some experience in doing deductive proofs in
Mathematics 20. The teacher may wish to use these types of
proofs as an introduction to this section.

Once students have reviewed some of these, they might be
introduced to other deductive proofs from geometry. These
proofs could deal with congruent triangles, quadrilaterals, or
involve some of the postulates dealing with circle geometry.

Students could initially work in small groups to discuss how
they might approach a set of introductory proofs and to share
the solutions of these introductory exercises. Once these have
been done, the students could be given an assignment to be done
on their own. Students may not have learned all the axioms,
etc. required for a rigorous proof; therefore, some of their
reasons may be written in sentence or paragraph form. (IL)
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1. Given:

AD 1 BC, BD =

Prove:

&l
s

2. Prove that the diagonals of a rectangle are congruent.

3. Prove that, in a right triangle, the square of the hypotenuse
is equal to the sum of the squares of the other two sides.

4. Given: a ABC is isosceles. Prove the base angles are

congruent.

5. Gwen PT is tangent to circle C at T. PB isa secant

6. Given: AB and CD intersect at Q in circle O.

Examples/Activities

CD

B 2 <

T

3

Prove: AQ -QB =CQ -QD

7. Prove that the diagonals of a parallelogram bisect each other.

Adaptations

As an alternative assignment,
students could be asked te research
geometry texts to locate some proofs
that might be posed to the class. The
student would be responsible for

-~ showing the correct proof of any

question they pose. Students should
offer to the class any problem they
cannot solve and create a group
learning opportunity.
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Concept A: Mathematical Proof

Objectives

A3

To complete proofs using some of
the methods of co-ordinate
geometry.

Ad

To use properties of numbers to
justify solutions of alge-numeric
eXercises.

Instructional Notes

The teacher may wish to introduce this section by reviewing the
distance formula, as it is employed in several types of coordinate
proofs,

The teacher can then pose a proof where students might make
use of the methods of coordinate geometry. Many of the
theorems involving length or equal measure lend themselves to
this method.

Some time should be taken to illustrate how one can set up the
diagrams for these proofs, to use to advantage the x- and y-axes,
and intercepts. Students should be given some proofs to practise
in small groups, and then be given an assignment when they
have seen how this system is used.

Using some basic algebra, students can be asked to demonstrate
some properties of the number system. Students can work in
small groups, pairs, or singly, to justify the statement or
exercise given. '

Initial definitions such as the fact that an even integer can be
written as 2n (where n is an integer) and an odd integer can be
written as 2n + 1 {where n is an integer), can be demonstrated
by the teacher to the class, or given to the class as a warmup
exercise.

Students can then be provided with a set of exercises to
compiete, or can be asked to research other mathematics
resources for similar questions that they can be asked to present
to the rest of the class.
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Examples/Activities
1. Prove that the diagonals of a parallelogram bisect each other.
2. Prove that the diagonals of a rectangle are congruent.
3. Prove that the segment joining the midpoints of two sides of
a triangle is equal to one half the length of the third side and

is parallel to it.

4. Prove that the distance from each vertex of a right triangle to
the midpoint of the hypotenuse is the same.

5.  Prove that the medians of an equilateral triangle all have the
same length.

Prove each of the following statements.
1. The sum of two even integers is even.

2. The difference between an odd integer and an even integer is
odd.

3. The difference between two odd integers is even.

4. _The sum of three consecutive odd integersisodd.

Adaptations

Students could be asked to research
mathematics texts for examples of
coordinate proofs. They may be
instructed to note the proof for one or
two examples and to diseuss these
with the class. Some examples that
might be found are those dealing with
trigonometric identities. (IL)

If there are a number of other
resources, students could be asked to
locate similar exercises and present
them to the class in completed form as
an example or pose them to the class
as another exercise. (COM, IL)
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Concept A: Mathematical Proof

Note: This objective can be dealt with in Concept E: Trigonometric Identities. It is placed here so the
teacher can illustrate to students that the learning objective is one that employs skills in mathematical
reasoning, but is more naturally taught in Concept E.

Objectives

Ab

To prove trigonometriconometric
identities, using a two-column
format.

Instructional Notes

Students can be asked to prove some basic trigonometric
identities, such as those in Concept E. The teacher may wish to
delay this section until trigonometric identities have been
taught, or to do this section using some of the identities easily
developed from friangle trigonometry from Mathematics 20 and
Mathematics A 30.

In this section, it is expected that the students will verify
specified identities and supply reasons for each step of the
verification process. The students might begin by working in
small groups, for purposes of peer tutoring and discussion, and
then proceed to work on an assignment on their own.
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Verify each of the following identities and supply reasons for each
step in your validation. Be prepared to discuss your choice.

1.

2,

Examples/Activities

sin@+cos* B =1

sina-cota=cosa

sin® @ + cos® @ = sec @

cos &
sin & + cos & cot & = csc &
1-2sinx=2cos?x-1

sin x (csc’x - cot’x) = sin x
€08 X sec X

(tan a + cot a)® = sec’a + csc’a

Adaptations

Alternatively, the teacher could
present some completed exercises and
have the students supply the reasons
for each step in each completed
exercise.
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Concept A: Mathematical Proof

Objectives

A6
To introduce indirect proof and to
use it in several proofs.

Instructional Notes

The introduction to indirect proof might be done by discussing a
problem posed to the class. In this instance, we try to show a
conjecture is false by providing a counterexample that leads to a
contradiction. The initial examples chosen to present this to
students should lend themselves to a contradiction that is
relatively easy to visualize.

E.z.: The Prime Minister does not want to have Kuhn, Latta,
and Moose dominate the Cabinet so he imposes some restrictions
on their involvement. These are:

1. If Kuhn is a Cabinet member, then Latta is not.
2. If Kuhn is not a member, then Moose is.
3. If Latta is a member, then Moose is not.

Prove that Latta is not a member of Cabinet.

Some initial examples might also be taken from geometry,
algebra, or from pure mathematics.

Once students have worked their way through several examples .
as a clasg, or in a small discussion groups, they can be assigned
a set of exercises.

512



Examples/Activities

Use the method of indirect proof to prove each of the following
assertions.

1. Prove that ¥2 is irrational.

2. Prove that a perpendicular drawn from a point to a line is
the shortest distance from that point to the line.

3. Prove that two coplanar lines, both perpendicular to a third
line, are parallel.

4. Prove that a collection of forty-three cent stamps and two-
cent stamps that totals $1.39 must have an odd number of
forty-three cent stamps.

When Tracey went to the store the score was Edmonton 21,
Saskatchewan 20 with 2:19 left to play. The final score was
Edmonton 21, Saskatchewan 22. The announcer said that this
game was unusual because no single point scores were made
(except for the points after touchdowns). Tracey concluded that
the game was won by the Saskatchewan defence scoring a safety
(two points). Use indirect proof to verify Tracey’s conclusion.

Adaptations

The history of indirect proof can be
researched by the students and short
reports can be given to the class. The
students might also be asked to locate
instances where the indirect method of
proof is utilized in resource materials
and to present some of these instances
to class. (IL)

Examples of indirect proof can be
found in most geometry texts but look
for other examples in algebra texts as
well. The examples should not be
Limited to geometry.
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Concept A: Mathematical Proof

Objectives

A7
To introduce the principle of
mathematical induction.

Instructional Notes

The principle of mathematical induction is a two-stage process.
First, a statement S must be shown to be true for the case S(n),
where n = 1. Then show that the assumption that the
statement is true for the case n = r implies that it is also true
for the case n = r + 1; that is, show that the hypothesis S(r)
implies S(r + 1).

This process is usually used when proving statements involving
natural numbers and when we have a set of statements to
prove.

Initial examples should be chosen for class presentation or
discussion so that students can internalize the process.

One of the most common examples is to determine the sum of
the natural numbers
1+2+344+5+...+n=nn+1)

2

1. The statement is true for n = 1, since by substitution, both
the left and right sides equal 1.

2. Assumel+2+3+...+r=r{r+1)
2

3. Required to prove:

Proof
1+2+3+...+r+(r+1)

=r(r+ 1+ (r+1)
2

=rr+ D+2r+1)
2 2

2

=(r+Dr+D=+Dir+1D+1]
2 2
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Examples/Activities
The intent of the exercises in this section is to allow students to
obtain practice in constructing proofs using mathematical

induction. :

1. Find S,,, in each case.

a) S, =r-1¢
6

b) S,=(3r+2-4r"+(3r-5)
c) S,=2+5+8+...+(Br-1)+(5Br+2)

d) S, =(-3)[(r+1)7?-3]

Adaptations

Many of the newer resource texts have
a section or two on mathematical
induction. Students can be assigned
exercises from these texts and asked
to share their proofs with the class.
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Concept A: Mathematical Proof

Objectives Instructional Notes
A8 In this section, students should be able to use the principle of
To prove assertions using mathematical induction to construct proofs. These proofs will
mathematical induction. most likely be drawn from their work on sequences and will

utilize the process as outlined in the previous section. The
teacher may wish to model a few examples for the students, or
have them work through some examples in their discussion

groups.

Once the students have had some practice in doing these proofs
it is expected that they will be asked to complete several of
these proofs on their own.
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Prove each of the following statements.

1.

Examples/Activities Adaptations

which they would be asked to use

Students could be given exercises in

Prove that the sum of the first n positive even integers is mathematical induction to illustrate
nZ+n. some other mathematical statements

other than sums.
Provethat 1+3+5+7+...+(2n-1)=n2

Some examples of these might be:
Prove that the sum of the squares of the first n natural

numbers iz given by 1. Use mathematical induction to
nin+ 1D (2n+1) prove the following exponential
6 law’.
Provethat1+4+7+...+(3n-2)=n(8n-1) (xy)™ = x"y™
2
2. Use mathematical induction to
Prove that the sum of the cubes of the first n natural prove that (34)" < n, forn = 0.
numbers is given by
n’(n + 1)
4

Prove that _
at+ar+arf+.. . +ar! =ar®-1)

r-1

Prove that x* + 5x is an even number for any x which is a
positive integer.

Prove, by mathematical induetion

k
T Cki=k(k + 1)
k=1

Prove that for x > 0, and where n is a positive integer, that
(1+x)>nx
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Concept B: Conic Sections

Foundational Objectives:

¢ To become aware of the various conic sections and to demonstrate skill in graphing and writing
equations of the conic sections (10 02 01). Supported by learning objectives 1 to 5.

* Ta demonstrate the ability to solve systems of linear-quadratic and quadratic-quadratic equations. (10
02 02). Supported by learning objectives 6 and 7.

Note: This development of conics is parallel to that proposed by the Western Protocol Curriculum
Framework (1996) and is all that is required for C 30. However, if teachers find they have time available,
a more traditional approach to Conic Sections is developed in Appendix F of this document.

Concept B: Conic Sections
Objectives/Skills

B.1l.a)

To convert the equation of a circle
from the general form to the
standard form and vice versa.

B.1.b)
To sketch the graph of a circle.

B.2.a)

To convert the equation of a
parabola from the general form to
the standard form and vice versa.

B.2.)b)

To sketch the graph of a parabola.

Instructional Notes

Students may need to be reminded of the process of completing
the square and given a few warmup exercises using this process.

The students could be instructed to work in small groups, pairs,
or singly, to convert these equations from one form to the other.

The general form of a conic section is considered by most to be
Ax® + By? + Cx + Dy + E = 0 (Note: Do not use an xy term at
this level), while the standard form of a circle is {x -h)® + (y - k)
=7

 When students have had some practice in converting these types

of equations, the teacher can quickly review some of the basic
definitions of circles and have the students sketch the graphs of
these circles, using the centre and radius.

The teacher may wish to introduce this section by reviewing the
graphing of parabolas as done in Mathematics 20 and having
the students identify the key characteristics of a parabola.

Then, the students can be given a short set of exercises to work
on in small groups, pairs, or individually, in order to have some
practice in converting equations from one form to the other.
(PSVS)
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Examples/Activities

Convert each of the following to general form.
a) (x-3F+y'=16

b) (x+2F+(y-3F=25

) X+5F+(y-1F=4

" Convert each of the following to standard form.
a) X*+y +4x+6y=12

b) xX*+y*-6x-2y=6

c) 3x*+ 3y’ +6x-6y=42

d) xX*+y+8x-6y+30=0

Sketch each of the circles as described in the questions above,
if possible.

Adaptations

The teacher may wish to use
technology for this section, and have
the students complete the graphing
and analysis using this technology.
(TL)

Another adaptation is to introduce
elements of problem solving, either by
introducing real-world problems from
various resources, or supplying a few
clues so that the students have to
identify the centre and radius in order
to construct the equation. An example
might be: the endpoints of a diameter

- Sketch each of the following and convert to general form.

a) y=(x-2%+3
b) y=2(x+1¢-1
) y=4(x+3F+11
d y-4=12x-27
e) x+3=2@y-1)

Convert each of the following to standard form and then
sketch the graph of each.

al x-2x-y=3
b) X*+6x+y=-5
¢) 3x°-12x+16=y

of a circlo are given by (.2.0) and (4.0~

Sketch the graph of the circle and
determine its equation.

The teacher may wish to use
technology to graph any or all of the
equations and to have the students
utilize the technology to do the
analysis of each graph. (TL)

Real-world problems should also be
introduced wherever possible.
Students can be given a set of these
problems to work at, or instructed to
research resources to find examples of
related real-world problems.
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Concept B: Conic Sections

Objectives/Skills Instructional Notes
B.3.a) In this course, it is necessary only to deal with ellipses that have
To convert the equation of an vertical and horizontal axes.
ellipse from the general form to
the standard form and vice versa. The teacher may wish to introduce this section by defining an

ellipse and some of the characteristics associated with the ellipse
such as the vertices and axes.

Students can be given a short set of exercises to work at in
small groups, pairs, or singly, in order to practise converting
B.3.b) from one form to the other.
To sketch the graph of an ellipse.
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Examples/Activities Adaptations

Sketch the graph of each equation and then convert the Technology can be used to graph and
equation to general form. analyze the ellipse. The teacher may
wish to have students develop the
a) concept of an ellipse and its
. , characteristics through an exploratory
_% + .VT =1 approach, using technology. (TL)

The introduction of real-world

problems should also be considered;
b) .- -either supplied by the teacher or

researched by the students.

+
1
=

c)

(x-3)% | (y+2)2% _
16 9

Convert each of the following equations to standard form and
then sketch the graph of each equation.

a) 25x° + 4y = 100

b) 4x®+ 9y* + 8x = 32

c) 25% + 16y° - 150x - 64y = 111
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Concept B: Conic Sections
Objectives/Skills

B.4.a)

To convert the equation of a
hyperbola from the general form
to the standard form and vice
versa.

B.4.b)
To sketch the graph of a
hyperbola.

Instructional Notes

The teacher could introduce this section by illustrating a
hyperbola, defining it, and highlighting its major characteristics.
These would include the vertices and asymptotes.

Students could be given a short set of exercises to enable them
to practise converting the equation from one form to another.

The teacher might wish to demonstrate to the students how to
sketch the graph of the hyperbola using the vertices and
asymptotes.

As an alternative, the graphing could be done using technology,
in an exploratory fashion. (TL)}
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Examples/Activities Adaptations

Sketch the graph of each hyperbola and then convert each The introduction of real-world
equation to general form. problems, either supplied by the
a) teacher or researched by the students,
, , is a way of extending the practical
X XY - knowledge of a hyperbola.
4 1

A research topic on navigation using
LORAN (LOng RAnge Navigation)
b) might be an interesting project for
- motivated-students.

9 4 At this point, relating the circle, -
parabola, ellipse, and hyperbola to the
double-napped cone might serve as a
c) good summary.

Convert each of the following equations to standard form and
then sketch the graph of each hyperbola.

a) 9x’-4y =36
b} 25x*-4y*+100x - 8y = 4
c) 9y - 16x° -54y = 63
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Concept B: Conic Sections
Objectives/Skills

B.5

To examine the coefficients of the
gecond degree equation

AX* + By +Cx+Dy+E=0and
to identify the conic section it
represents.

B.6

To sketch diagrams to show
possible relationships and
intersections of the following
gystems: Linear-Quadratic and

_Quadratic-Quadratic.

- system, in order to check their result.

Instructional Notes

COnce the students have studied the conic sections, they should
be able to identify the type of conic section represented by the
equation. This can be done by focussing on the coefficients of Ax®
and By’ in the general equation
Ax*+ By +Cx+Dy+E=0.
Case  A=0and B=0, - aline
Case II: A = 0, B = real no. --parabola
A =real no., B = 0 --parabola
Case III: A and B = same real no.— circle
Case IV: A B = different real nos., same sign - ellipse
Case V: AB = real nos., signs different, -- hyperbola

Students could be given a series of equations to examine and
state the type of conic section each one represents, by observing
these coefficients.

Once students are able to identify the type of conic by inspecting
the coefficients of an equation, as in the previous objective, they
can be given gystems of equations to identify and asked to
speculate on the number of points of intersection that are
possible for each system. After their initial guess, they might be
asked to generate the sketches of the pair of equations of the

As an alternative, they can also be asked to draw sketches of
systems that illustrate a different number of points of
intersection. As an example, they could be asked to sketch a
hyperbola and an ellipse that have four points of intersection,
three points of intersection, two points of intersection, one point
of intersection, or no points of intersection. This type of exercise
can be repeated for any pair of conic sections, with the exception
of those systems that include one linear equation.
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Examples/Activities

Given the equations below, identify which type of conic section
each represents.

6x” + 12x + 6y - 8y = 100
4x°+ 12% + y* - 6y = 64
Ox-6y=17

6y = 3x*- 10

2x% + 8x - 25 = y* +4y
-3x* 6x + By =15

4y* - By + 6x° + 12x = 36
9y* - 18y - 4x* + 8x = 121
3x*+ 6x + 3y - 12y = 49
10. 5%° + 15x + 3y° +15y = 81
11. 4y - 12y + 8x = 24

12, -5x%+ 10x + 5y°- 10y = 25
13. 8x -3y =24

14. 4x%-3y* + 16x -9y = 49
15, -7x° -14x + 25 = Ty* 421y
16. 4xy = -12

e R LBl

For each of the following systems, identify the conic represented

by each equation and speculate on the number of possible

intersecting points. Sketch each system on the same coordinate

axes to determine if your original answer was correct.

1. xX*+y =25

2. 3x+2y=6
4’ +y: = 36

3. 4y=3¥
3x*-y'=9

4. The path of a comet is roughly elliptical. Scientists -

determine that the orbit of a particular comet is a danger to

the Earth and therefore it must be destroyed. They agree

that the method of destruction can only be a nuclear warhead

that will travel in a straight line once it breaks away from
the Earth’s gravitational field. Draw a sketch illustrating

the comet and the warhead and show the number of possible

‘points of destruction’. (CCT)

Ilustrate the various number of points of intersection possible for

each of the following systems of equations.

A parabola and an ellipse
A circle and a line

A hyperbola and a parabola
A circle and a hyperbola

A line and a parabola

An ellipse and a parabola

B S

Adaptations

The teacher may wish to have
students identify conics in this
manner and then have them work
through some to see if they are the
conics the students predicted.
Including one or two cases where no
solution exists could lead to a further
discussion of properties and reinforce
the fact that this is but one screening
device.

E.g.:
X+y-6x+4y+4=0

has an equation that students may be
tempted to answer represents a circle.
However, one can convert it to
standard form and realize it does not
have a radius and cannot be a circle.

As an adaptation of this exercise,
students might be asked to graph each
pair of equations in the system and be
asked to identify the coordinates of the
intersecting points. This would be
solving the system by graphing.
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Concept B: Conic Sections
Objectives/Skills

B.7

To solve the following systems of
equations algebraically.
Linear-Quadratic and
Quadratic-Quadratic.

Instructional Notes

Students can be given a set of systems to solve algebraically
using the methods of comparison, elimination, or substitution.
The teacher may wish to review these methods as learned in the
section on solving systems of equations of lines in Mathematics
A 30. The students should be instructed to examine the answers
to obtain all possible solutions. (For example, if x* = 9, both 3
and -3 might be solutions for x, and then used to find y -
values.) Students should also be instructed to check all possible
solutions to determine exactly which ones form the solution set.
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Examples/Activities

Solve each system of equations algebraically.

1. 2+y*'=9
9x? - 4y* = 36
2. x*+4y* =16
X+2y+4=0
3. ¥*+y =100
20-y=8
4, 4x*.y?=7
2x* + 55 =9
5. y=x'+4
X+y=16
6. 4x°+y* =36
X +y’ =16
7. x2+y°=25
-y =17
8 x-y’=5
2x-y=4
9. x*-y'=9
X*+y =9

y2
10. x*+ ¥ = 13
6

* Use substitution and factoring to solve.

Adaptations

As an adaptation to this section,
students could be paired, with one
graphing each system and determining
the coordinates of intersecting points
and the other solving algebraically.

The students in each pair would
switch reles halfway through the
assignment. They could compare the
solutions each got using his/her
respective method in each question,
and discuss the results. E.g.: Which
method is more effective? Which gives
a quicker explanation? Where might
each be used?
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Concept C: Circular Functions

Foundational Objectives:

e To demonstrate an understanding of trigonometric functions as developed by circular functions (10 03
01). Supported by learning objectives 1 to 5.

* To be able to produce graphs of trigonometric functions (10 03 02) Supported by learning objectives 6
and 7.

Objectives/Skills Instructional Notes
C.1 Using a unit circle and a number line tangent to the unit circle
To define the trigonometric at (1,0), the number line can be visualized as being wrapped
functions and real numbers by around the circle. Since the circumference of the unit circle is
wrapping a number line around a 2x, the distance around the circle to (-1,0).is =. Each point on
circle. . the circumference (x,y) can thus be related to a real number (the

length of the arc) described in terms of n or as a real number in
the same units as the original number line.

Since it is a unit circle, the radius, r, is always 1, and the
trigonometric functions of any angle ¢ in standard position can
be found by using x, y, and r. Since r is 1, the sine of any point
is y/r = y/1 =y. Similarly, the cosine is x, and so0 on.

Also make sure that students have several opportunities to
observe that angles of more than 2n are circular and give the
same result as angles +2n different in size.

C.2 Students should have the opportunity to practice determining
To determine values of the the trigonometric functmns of ‘any angle ¢ in sta.ndard pasmon
“primary and reciprocal 7 7 7 in'a umnit circle. ' T T

trigonometric ratios.
Also have students practise determining the trigonometric
functions of angles 2 27 or of angles < -2x.

Note: When dealing with the reciprocal functions of cosecant,
secant, and cotangent, it is recommended that any graphs
illustrating these be kept at a basic level.
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Examples/Activities

In which quadrant is each of the following angles located?

1. =3 5 8nb
2. b5n/3 6. -4n/3
3. -m/4 7. 6n/5
4, T/ 8. -3n/4

What ordered pair is associated with each of the following values
obtained from wrapping a number line around a circle?

1. 6n 6. 10n/4
2, -3n 7. -n/2
3. -3n2 8. -10n
4, 3n/2 9. 17=/2
5. 9n

Given a point lying on a unit circle, determine the six
trigonometric functions for an angle in standard position whose
_.Yerminal side contains the given point. ______

1. (1,0 4. (.8660,-.5)
2. (-.5,8660) 5  (0,1)
3. (-.7071,-7071) 6. (-1,0}

Find (z,y) given the length of the arc of the circle in each of the

following. Determine the six trigonometric functions in each case.

1. w2 5. 3m2

2. /4 6. 8w4

3. w3 7. -3n/4
4. e

Adaptations

Students could be asked to construct a
unit circle and a number line with the
same units and illustrate the

-~ wrapping technique. They could be

asked to identify specific points (e.g.:
1/2) on their number line and
determine the coordinates. Based on
their construction and measurements,
they could then be asked to determine
the six trigonometric functions of some
specific points.
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Concept C: Circular Functions

Objectives/Skills Instructional Notes
C.3 Students will be familiar with the concept of a unit circle by this
To determine the radian point and should readily be able to contribute the fact that 180°
measures of angles, to convert is the equivalent of # units from the wrapping function. At this
from radians to degrees and vice time, the introduction of radians as the unit of measurement for
versa. our wrapping function is recommended.

The conversion from radians to degrees and vice versa can be
done using the fact that 180° = n*. Simply use this as a basis of
setting up a proportion with one unknown quantity, and solve.
From this ratio, the teacher may-wish to-develop specific
conversions for each type, but this is not necessary.

Example.

Convert 45° to radian measure.
Solution.
180° =t
45° *
Now solve the proportion for?®. Your answer is n/4".

Alternatively, use the standard measures as the denominators to
make the solution of the proportion easier. In our example, the
original proportion would be written

A5 = T

180° xt
C.4 The concept of velocity could be introduced as v = d/t, where v is
To determine angular velocity and the velocity, d is the distance travelled, and t is the time. Note
to apply this concept to solving that this formula requires that d and t use the same measures
problems involving rotation. of distance.

This can be adapted to angular velocity by replacing the
distance d with ¢, the radian measure of the angle which
corresponds to the arc described. ¢ is used to describe the path
of a particle or point in angular velocity.

Once students have been introduced to this variation of the
standard formula, they can be given some problems to solve on
their own, or in small groups. These can be corrected as a class,
and any difficulties solved. Once students have had the
opportunity to do a few of these problems, a short assignment
can be given.
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Examples/Activities Adaptations

1. Convert to radian measure: Students should be given some time to
a) 60° d) 144° work with the radian and degree
b) 390° e) 178° modes of their calculators, in order to
c) -135° become familiar with the operation of
the calculator they are using. The
2. Convert to degree measure: correct usage of the radian mode in
a) 8wt d) 56t this section can reinforce the concepts
b) 5n/8k e 2F learned in class. (TL)
¢) -5m/3®

3. Determine the six trigonometric values for each of the
following angles.

a) mek e} S5mwM4F
b) m/4F f 73k
3) n/’s“k g) 1llm/6"
) 8w/2

1. The second hand of a clock is 20cm long. Find the velocity of Students may be asked to propose

" the tip of the second hand. (This question could be repeated other real-world situaticns in which

using the minute hand.) angular velocity might be calculated.
These could be based on their own
2. A Ferris Wheel at an amusement park has a radius of 8m. experiences. If time permits, some
If it completes two revolutions in 11 seconds, determine the = modelling of these situations, or
angular velocity of the Ferris Wheel in radians per second. explanation and solving a related

problem might be considered.
3. A bicycle has a tire with a radius ¢f 65 cm. What is the
velocity of the tip of one spoke, if Ila is riding such that the  These situations might involve tires,
tire is revolving at 90 revolutions per minute? What is the fishing reels, saws, pulleys, microwave
angular velocity of the tire? turntables, barbecue spits, cassette
tapes, and the like. (TL)
4. The moon is approximately 3.86 x10° km from the Earth.
It completes one revolution about the Earth every 28 days.
How far does it travel in one day? What is its angular
velocity for one day?
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Concept C: Circular Functions

Objectives/Skills Instructional Notes
C.h Students should become familiar with the terms associated with
To determine arc length and to the determination of arc length. The concept of arc length may
apply this in associated problems. have to be modelled or explained, in order that the students

appreciate what they will be asked to determine. The variables
8, r, and ¢® must be introduced and students should be given
some opportunity to familiarize themselves with these.

Students might try to measure the arc length of a part of a
given circle by traditional means (tape measures, string, etc.)
and then -asked to employ some mathematical method (portion of
the circumference of a circle). After this, they could be
instructed to use the formula for arc length, s = r¢*, and to
compare the results obtained from the various trials.

Students can then be given a set of exercises that will allow
them to determine arc lengths in various circumstances.
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1.

2.

Examples/Activities

Determine the value of the indicated variable (?) in each
case: (The teacher may require the answer left in radians, to

two decimal places, or other measures).
a) s=?%r=10cm, ¢ = 7/3*

b) s=27cm,r="2 ¢ =548
¢) s=35cm,r=175¢cm, ¢ ="?

d) s=21m, r=? =75

Determine the arc length subtended by a radius of 5 ¢cm and

an angle of /3",

Determine the central angle if the radius of the circle is 1.25

m and the arc length is 10.5 m.

Determine the arc length defined by circle of radius 31.5 em

and a central angie of 120°.

If the Earth is assumed to be a sphere of radius 6 400 km,

and the United States-Canada border is on the 49th parallel

(49° North of the Equator), what is the latitude of some of the

larger centres in Saskatchewan; such as, Regina, Saskatoon,

Prince Albert, La Ronge, your hometown, etc? Use a highway

map and its scale to determine how far north of the border

each is and then determine the latitude. This problem can be

_._redesigned for longitude, in order to explore how many km in_ ... e
one degree of longitude, how many km per time zone,

calculation of the speed of rotation of the Earth, and so on.

Adaptations

Many real-world problems can be
found to illustrate arc length and the
previous topic, angular velocity. If the
teacher does not have time and the
students are unable to generate many
of their own, the teacher might have
the students research these types of
problems from other resource texts
available in the school, or from other
sources in the Resource Centre or
community.

The employment of a surveyors’ wheel
for measuring distances may help
some students gain a greater
appreciation of mathematics in the
real world.
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Concept C: Circular Functions
Objectives/Skills

C.é6

Te define and illustrate the
following terms: periodic function,
amplitude, domain, range,
minimum value, maximum value,
translation, wave motion,
sinusoidal fumctions.

Instructional Notes

The basic trigonometric function graphs can be utilized here.
Students should be able to graph each of the six basic
trigonometric functions from values, using calculators,
computers, or researching various texts.

Students can be instructed to add all necessary terms to a
glossary, to define and illustrate each, to complete a chart
showing the definition and an illustration for each term, or some
other method which will ensure the student has a demonstrated
degree of familiarity with these. terms.

As an exercise, the student could be given a set of graphs, and
asked to identify specific terms for each graph: what is the
range, domain, maximum and minimum values, amplitude, etc?
Does it represent a periodic function? The students could then
be asked to translate the given graph to a new set of axes and to
determine which of the previous values change because of the
translation. Which remain the same?
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a)

c)

Examples/Activities
Complete the following chart:

Name Definition Illustration

domain

range

amplitude

max. value

min. value

period (w.1.)

translation

Given the following graphs, identify the amplitude, wave
length, and maximum and minimum values.

For a}, b), and ¢) of question 2, sketch the graph given :
a) a phase shift of n/4

b) a vertical shift of -2

¢) a phase shift of -/3, and a vertical shift of 3.

Sketch the graphs of sin ¢, cos ¢, tan ¢, csc ¢, sec ¢, and cot ¢.

Which of these are functions? periodic functions? sinusoidal
functions? (Hint: Use your graphic calculator, a computer
program, or resource text to help you sketch these.)

Adaptations

Students can be asked tc identify x-
and y- intercepts of these graphs, and
speculate on the usefulness of these,
This can foreshadow the section on
solving trigonometric equations.
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Concept C: Circular Functions

Objectives/Skills Instructional Notes
C.7 Once students have demonstrated an understanding of the
To state the range, period, previous section, they can be asked to analyze and sketch graphs
amplitude, phase shift, minimum given the equations. They should realize that the basic shapes
and maximum values and to remain constant and should be able to identify the items stated
sketch the graphs of: in this objective.
a) y-k=asin(x-h)
b) y-k=acos(x-h) An assignment in this section might consist of a series of
¢l y-k=atan(x-h) equations for which the students are expected to graph and

analyze each equation.

Note: Any graphs involving the reciprocal trigonometric
functions should be kept at a relatively basic level.
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9

Examples/Activities

Adaptations

Sketch the graph of each equation. Identify the range, period, Students can be asked to note the

amplitude, maximum and/or minimum values, and phase

shift for each, if they exist.

a)
b)
c)
d)
e)
1y
g
h)

y = sin(x + n/2)

¥ = 3 cos(x - w2}

¥ = -2 + cos3(d +n/2)
y = 4/3 - 28in(5¢ +m)
y=2tan¢

y = 3/4 tan(¢ - /3)
y=cscd+ 2

y=sece-1

Write an equation for a sine function, given that

a)

b)

Amp. = 2, period = 2/56

Vertical shift = -2, amp. = 3, period = /2,
phase shift = -n/4

Max. = 5, min. = 1, period = 4n,

Given the following graphs, complete the analysis (vertical
shift, phase shift, amplitude, and period) and write the

phase shift = n/3

equation of the graph.

a)

b)

2

graphs of functions similar to

y = gin (¢ - w/2) and y = cos ¢. Afier
examining several pairs of such
related graphs, the students may be
asked to write down some observations
and conjectures. A class discussion
might be utilized to determine any
conclusions. The students could then

- verify-or reject any such conclusions

by completing further examples.

This can be extended to other pairs of
co-functions, if the students do not
raise this issue on their own. E.g.:
Does this also work for graphs of
functions such as y = tan (¢ - ©/2) and
y = cot ¢? Is the phase shift the same
for all pairs? Does it vary? Why?

An activity that should be done by all
students is the solving of related word
problems. These may be found in
most resource texts. Although there
are not very many problems, the ones
found should be utilized if at all
appropriate. A common theme is the

_rise and fall of ocean tides. OL)
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Concept D: Applications of Trigonometry

Foundational Objectives:

¢ To demonstrate the ability to apply trigonometry to real-world problem situations (10 04 01). Supported
by learning objectives 1 to 5.

» To demonstrate the ability to calculate areas of given triangles using trigonometry (10 04 02).
Supported by learning objectives 6 and 7.

Objectives/Skills Instructional Notes
D.1 An introduction to this topic might begin with a brief review of
To define and illustrate the the solution of right triangles, using the sin, cos, and tan
following terms: angles of functions. Examples and illustrations of the terms angles of
elevation and depression, heading, elevation and depression could be used and students could be
bearing, compass direction. asked for real-world examples that would illustrate the correct

use of these terms.

The terms associated with direction might be studied using
maps, actual compasses, or through an assignment based on a
‘treasure hunt’, where six or seven instructions are given in
terms such as "N 35° E, 7 em" or "bearing 265°, 8 em". These
instructions can be provided with a map and a starting point,
and students can be asked to determine where the "treasure” is.

Once students are familiar with the definitions associated with
this section, they might be asked to draw diagrams illustrating
the situation described in given situations.
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1

Examples/Activities

Solve each of the following right triangles:

N
A

.Draw_a diagram. that represents_each.of the following...

situations:

a) A student at the top of a knoll looks down at a village in

the valley. The knoll is known to be 30 m in height, and
the student measures the angle of depression to be 25°
from the top of the knoll.

b) A bookkeeper is sitting at a desk on the third floor of a
building. The building across the street has eight floors.
Illustrate a line of sight from the bookkeeper to the
seventh and second floors of the building opposite and
labe! the angles of elevation and depression.

Adaptations

Students can be given a map and a
take-home assignment where they
create a series of steps that another
student (the solver) must follow in
order to reach a designated point on
the map.

The solver can then take the problem
for homework the next day, If the
correct point is not obtained using the
information, both the author of the
problem and the solver must decide
where the error occurred. The steps
should be written in terms of the
definitions needed for this section.
(IL, PSVS)
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Concept D: Applications of Trigonometry

Objectives/Skills Instructional Notes
D.2 In this section, students will be expected to set up and solve
To solve right triangles and problems associated with right triangles. These include problems
associated word problems. based on the terms studied in the previous section.

The teacher can begin with the solutions of right triangles and
then introduce problems after a few examples have been worked
by students.

In solving right triangles, students could be asked to use the
reciprocal functions in cases where the unknown guantity is in
the denominator. '
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Examples/Activities Adaptations

Solve each of the following triangles:

2
1%em
A N\
Jdem

A plane is flying on a heading of 160° and at a speed of 400
kmh. After two hours, it changes course to a heading of 250°,
and continues flying. How far is it from the airport, and
what is its heading in relation to the airport, after one hour
on its corrected flight path?

Nikita’s kite is flying at the end of her string, which is 100 m
long. She estimates the angle of elevation to the kite is 35°.
How high is the kite flying, given this estimate?

"~ Kendra spots a forest fire from a lookout tower 30 m high.

She determines the angle of depression to the fire from the
tower to be 2°. How far from the base of the tower is the
fire? in meters? kilometres? Which is a better unit of
measure?

A student is told that the height of the flagpole on top of a
building is 3 m. From a point 100 r from the building, the
angle of elevations to the top and bottom of the flag pole are
54° and 42° respectively. How does the student determine the
height of the building?
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Concept D: Applications of Trigonometry

Objectives/Skills

D.3
To solve oblique triangles by the
use of the Law of Sines/Cosines.

D4

To solve triangles including all
solutions given two sides and a
non-included angle (the
Ambiguous Case).

Instructional Notes

The Law of Sines and the Law of Cosines must be introduced to
the class. These can be developed by the teacher, or by the class
guided by the teacher. Most of the resource texts have a
derivation of these laws and illustrate how they can be derived.

The students should obtain some practice in using these laws
with oblique triangles that have been carefully chosen to have
one unique solution. .

The first examples should instruct the student to determine all
the known information and to identify the parts of the triangle
to be solved. The student should also decide which of the two
laws to employ in the first instance. Examples should be chosen
so that students must make different decisions in each question.

To begin this section, the teacher may wish to have students
find ¢ for any sin ¢ = a positive value. Students should be able
to determine two values for ¢ in this case. Further, the teacher
can continue with cos ¢ = a positive value, and determine two
values of ¢ in each case. It might be pointed out to students
that while both values of ¢ are possible for the case sin ¢
(because each value is less than 180°), the same is not true for
cos §. The teacher may wish to illustrate an example or two
involving the ambiguous case.

" The students might be better able to predict when to expect the

ambiguous case, if they compare the given triangle information
to the triangle congruence postulates. For information which
parallels SSS, SAS, AAS, or ASA, one unique solution can be
found. In addition, for AAA, no solution can be found, and the

“case SSA is the only one where one has to check for the

ambiguous case. If the students are able to predict these
patterns before they begin the solution, they will know what to
expect. :

In cases where the ambiguous case exists, the students should
be expected to provide both complete solutions to the triangle.
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Examples/Activities Adaptations

1. Solve each of the following triangles. State the given Students can be given an assignment
information and which parts of the triangle are yet to be of these types of triangle solutions
solved. from many different resource texts,

Each student might be given an
a) InaABC,a=16cm,b=12cm and ¢ = 10 cm. assignment from 2 different text and
asked to model one question from the
b) InaJEKL,j=9%em,k=8cm, and m <L = 54°, text for the class.
¢) InaRST, m<R=66°m<S="72 andt=64cm. This is an area where real-world

problem: situations may also be used.

d) InaWXY, m<W=55m<X=82° and w= 14 cm. Students may have real-world
examples that can be solved using
these laws. This might be considered
as a ‘take-home’ assignment. (IL)

1. List the given information from each triangle, and state Students can be given an assignment
whether it represents SS5, SAS, ASA, AAS, AAA or SSA. to work on at home and then asked to
Then completely solve each triangle. check each others’ work in class the

next day. If the students do not agree
a) InaABCLm<A=68°,m<C=42° andb = 16 cm. on a solution to any particular

question, the solution can be done by
b) InaDEF,d=25cm, e=233 cm, and m < F = 41° the teacher as an example, or by some

other class member.
¢) InaGHJ,g=18cm,h=8cm, and m < G = 54°,

d InaKIMm<K=72m<L=57andm<M=51"_ .

e¢) InaNPR,n=18cm,p=27cm, and r = 34 em.
Il InaSTV,m <S8 =281t=29 cm, and s =14 c¢m.
g InaWXZ w=38cm,x=14cm, and z = 19 cm.

Note g) does not have a solution because the triangle as written
does not exist. (14 ¢cm + 19 cm < 38 cm)
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Concept D: Applications of Trigonometry

Objectives/Skills Instructional Notes
D5 Students should be given a set of problems/exercises that they
To solve word problems by means can work at individually or in pairs. They can demonstrate
of the Law of Sines/Cosines. correct solutions as examples, or raise difficult problems for

discussion. Inasmuch as possible, these problems should be
chosen for their applicability to real-world situations.

Students may also be instructed to design their own problem
based on these laws and to submit it to others in the class for
solution.
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Examples/Activities

A surveyor wishes to determine the width of a pond. From a
point A at one end of the pond he marks off a distance (B) of
150 m on one side of the pond, and a distance (C) of 167 m on
the other side, so that B and C are directly across from each
other. The angle at A between B and C is measured to be
43°. What is the distance across the pond?

A hockey net is 1.72 m wide. If a player stands 10 m directly
in front of the left hand post, and he is to shoot at the net,
what is the angle the player has to shoot at?

Two persons are standing 500 m apart on opposite sides of a
building. One determines that the angle of elevation to the
top of the building from their position is 22°, and the other
determines it to be 27°. How tall is the building?

An emergency signal is being emitted from a fixed position.
One response team determines the signal to be at a bearing
of 63°, while a second response team, 2 km due east of the
first team, determines the bearing to be 312°. Which team is
closer to the emergency signal, and how far away is it?

Two streets meet at an angle of 74°. It is determined that no
private lot should be allowed closer than 23 m from the
intersection. To inhibit any high fences that would obscure
vision, it is decided to plant a hedge about this triangular
plot. What is the total length of the hedge on all three sides?
What is the length of the longest side?

Adaptations

Students could be asked to research
similar types of problems in various
resource texts and to bring one or two
of these to class for discussion, or to
contribute to a class assignment.

545



Concept D: Applications of Trigonometry

Objectives/Skills

D6
To determine the area of a
triangle using K = 1/2 ab sin C,
K = a’ sin B sin C

2sin A

or Heron’s Formula,

K = ysis-a) (5-b) (s-C)

where s is the semi-perimeter of
the triangle.

Instructional Notes

Students could be shown the derivation of the various area
formulas (except Heron's} or they could be encouraged to
attempt to develop the formulae on their own, individually or in
small groups.

Once the students have encountered the formulae, they can
attempt a series of exercises based on finding areas of triangles
using these formulae.
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Examples/Activities

1. ' Determine the area of each of the following triangles:

a) b) 12 em
- N
15 em

H v
c) d)
Ber

1% em
e) f) 1

Mem }'-‘C-l“
|Aem

il em |

2. Calculate the area of s ABC, if

a=23¢m, b= 18 cm, and m < C = 48°,

3. Determine the area of o DEF, if
m<D=54m<E =63 and f = 48 cm.

4. (Calculate the area of an isosceles triangle whose base is
39 cm and whose base angles are 54°,

5. Determine the area of a triangle whose sides have lengths
25 cm, 33 em, and 42 cm.

Adaptations

The proofs of the first two area
formulas should be developed by the
students, perhaps with some initial
hints from the teacher. For advanced
students, Heron’s formula can be
started and left for the students to
carry out the algebraic manipulations
required to complete the proof.
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Concept D: Applications of Trigonometry

Objectives/Skills Instructional Notes
D.7 Students can be given a set of problems to work at individually
To solve word problems involving or in pairs. These problems can be found in most resource texts,
objective 6. and should be chosen to reflect real-world situations.

Once the exercise is complete, students can demonstrate a
problem for the class, or identify a particular problem for class
discussion.
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Examples/Activities Adaptations

1. A municipal crew is to seed a triangular plot to grass. The
plot measures 60 m on one side, 73 m on a second side, and
has an included angle of 59°. What is the area of the plot? If
it is to be seeded at the rate of 80 grams of seed per square
meter, how much seed is required?

2. A country has issued a stamp in the shape of an isosceles
triangle, 25 mm on each of the two equal sides. If the vertex
angle is 72°, what is the area of the stamp?

8. What amount of siding would be required to cover one end of

an A-frame building whose base is 8 m and whose vertex
angle is 58°7
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Concept E: Trigonometric Identities

Foundational Objective:

* To demonstrate the ability to work with trigonometric identities and to be able to apply them when
necessary (10 05 01). Supported by the following learning objectives.

Objectives/Skills

E.1
To prove and apply the reciprocal
identities.

E.2
To prove and apply quotient
identities.

Instructional Notes

Note: While trigonometric identities are included in this course
it is not intended that they be taught in the traditional manner.
Rather, it is recommended that the time line of two weeks be
adhered to and that time be spent on applications of these
identities to angle calculations in addition to verification. As
well, verification exercises may be done as proofs, to reinforce
the learning objectives of Concept A.

3

The reciprocal identities are those whose product is 1.
E.g: cos¢secd=1 or cos ¢ = l/sec ¢

sin¢gcscd=1 or sin ¢ = Lesc o
tangcot ¢ =1 or tan ¢ = l/cot o

These identities can be shown to be true by the students, using
a unit circle (x,y,r) or by employing the right triangle approach.

The students may be asked to use these identities to verify a
statement, or to determine a specified value.

The quotient identities are usually thought of as those identities
where two or more functions are divided to obtain another
function. For our purposes, these are;

tan ¢ = gin ¢ and cot ¢ =cos 0

cos ¢ gin ¢

Students can be asked to develop these quotient identities from
the unit circle (x,y,r) or from right triangle trigonometry. They
might work in small discussion groups to develop these. Once
these are developed, the students can be given a set of exercises
in which they are asked to verify statements or to determine
specific values.
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1.

Examples/Activities
Show that each statement is true.
a) Lisecd + Lcos & =cosd+secd
b) csc¢ secd sin o= Licos ¢

c} cotd-tand= sin¢

csc ¢

d) Yesc ¢ cos ¢ sin ¢ *sec ¢ = sin’ ¢

Determine the indicated value in each case.

a) Ifcos¢=v8/2 thensecp= ?

b) Ifcoto=4.2,thentand= ?

c) Ifcsc¢=-63,thensing="7

Find all possible values of ¢ in each part of question 2.

Verify each of the following statements.

a) sin ¢ cotd=cosd
b) tan ¢ csch = sec ¢

¢) cosd-1 =cotd-cscd

sin ¢
d) csco(cos¢p+sind)=1+cotd
Determine the value specified.
a) If cos & = -3/5 and sin ¢ = 4/5, what is tan ¢? cot ¢?

b) If cot ¢ = -8/2, what are possible values for sin ¢? cos ¢?
sec §?7 csc ¢?

Write the given function in terms of the specified function.

a) csc¢;in terms of sin ¢

Adaptations

Students may wish to show these
statements true in ways other than
step-by-step solutions. If some
students wish to utilize tables, graphs,
or other methods, they can be
encouraged to do so. A discussion can
be held about the number of methods
possible. One outcome of such a
discussion is determining if there is
any one method more appropriate
than others. (COM)

 Students may develop different

processes for verifying these identities.
Several of these might be displayed
and discussed, in order that the class
may see there are different
approaches, and so that individuals
may adopt a process that suits them.
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Concept E: Trigonometric ldentities

Objectives/Skills

E.3
To prove and apply the
Pythagorean identities.

Ed
To prove and apply the
Addition/Subtraction identities.

Instructional Notes
The Pythagorean identities can be developed from either the
right triangle or the unit circle. The students could be given an
opportunity to develop these on their own, or in small groups.

These identities are:
sin¢ +cos® =1

1 + tan® ¢ = sec® ¢

1+ cot? ¢ =esc? ¢

" Students should be asked to find alternative forms of each; such

as,

sin® ¢ = 1 - cos® ¢, in order to become familiar with some of the
common variations of these identities.

Once students have developed these identities, a set of exercises
on verification and determining specific values can be assigned.

The development of the addition/subtraction identifies can be

quite complex. It is suggested that the teacher model the
development of the identity cos (B - 9) = cos B cos ¢ + sin 8 sin d.
This development can be found in a number of resource fexts. It
usually employs the distance formula.

When this identity has been developed, the others can be
derived using this as a starting point. The other identities to be
used are

cos (B + 9) = cos B cos 0 - sin B sin 0

sin (B + 9) = sin B cos 0 + cos B sin d

gin (B - 9) = sin B cos d - cos B sin 0

tan(B+0d)=tan B + tan o
1-tanBtand

tan(B-0)= tan B - tan 9
1+ tan B tan @

As an addition, the teacher may wish to use these formulas to
show cos (-B) = cos B, tan (-8) = - tan B, and the like.
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Examples/Activities
Verify each of the following statements.

a) sin® ¢ + cos®¢ + tan® ¢ = sec® ¢
b) (1-cos’d) =tand
sin ¢ cos ¢
¢) cos®d-sin® ¢ =2cos’ -1
d) csc® o -cot’> ¢ + tan’ & = 1/cos ¢
sec ¢

Express each of the following in simpiest terms.

a) V1-sin’¢ =

b) 1-(sin®¢ + cos® ¢) =

¢) (1-cos’d)cotd =
sin ¢

Determine the indicated value.
a) Iftan ¢ =2/3, whatissec¢?

Show the following identities are true by substituting exact
values and simplifying.

a) sin®30°+cos®*30°=1
b) sec®45°-tan?45°=1 "

¢) 1+ cot®60° = csc? 60°

- Use the addition/subtraction identities to obtain exact values

for each of the following:

a) sin 75°
b) cos 15°
¢) tan 105°

Simplify each, using the addition/subtraction identities.

a) cos 153° cos 63° + sin 153° sin 63°
b) sin 54° cos 36° + cos 54° sin 36°
¢} tan 110°- tan 65°

1 + tan 110° tan 65°

< A and < B are angles in standard position, such that < A is

in the fourth quadrant with cos A = V¥5/3, and < B is in the
third quadrant with sin B = -V3/2,

Determine:

a) sin (A + B)

b) tan (A - B)

Adaptations

Many of these types of exercises can
be located in various resource texts.
Students might be asked to research
various texts and to propose exercises
for solution by the class. (IL)

Students could be assigned some

verification questions for intrinsic
interest if they exhibit some skill in
applying these identities. They could
be instructed to attempt some of the
guestions found in various resource

" texts and to bring interesting or

difficult exercises to the attention of
the class. The class could then
attempt a solution to the problem.

553



Concept E: Trigonometric Identities

Objectives/Skills

E.5
To prove and apply the
Double-Angle identities.

Instructional Notes

The teacher can have the students derive the double-angle
identities by substituting into the addition identities and
simplifying.

The double-angle identities to be done are
cos 20 = cos® ¢ - sin? ¢, or

1-2sin®¢, or

2 cos? ¢ -1

It

sin 26 = 2 sin ¢ cos ¢

tan 26 = 2 tan ¢
1-tan®¢

The students can begin with

sin (¢ + B) = sin ¢ cos B + cos ¢ sin B, and substitute ¢ for B ,
which becomes

sin (¢ + ¢) = sin ¢ cos ¢ + cos ¢ sin &
sin (20} = 2 sin ¢ cos ¢.

The other double-angle identities can be shown in a like
manner.

Once the identities have been proved, a set of exercises on
applications of these identities may be assigned.

E.6
To determine sin n¢, where n is a
natural number.,

Students can be instructed to develop expressions for sin 3¢, 44,
5¢, etc., based upon their knowledge of the identity for sin 2¢.
They can do the same for cos n¢, and tan n¢, or simply
conjecture what might happen. They should test their
conjecture.

The above will probably not have much meaning in itself, except
for some intrinsic interest. Therefore, students should also
attempt to graph sin ¢, sin 2¢, sin 3¢, sin 4¢, etc., for values of ¢
from 0° to 360° and compare the graphs

The students may also explore the relationships of sin n¢ by
preparing charts (tables of vahxes) for ¢ from 0° to 360° and
observing the results.

The teacher may assign various groups a different method of
exploring sin n¢ and have the groups compare their results. The
presence of more than one depiction should help students
understand the effect of a multiplier on ¢. These can also be

done for cos n¢, tan n¢, time permitting, or as a project outside
class time.
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Examples/Activities

Determine the value of each expression.

Adaptations

In addition to applying the

double-angle identities, some teachers

a} 2 sin 22.5° cos22.5°

b) cos® 67.5°- sin® 67.5°

may wish, time permitting, to have
students do a few verifications
involving double-angle identities.

These can be found in resource texts
c) Z2tan 75 and might be assigned to students to

1 - tan® 75° work on in small groups.

If s5in ¢ = 3/5 and ¢ terminates in the second quadrant,
dgtermine the values of*

a) sin 2¢
b) cos 2¢
¢) tan 2¢

Find an expression for sin 4¢.
Develop an expression for cos 3¢.
Write an expression for tan 3¢.

Draw the graphs of y = sin ¢,
¥y = sin 2¢ , and y = sin 3¢ on the same coordinate axes.
What is the wavelength of each?

Draw the graphs of tan 2¢ and tan ¢ on the same axes. Note
your observations regarding the similarities and differences
of the two graphs.

Draw the graphs of cos ¢ and cos 5¢ on the same axes. What
similarities and what differences are there?

If you were given gin né, how would you describe the effect of
n on the graph of the sine function? What might happen if n
were a rational number between 0 and 1?
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Concept E: Trigonometric Identities

Objectives/Skills

E.7
To apply the Half-Angle
identities.

Instructional Notes

In this section, students can be given the half-angle identities,
and asked to use them in applications. These half-angle
identities are:

|cosg| - l i+cos¢
2 2
|Sing| . | 1-cos¢
2 2
o, _ | 1-cosd
tan2| = .I =058
| anzl 1+cosé¢
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Examples/Activities

1. Use the half-angle identities to determine the exact value of:

a) sin 15°
b) cos 15°
¢) tan 15°
d) sin 22.5°

e) cos7.5°

2. Given that tan ¢ = 4/3 in the third quadrant, determine the
value of sin ¢/2, cos ¢/2, and tan ¢/2.

3. Given that sin ¢ = 5/13 in quadrant I, find the values of
sin ¢/2, cos ¢/2, and tan ¢/2.

Adaptations

If time permits, and if students exhibit
some proficiency with identities, some
verification exercises could be done
with half-angle identities.
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Concept F: Trigonometric Equations

Foundational Objectives:
¢ To demonstrate understanding and ability in solving trigonometric equations (10 06 01). Supported by
the following learning objective.

Objectives/Skills Instructional Notes
F.1 Equations requiring a particular solution have a restricted
To solve trigonometric equations domain and the solution(s) obtained are required to be within
by finding a particular solution that domain. General solutions are expected where no
and by finding the general restriction on the domain is given. Hence, values which repeat
solution. over the extended domain must be included. The students must

‘discern the pattern of repetitiomr and-account for this repetition
in their answer. The general solution, therefore, usually
requires a variable multiplier in its answer.

It is recommended that the teacher begin with some simple
equations invelving one trigonometric function, and one value,
such as sin ¢ = 1/2. The particular solution for 0° < ¢ < 360° can
be done first and the general solution shown as well.

It is also recommended that the students be instructed to draw
the graph of sin ¢, and determine values of ¢ when sin ¢ = 1/2.
Various groups in the class can be asked to attempt different
methoeds of solution to the same question and to compare results
among groups. Graphing, algebra, tables, and circle graphs are
some methods that might be employed.
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Examples/Activities

Solve each of the following, first for the particular solution
where 0° < ¢ < 360° and then for the general solution.

a)
b)
¢
d)
e)
f)
g
h)
i)

J)

-sin ¢ = ¥3/2
tan ¢ = 4.2
sin 2¢ = -V3/2
cos 3p=1
cos 0/2 = 1/2
tan 2¢ = V3

gin¢-1/2sin¢=0
2tan’¢ = 1- tan
cos’0-3cosd+2=0

sin2x-cosx=0

Adaptations

Students can be instructed to solve
equations showing at least two
different methods of solution and to
complete a hand-in assignment in this
manner. They may be asked to
attempt additional questions from
other resource texts and to share
interesting and/or difficult exercises
with the remainder of the class.

These exercises can all be adapted by
asking students what effect a phase
shift would have on the results of a
sample question. What is the effect of
different restrictions on the domain?
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Appendix A

Instructional Strategies and Methods

The following précis describes methods from Instructional Approaches: A Framework for Professional
Practice (1991). Refer to that document for a more detailed discussion of these methods and the "families"
of strategies to which they belong.

Cooperative Learning

This is an approach where students work together to complete a task or project which is often based on
their particular group’s strengths and interests. Students engage in brainstorming, reflective discussion,
mutual decision making, or conducting research. The purpose of using cooperative learning groups is to
minimize competitiveness and feelings of low self-esteem and to increase students’ respect for and
understanding of each others’ unique abilities, interests, and needs. (PSVS)

Concept Attainment

Concept attainment focuses on understanding what characteristics or attributes may be useful for
distinguishing between members and nonmembers of a group or class. Clues are supplied by the teacher
from which students are to determine the identity of concepts. The five key elements necessary to define a
concept are: names, examples, attributes, attribute values, and rules. (CCT)

Lecture

The learning environment during lecture is task centred, teacher directed, and highly structured. In
general, this strategy involves the teacher explaining a new concept to the large group, testing
student-understanding by controlled practice, continued guided practice under the teacher’s supervision,
and finally independent practice by the student.

Problem Solving

Problem solving is the process of accepting a challenge and striving to resolve it. It allows students to
become skillful in selecting and identifying relevant conditions and concepts, searching for appropriate
generalizations, formulating plans, and employing acquired skills. The process of problem solving involves
three phases: understanding the problem, devising and carrying out the plan, and locking back. (CCT)

Learning Centres

Learning centres may include examples of print and non-print materials, types of audio-visual equipment,
and programmed instruction. The purpose is to provide students with differentiated learning experiences
in the form of individual or group activities. Students may be directed by the teacher or may be given the
opportunity to select, manage, and evaluate the experiences around which the centre was designed. (IL)

Drill and Practice

Drill and practice can be of many types; visual, manipulative, oral, wﬁtten, or any combination of these.
To be of most value it must always be accompanied with good mental processes. Drill and practice should
follow the developmental and discovery stages of learning and be used to reinforce and extend basic
learning. . :

Compare and Contrast

This strategy develops the students’ ability to collect, organize, and remember information and helps them
apply that information for new learning. This method consists of three phases: the description phase,
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comparison phase, and application phase. By keeping the students actively and thoughtfully involved in
collecting and processing information, the compare and contrast method helps them to develop the ability
to become independent learners. (CCT)

Role Playing

Role playing allows students to deal with problems through action: through identifying the problem,
acting it out, and discussing it. The essence of role playing is the involvement of participants and
observers in a real problem situation and the desire for resolution and understanding that this
involvement generates.

Games

A well-designed game will partly teach itself. Simulations enable students.to learn first-hand from the

simulated experiences built into the game rather than from teacher’s explanations. However, it is still

important that a teacher raise the students’ consciousness about the concepts and principles involved in
the game, because the students may not always be aware of what they are learning and experiencing.

Projects

Projects are used for independent study and should supplement or enrich the basic lesson, once the skills
or concepts have been learned. They foster the development of individual student initiative, self-reliance,
and self-improvement. The role of the teacher is one of resource person rather than a presenter. (IL)

Computer-Assisted Instruction

This independent study method promotes learning through interactive demonstration, drill and practice,
tutorial, simulation, educational games, and programming as problem solving. Teachers must carefully
assess the software under consideration so that it meets the desired educational goals.

Tuatorial Groups

Tatorial groups are set up to help students who need remediation or additional practice, or for students
who can benefit from enrichment. A tutorial group is usually led by the teacher. Tutorial groups provide
for greater attention to individual needs and allow students to participate more actively. Peer tutoring
occurs when a student (the tutor) is assigned to help other students (the learners). The roles played by
teacher, tutor, and learner must be explained and expectations for behaviour must be outlined.
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Appendix B

Mathematics A 30

Concept B: Relations and Functions

Objectives

B.1, B.2, B.3 (Mathematics 10}
To display a relation as a set of
ordered pairs, mapping diagram,
and a graph.

Instructional Notes

Students should obtain some practice in this concept by being
given a relation and being asked to provide ordered pairs which
represent the relation. They might also be given a restricted
domain, that would limit the number of ordered pairs.

Given a relation in one of the three forms listed in this concept,
the students should be expected to provide the other two.
Initially, they might work together, but could be expected to
provide these individually after some practice.

They might be given a series of real-world situations to
demonstrate in these three ways and be asked to conclude which
of the three methods is most useful to them in each situation.
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Examples/Activities

Express each of the following as a set of ordered pairs.

1

2,

{x,y): v =2x3,x e {0,1,2,3,4}]

{xy): y=3x+4, x € 1,x>2)

+ o7
T
- ~
ﬁ -o QE—

Adaptations

There are many opportunities for
students to extend this topic.

Teachers may require students to find
examples of relations in the real-world

-through newspapers, magazine

articles, or books, and to illustrate
them for the class.

Examples can be drawn from many
walks of life, politics, economics,
sociology, sports, business, sales,
statistics, health, agriculture, and
from any sector of geography, right
from individual cencerns to global
BCenarios.

Students might be expected to give
written background information on
their examples and thus utilize
writing skills in mathematics.

Express each of the above (except 3) as a mapping dlagram
Express each of the above (except 4) as a graph.

Express each of the following as ordered pairs, a mapping
diagram, and as a graph. Which is{are) the most useful
descriptions for each case?

1.

2.

Scores in a recent tennis match were

7-5, 3-6, 4-6, 6-2 and 6-4 .

The approval ratings for a politician in a series of polls
were as follows:

Jan For 58% Vs. 42%

Mar For 53% Vs. 47%

May For 51% Vs. 49%

July For 46% Vs. 54%

Sept For 48% Vs. 52%

Nov For 43% Vs. 57%

When rolling a pair of dice thirty-six times, the fo]lomng
results were obtained: (no. of rolls, total),
{(1,2),(2,3),(3,4),(4,5),(5,6),
(6,7),(5,8),(4,9)(3,10),(2,11),(1,12) }.
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Concept B: Relations and Functions

Objectives

B.4 (Mathematics 10)
To graph relations representing
real-world situations.

B.1, B.9 (Mathematics 10)
To determine the domain and
range of a relation.

Instructional Notes

Many examples of these types of relations can be found in most
texts, but students may prefer to obtain and use examples that
affect them more closely, or are of interest to them. They can be
instructed to research these from other sources, or to expand
upon those they found in previous objectives.

Students working cooperatively could screen suitable examples,
and prepare graphs for presentation to the entire class.
Discussion could ensue on any of the topics that might elicit
interest, and be of use to students. (PSVS)

Students may also use this cbncept to explore individual
situations that lend themselves to this topic. (E.g.: number of
shots, number of baskets)

This concept should enable students to determine the domain
and range of a relation in several different contexts. Exercises
can focus on mathematical solutions, visual solutions,
extrapolation, or sorting out information.

Students could be presented with a variety of exercises and be
asked to discuss in small groups the meanings of domain and
range. Using these meanings, they could identify the domain
and range in the various contexts stated above. (COM)

Each group member should be satisfied with the results
obtained by the group and should be able to explain the
procedure used in each situation.

The class as a whole may summarize the results, and a series of
exercises assigned for practice.

Thie topic is especially valuable for students, as proper
identification of domain and range lends itself to many topics in
analytical mathematics and in curve sketching in calculus.
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Graph each of the following. What cbservations might you make

Examples/Activities

for each case?

1

How would the domain and range be determined in each of the
following situations? What is the domain and range for each?

The number of wins and losses by baseball teams in the
American League East at the most recent report. (If not in
season, use any other athletics statistics.)

The numbers of cars and trucks sold by the top ten sales

agents at a local car lot.

The amount of gasoline used by the same vehicle (in

litres/100 km) at different speeds.

The cost of resurfacing streets of varying lengths at the

present cost per kilometre,

The number of students in your class/school who get marks in

the 50s, 60s, 70s, 80s, 90s.

The number of students who participate in a school’s
activities, and the cost of running each activity.

Adaptations

Students may wish to focus on some of
their examples, and discuss the
results. 'This might lead to
identification of some improvements,
or alternatives, in dealing with certain
situations. If this occurs, it may
present an opportunity to combine the
mathematics with writing and real-
world problem-solving skills.

Students could refer to questions done

in previewing objectives, to determine

domain and range of each.

A discussion regarding the possible = _

1. Given {(x,y): y = 8x-5, x? € (-2,-1,0, 1))
2. {(-3,2), (-4,5), (-2,0), (0,2), value of domain and range in various

(1,3), (2,5), (0,30 situations might be enlightening to

some students.

3. {(xy):y = -4x43, x< b}
4 4—30

5 ﬁ 7

6 5

T 3

5\} 1

-1
5. P,
oB
oL
*p

6.
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Concept B: Relations and Functions

Objectives Instructional Notes
B.7, B.8 (Mathematics 10) The definition of function was introduced in Mathematics 10,
To determine if a set of ordered Students should review this definition and obtain some practice
pairs represents a function. in determining whether a set of ordered pairs represents a
function by definition.

Exercises given to students should include some non-functions
as well as functions. Students should be expected to not only
identify these sets as representing functions or not, but should
also be able to demonstrate why they are, or are not, functions.

B.8 (Mathematics 10)

To determine if a relation is a Give students the graphs of some functions and some
function by applying the vertical non-functions to examine (including some where both the
line test. domain and range are integers). Have students list a set of

ordered pairs that belong to each graph. Then have them
determine, with justification, whether the graph represents a
function. '

that are non-functions. This can be done in small groups or on
the board as an entire class,

Discuss any characteristics each set of graphs have that might
seem to make it distinct from the other set.

The students should reach the conclusion that if any vertical
line superimposed on a graph intersects the graph in more than

one point, it is not the graph of a funetion. This is the vertical
line test. :

If students are not able to reach this conclusion, the teacher
should provide more graphs, hints, and directed questions to
lead the students to this conclusion.
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Examples/Activities Adaptations

Determine whether each of the following represents a function.
Be prepared to justify your answer.

1. {(1,3),(2,5),(8,7),(4,9),(5,7)}

2. {(-2,0),(-1,-1),(0,-2),(1,-3),(2,5)}

3. {(2,-4),(8,-4),(4,-4),(5,-4),(6,-4)}

4. {(2,3),(2,1),(2,-1),(2,-3))

5. {(2,7),(3,6),(4,5),(5,4),(6,3),(4,7),(7,4))

6. {(3,5),(4,4),(5,3),(6,2),(5,3),(7,1)}

For an exercise, draw several graphs on the board (overhead, etc.)
and ask students to determine whether they represent functions.
Ask them to justify their response.

Students in small groups could use different resource texts and be
asked to locate a specific number of graphs that represent
functions and a specific number that did not. These examples
should be recorded by page and number and should be justified to

each group member, (IL)

Provide students with a set of ordered pairs, instruct them to plot
these ordered pairs, and then apply the vertical line test to
determine if the ordered pairs represent a function.
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Concept B: Relations and Functions

Objectives

B.13 (Mathematics 10)
To graph linear equations using
the x- and y-intercepts.

B.14 (Mathematics 10)
To graph linear equations using
one intercept and the slope.

Instructional Notes

Present students with a linear equation and ask them what type
of geometric figure it would represent. Most should recognize
this equation as representing a line. Ask them how many points
it takes to determine a line. Then ask them to determine two
points on the line. Using some group’s example, plot these two
points and draw a line through them. Ask students to identify
the coordinates of the points where the line intersects the two
axes. Define these as the x- and y-intercepts. Give students two
or three other equations and ask them to determine the
intercepts, plot them, and draw the line-joining them. Get
solutions from various groups.

Once students have developed the ability to graph using the
intercepts, a short exercise can be assigned.

Have students graph several equations: by plotting, using
intercepts, graphic calculators, or computers. Have them make
note of the intercepts and the slope.

Provide students with one intercept and the slope for a few
exercises. Ask them to draw the graph with this information.
They can check their graphs with other members of their group.

Once students can do these in small groups, a few exercises can

be given as an assignment.
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Examples/Activities
Graph each of the following using the x- and y-intercepts.
l. y=3x4
2. 2x+by=10
3. 3x-4y=-12
4. x=8y-2
5., (V2)x+(BM4)y=6
6. Forlines such as x = 5, y = -3, and 4x-3y = 0, have students

identify the intercepts, and discuss how to recognize
situations where other points are necessary to plot the line.

The examples and exercises could be similar to the following.

1. Draw the line as described in each of the following;

a) slope(m) = 3, y-intercept(b) = 4

b) m =12, b=-3

¢} m=-2 x—intercept(é) =3
"d) m= 35, a=-1

e) m=0, b=3

f) m = undefined, a=-4

2. Draw the graph of each of the following, using the slope and
one intercept.

a) y=2x3

b} y=(1/4)x +5
¢) 2x3y=-6
d) 4x+3y=0

e) (2/3)x-(12)y=4

3. On a coordinate map, a plane’s navigator finds that on a line
due north, at the town of Coon Rapids, the navigator must
turn 30° to the East (slope of 2) to follow her projected route.
Have students depict this situation on a graph.

Adaptations

Students may also wish to discuss the
advisability of checking their
calculations by using a third point in
each case. Are there other checks they
can utilize?

Student groups can be given paper,
pencils, rulers, and protractors and
asked to use their new-found skills to
address situations such as: how can a
person mark out a baseball diamond,
if he/she knows the location of home
plate and the pitcher’s mound (66 feet
apart), that the third base line (m=-1)
and first base line (m=1) intersect at

__home plate, and that third baseand

first base are each 90 feet from the
home plate? This can be extended by
having students complete the baseball
diamond by including the outfield.
What if it had to be superimposed on a
football field? What are some
restrictions that might apply?
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Appendix C

Permutations and Combinations

When introducing this topic, use nCr or
Rl n |

[r] B ri(n-n)

but

n
:

certainly should be used somewhat as it is almost a universal symbol for combinations and is particularly
used when discussing the binomial theorem.

First a lottery problem for them - for p12?

In Lotto 6/49 what is the probability of

a) picking the winning ticket?

b) picking none of the right numbers for your ticket?
¢) getting exactly one of the six numbers correct?

a)
49
p=1 [6] = 113, 983, 816
b)
ol
p= 0][6] _ 6096454 _
49 13,983,816
o
o)

6 43}
_ 115 _ 60962,598) _ 41a0

491 13,983,816
6

Note that the chances of at most 1 correct is seen to be about .849. I think you win $10 for three correct.
What are the chances in this case? I think p is about .0177, roughly a one in 57 chance.

To illustrate the size of the numbers involved you might suggest the following - suppose you always buy
the same six numbers on Wednesday and Saturday, roughly 100 tickets per year. On the average that
particular combination will come up once in about (1/2)(14,000,000)/100 = 7000 years!
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Appendix D
Binomial Theorem

The Binomial Theorem for positive integer exponents should really be couched in terms of combinations.
Consider (x + y)*. If we think of this as long muit1phcatmn we first observe that from the product (x + ¥)

(x +y) (x + ¥) we will get terms such as x*, 2%, x%%, xy°, and y*. How do we get x*? By choosing 4 x’s out
of 4 ¥'s in the x + y terms; e.g.:

4
4

=1

ways; x°y? By choosing 3 x's out of 4 X’s in the x + y terms; e.g.! in

4
=4
:

ways; X’y?? by choosing 2x’s our of 4x’s in the x + y terms; e.g.: in
4
2

ways; xy°?

=6

By choosing 1 x out of 4 X's in the x + y terms; e.g.: in

4]

ways; y*? By choosing 0 x's out of 4x’s in the x + y terms; e.g.! in

-

ways. In summary we have

4 4 4 4 4
o B ol s

In general to find the coefficient of ¥y*¥ in (x + y)" it is simply the number of ways of choosing k x's from
nx’s. E.g.
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Introduce fhe Binomial Theorem this way and then have students do (x + y)', (x + )%, (x + )3, (x + y), (x
+ ¥F, (= + y)° etc. to see the pattern of coefficients. Show them Pascal’s triangle.

1
11
121
1331
14641
15101051
1615201561 ete.

Maybe some good students will then deduce Pascal's Identity upon which the triangle is based; namely,
n n~1] n-1
+

r r r-1

Ask them to sum the rows of the triangle. Why is it always 2°? This really relates to sets and subsets
that they have seen earlier. For example, if we have four people, in how many ways can we pick people to
make a committee of size 0, of size 1, of size 2, of size 3, of size 4?7 These are

s8] []- ol

respectively. Together they add up to 16. Equivalently, how many subsets (including the empty set) does
a set of size four have? 16 = 2‘. Why do we get 2" if we replace four by n? It is because the Binomial
Theorem with x = y = 1 tells us that the total number is

AR

& | 3 ) 5

2" = (141 =

Here is a similar challenge. Instead of adding across a row of the triangle, alternately insert + and -

signs. E.g.: inrow four youget 1-4+6 -4+ 1=0. Why do we always get 0? It is because the Binomial
Theorem with x = 1 and y = -1 tells us that the total is

o= 0oty < - [ f com [ [}

Note this illustrates why the number of subsets each with an even number of elements equals the number
of subsets each with an odd number of elements. E.g.:

ARAR SR

4

n
5
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Appendix G

Mathematical Proof - Introduction and Student Notes

This resource package contains lessons to help the teacher with the unit on proofs in Mathematics C 30.
For students to be able to do each question in this unit, it would be desirable for them to take this as their
final unit. However more than 95% of the questions contained here can be done without the knowledge of

the "trigonometry" portion of Mathematics C 30. Hence, teachers may use this as a first unit in the course
as well, '

The resource consists of three sections -- Appendix G (Student Notes), Appendix H (Teacher Notes), and
Appendix I (Assignment Solutions).

Appendix G is intended to be copied and given to the students. This section contains lesson notes with the
examples not worked out. The idea is that the teacher would discuss the material and work through
the examples and conduct the suggested activities. The students would fill in the missing pieces as the
discussion ensues.

Appendix H and I are for use by the teacher. Appendix H indicates, with the examples fully worked,
what the author had in mind when creating the student notes. Appendix I contains the full solutions to
the assignments. Teachers can withold these solutions from students or photocopy them as desired.

Because proofs of identities occurs in the trigonometry section, no additional identity proofs have been
developed in this package. It is suggested that the package be done in the following order:

Lessons

The Need For Proof

Inductive Reasoning

Deductive Reasoning .

Conditional Statements and Proofs By Counterexample.. ... . __. ..

Integer Property Proofs

Deductive Geometric Proofs and Indirect Proofs
Coordinate Geometry Proofs

Proofs By Mathematical Induction

e i el el e e

The amount of time available will dictate how many questions you will assign. In some cases, just

working through the notes with the students will give them the idea of the concept under discussion and
perhaps only a few practice questions need be given.

Every effort has been made to be accurate. The exercises included in this package have been used in the
classroom with success while teaching Mathematics C 30. These materials will give students a better
understanding of the topic. Each lesson may take several periods to complete.
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Examples/Activities Adaptations

Determine whether each set of data represents a hyperbola, an
ellipse, or other. Then write the equation for any set that
represents a hyperbola or an ellipse.

1.

2.

Foci (£12,0); sum of foeal radii = 26
Foci (£5,0); difference, focal radii = 8
Vertices (0,27); Foci (0,25)

Foci on x-axis, a=6,b =4

Foci on y-axis,a=5,b=4

Focus (3,-2); directrix x = -3

Ellipse with centre at (0,0}, a domain extent of +5 and range
extent of 3.

Ellipse with foci at (3,2) and (-5,2), and a constant sum of 10

If the general equation of an ellipse is given by As an alternative, students could be
16x° + 25y° - 64x + 150y = 111, and one of the foci is known  asked to locate these types of problems
to be (5,-3); where is the other focus? in other resource books, and pose them

to the class. A short discussion of

o T S ""'"EﬁltablhtToI guch problems ld_e_ntlﬁ_ed, e o

and a class solution for each, might be
useful. (COM) '
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Concept B: Conic Sections

Objectives/Skills

6.a)

To determine the equation of a
hyperbola or an ellipse, given
sufficient information.

6.b)
To solve word problems invelving
ellipses or hyperbolas.

Instructional Notes

The students can be given a set of exercises in which they must
examine the given information to determine whether it
represents a hyperbola or ellipse. They should write the correct
equation for this information. They might compare their results
to others in the class, or work in pairs to decide which conic it
represents.

Students should be able to work with any problems in their text
dealing with conic sections. Each text should have one or two
problems relating to these conics. These may be assigned or
done together as a_class,_
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Examples/Activities
Determine the equation of the hyperbola in intercept form in each
of the following cases. Also determine the equations of the
asymptotes for each.
1. Foci(x4,0); 2a=6
2. Foci(0,x3); 2a=2
3. Foci(3,0)(11,0); 2a = 4
4. Foci(0,-3) (0,9); 2a = 10
5. Foci (4,-2) (-2-2) ; 2a = 4

6. Foci(-3,-7)(-3,3);2a =6

Rewrite the equation of each hyperbola in intercept form.
Determine the asymptotes for each and sketch each hyperbola.

Identify the vertices, centre, domain, and range of each hyperbola.

1. 2¥*-3y'=6
2, x*.y*=6

3. 25¥°- 4y* = 100

Adaptations

Students who might be interested in a
challenge could be given the task of
graphing and analyzing hyperbolas
whose general equation includes an xy
term. They might employ technology
to assist in the graphing, and then be
asked to draw conclusions about the
effect that the xy term has on the
graph. (CCT) (TL)

B e
5. 4x*- 9y* +16x +18y = 20*
6. 9y - 4x® +18y + 24x = 63*

7. 4x*-y’-8x + 6y = 9*

* Graphing can be done using the translation of axes.

A starting point in this case might be
an equation of the type xy = 12.
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Concept B: Conic Sections
Objectives/Skills

5.b)

To determine the equation of a
hyperbela in the intercept form
when given the foci and the
difference of the focal radii.

5.c)

To convert a given general
equation for a hyperbola to the
intercept form and sketch and
analyze its graph.

Instructional Notes

The intercept form of the equation of a hyperbola is

x*/a® - ¥%/ b* = 1 when the transverse axis is horizontal, and
y¥a? - x*/b’ = 1 when the transverse axis is vertical. The
relationship of a, b, and ¢ for the hyperbola is different than for
the ellipse. Students should be shown this. For the hyperbola,
the distance from the centre to the focus is ¢, the distance from

the centre to the vertex is a, and b% = ¢* - a°

Students should also be shown how to determine the equations
of the asymptotes given the intercept form of the equation of the
hyperbola.

In this section, the students should have practice in converting
the general equation to intercept form, sketching the
asymptotes, and sketching the graph of the hyperbola.
Converting the equation to intercept form should be a relatively
routine matter of employing the process of completing the
square.

- The sketching-of the-asymptotes-could-be-done-as-a-review-of - — = oo

slope and lines. The determination of the equations of the
asymptotes should be emphasized. Once the asymptotes are
sketched, the graph of the hyperbola can be sketched as well.
Students can compare their graphs with others, or with graphs
obtained through various technologies, to observe their progress.

An analysis of the hyperbola inight include the vertices, the
centre, the asymptotes, domain, and range.
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Examples/Activities Adaptations

In the graphs provided, label the foci, centre, vertices, and draw
in the asymptotes in each case.

1. 2 2
+ 2‘___-;____:|
I H 9
1 1 L 1
f l | —
2,

3. Given that the foci of a hyperbola are (-3,0) and (3,0), and
that the vertices are (-2,0) and (2,0), sketch the hyperbola.
Label the centre and the asymptotes.
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Concept B: Conic Sections
Objectives/Skills

5.

Hyperbola

a) To define and illustrate the
following terms: hyperbola,
foei, focal radii, major axis,
minor axis, axis of symmetry,
asymptotes, vertices,
rectangular hyperbola.

Instructional Notes

The teacher might introduce hyperbolas by having the students
draw the locus of 2 point whose given distance from two fixed
points is a constant difference. Note that students may have to
be given the fact that there are two parts to this locus.

Sketches of several of these loci could be drawn on the board or
overhead and used to illustrate the main definitions associated
with hyperbolas. The definition of transverse axis (the line
segment connecting the two vertices) might also be useful.

Students should obtain some practice with these definitions and
in identifying them from sketches of hyperbolas. Asymptotes of
the hyperbola should be sketched. The equations of the
asymptotes should be found in each case.
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Examples/Activities
Convert each of the following to the intercept form of an ellipse,
analyze the resulting equation and sketch the graph of the
intercept form of the equation.

1. 9%° + 25y* = 225

2. 16x%° + 41y’ - 246y -297 =0

3. 9x%+ 25y%- 36x - 50y -164 = 0

4. The orbit of the Earth is somewhat elliptical. If we placed

the Earth and the sun on a grid such that the centre was at
the origin, the sun was at one foci (1.2x10° km,0), and if the
distance from the Earth to the sun (1.5x10° km) is the focal
length, what is the equation of the Earth's orbit? [Most
orbits are elliptical, and satellites, the moon, other planets,
etc. can be used in similar problems. Students may have to
research some of the distances.] An alternative is to write a

sci-fi story regarding the second focus of the elliptical orbit of

the Earth -- a black hole, a dark twin star, ete.

Adaptations

The teacher may adapt this section by
introducing a coefficient for the xy

term in Ax* + By* + Cx + Dy + Exy +

F = 0. The effect of this term might
be studied on the graph, the equation, -
the analysis, or other.

The teacher may also wish to have
students note the coefficients of the x*
and the y* terms throughout this unit
to determine what effect, if any, they
have on the shape of the graph.

3

The notion of eccentricity can also be
used in the study of the ellipse.
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Concept B: Conic Sections

Objectives/Skills

4.c)

To convert a given general
equation for an ellipse to the
intercept form and sketch and
analyze its graph.

Instructional Notes

The teacher may wish to have students first work on a few
examples whose centres are the origin, to get some practice in
converting to the intercept form with questions where the
pattern is easy to establish. The analysis could include the foci,
major and minor axes, domain, and range of the ellipse. A
sketch should also be drawn with each question.

Once the students understand the exercise, the teacher may
introduce exercises whose centre is not on the origin, but where
one coordinate of the centre is zero. This will allow the students
to obtain further practice in completing the square and in
internalizing the steps needed in this section.

The teacher should be able to introduce general equations where
the centre is (h,k). The students should be expected to convert
to standard form, analyze, and sketch these graphs.
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Examples/Activities

Write the equation of the ellipse given the information in each
case.

=

6.

Foci (4,0} (-4,0); sum, focal radii = 10
Foci (5,0) (-5,0); sum, focal radii = 26
Foci {0,+4); sum, focal radii = 16
Foci {0,£2); sum, focal radii = 6

Foci (+£3,0); 2a = 12

Foci (0,£5); 2a = 14

Write the equation for each of the following ellipses.

1.

2.

3.

4.

Foci at (1,5) and (5,5); 2a = 6
Foci at (3,-2) and (3, 4); 2a = 10
Centre (4,-1); 2a=8,b =1

Centre (3,5}, 2a=14,c =5

For 3 and 4, assume the major axes are horizontal. If the teacher
wishes, these may be done without this assumption. The students

are expected to note that there are two possibilities.

Adaptations
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Concept B: Conic Sections
Objectives/Skills

4.b)

To determine the equation of an
ellipse in the intercept form when
given the foci and the sum of the
focal radii.

xH/a?+y¥i=1

Instructional Notes

The teacher may introduce this section by using ellipses centred
on the origin and whose axes are parallel to the x and y-axes.
The foci are then given by (c,0) and (-¢,0), while the sum of the
focal radii is given as 2a. The ellipse can be drawn and labelled
on the board or overhead. Students can be shown how the
Pythagorean Theorem is used to determine the value of b, from
a? = b? + ¢ Once a and b have been determined and the major
axis established, the students can substitute these values into
the correct form of the standard equation of an ellipse. The
students can work through several examples of this type before
the introduction of ellipses whose centre is (h,k) and whose axes
are parallel to the x and y-axes.

Note that translation of axes may be used to introduce the
equation of the ellipse whose centre is (h,k).
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Examples/Activities Adaptations
1. On the graphs of each of the following ellipses, label the two
foci, the major and minor axes, and illustrate the total
distance of the focal radii.

a)

b)

2. Given two foci (3,0) and (-3,0), and a total distance from a
point P to the two foci of 10, sketch the ellipse and label the
major and minor axes.
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Concept B: Conic Sections

Objectives/Skills

4,

Ellipse

a) To define and illustrate the
following terms: ellipse, foci,
focal radii, major axis, minor
axis, vertices, and axis of
symmetry.

Instructional Notes

Students can be asked to draw the locus of a point whose total
distance from two fixed points remains constant. The total
distance should be chosen so that it is greater than the distance
between the two fixed points, but not overly much greater. The
resulting locus is an ellipse. The two fixed points are defined as
the foci. The total distance is 2a, or twice the focal radii. The
teacher may wish to have the students note that the general
equation based on the locus is PF, + PF, = k. In this equation P
represents any point (x,y) on the ellipse, F, and F, represent the
two foci, and k the total distance of the point from the two foci.
The shapes of various ellipses drawn by the students can be
examined and formal definitions introduced. Major and minor
axis can be identified for each ellipse and axes of symmetry can
be specified also.

An exercise dealing with these identifications can be assigned.
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Examples/Activities

A manufacturer of satellite dishes buys components from
various factories, and assembles them in her plant. Recently,
a new factory has begun producing a new receiver that is 36
cm in length. If the satellite manufacturer wishes to use this
receiver, her company will have to alter their dish design. If
the transmission waves must hit the end of the receiver,
what is the equation of the parabolic reflecting surface of the
satellite dish?

You are in charge of introducing solar ovens to a society in
which there is little fuel, but lots of sunlight. The parabolic

- reflectors have been manufactured to the specifications of the
equation y = 1/8 (x - 4)°. The ovens work by collecting the
sun’s rays and reflecting them to the focus, where the food is
placed on a small stand to be cooked. The problem is that
the stands have not arrived, and you must determine the
focus, and then build stands to fit. What is the focus of these
ovens?

As a comet approaches a star, it becomes affected by the
gravitational field of the star. It bends toward the star,
passes it, and then slowly breaks away from the gravitational
pull of the star. It is noticed that the comet’s path
approaching and leaving the vicinity of the star resembles a
parabola. If the star represents the focus, and comet’s
nearest approach the vertex, what is the equation of the
parabolic path the comet seems to follow if its closest
approach is 3 x 10° km?

Adaptations

As an alternative approach, the
teacher could introduce the parabola
by using the concept of eccentricity. -
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Concept B: Conic Sections

3.d)

To solve word problems involving
the parabola.

Objectives/Skills

Instructional Notes

Word problems could be integrated throughout all of Objective 3.

It is expected that students will do word problems based on the
parabola as they are introduced and follow through with such
exercises on each sub-ohjective.

Most texts have a number of word problems which are suitable
for use with these topics.

It may be of interest to the students, however, to look at some

-real-world situations, and attempt to approach problems from

‘research team’ concept. (PSVS)

As one example, the teacher may supply a bulb from a
flashlight, or headlight, and ask the students to take
measurements, and to predict the equation of the parabolic
surface needed to make the flashlight, etc.

Note: Some students may need to be introduced to the concept
"if light rays parallel to the axis strike the surface of a parabela,
they are reflected through the focus". The converse of this
statement is also true.
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Determine the equation of the parabola given the following

Examples/Activities

information:

1. The focus is (3,2) and the vertex is  {3,1).

2. The focus is (4,-3) and the vertex is (4, -6).

3. The focus is {-3,2) and the vertex is (-3, 1.5). .
4. The focus is (5,2) and the vertex is (5,4).

5. The focus is (-2,6) and the vertex is (-3,6).

6. The vertex is (4,1) and the directrix is y = -1.
7. The vertex is (-3,4) and the directrix is. y=17
8. The vertex is (-2,6) and the directrix is x = -1.
9. The focus is (-4,-2) and the directrix is y = -6.
10. The focus is (6,-3) and the directrix is y = -2.

11. The fo.cus is (7,2) and the directrix is x = 6.

Adaptations

Students can be asked to sketch the
graphs of the equations in each of the
exercises in the previous column. The
utilization of the latus rectum’ (the
line segment through the focus and
perpendicular to the segment joining
the focus and the vertex) might be
employed. Note that the endpoints of
the latus rectum are on the parabola
and that its total length is 4p units.
These concepts make it quite simple to
sketch the parabola from the equation
written in x* = 4py form.
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Concept B: Conic Sections

Objectives/Skills Instructional Notes
3.0) In this section, students work with the equation x* = 4py, where
To determine the equation of a p is the distance from the focus to the vertex. Have students
parabola from the given data: determine the distance from the focus to the vertex in several
focus and directrix, vertex and examples, from the vertex to the directrix, and from the focus to
directrix, focus and vertex. the directrix. Remember to have them determine whether these

values should be positive or negative.

Once the students are able to determine the value of p, they
should be asked to write the equation of the parabola in a series
of exercises, using the equation x* = 4py,

or (x - hY* = 4p(y - k).
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Examples/Activities

Determine the equation of each of the following parabolas,
analyze the equation, and sketch the graph of the equation.

1. The focus is (3,1) and the directrixis y = -1.
2. The focus is (4,-2) and the directrix is y = -3.

3. The focus is (-3,2) and the directrix is x = -5.

__State the vertex in each of the following. Translate the axes to

- the vertex. Rewrite the equation using these translations. Sketchum e

the graph of each.

1. y+3=4x-2"

2. y-2=-2(x+3)yF

3. y+6=1L14x-37

4, 2y-2P=x+5

5. Write the equation of the parabola (x - 3)* = 2(y + 4) when

the axes are translated such that the translated origin is at
(3: '4).

Adaptations
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Concept B: Conic Sections

Objectives/Skills

3.

Parabola

a) To determine the equation of
& parabola in the general
formy -k = a(x - h? or
x - h = a(y - k), given the
focus and directrix.

b

To find the equation of a parabola

with_its vertex at the point (hk)
by replacing x by x! = x - h and
replacing y by y' = y - k in the
equation x* = 4py.

Instructional Notes

In Mathematics A 30 the parabola was studied using the process
of completing the square to obtain the equation in standard
form. This process of analyzing and sketching the parabola,
might be reviewed as an introduction to this section.

For this objective, the teacher could start by having the students
draw the locus of a point equidistant from a given point (later
called the focus) and a given line (later called the directrix). A
few examples of these loci could be displayed and discussed,
with the definitions being introduced, and the parabola being
identified as the result of this locus.

The students could then be asked to determine the equation of a
parabola using this definition and utilizing the distance formula
(distance from a point to the focus equals the distance from that
point to the directrix).

A set of exercises could then be assigned so that students could
practice determining such equations.

Computer programs could also be utilized for this section.
Note that the equation of the parabola given the focus and

directrix will be developed in other ways in the following
sections.

_The equation x* = 4py is another form used in describing the .. .. __ .. __

parabola, where p represents the distance from the focus to the
vertex.

Since the shape of a parabola is not affected by the position of
its vertex, but only by the coefficient ‘a’ in

y - k = a(x - h)?, it is sometimes more convenient to have a
translation of the axes to obtain a simpler version of the
equation.

Have the students practise translating the axes to the vertex
and sketching the graph at the origin of the new axes.

Once this has been done, the equation can be rewritten using

x =x - h and y* = y - k to obtain the new equation in the form
2

y' = ax
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Examples/Activities

Determine the equation of each circle.

1L

2.

10.

11,

12.

13.

The centre is at (3,0) and a y-intercept is (0,4).

The centre is at (3,-2) and a y-intercept is at (0,-3).
The centre is at (-2,5) and an x-intercept is at (-8,0).
The endpoints of a diameter are (6,0) and (-6,0).

The endpoints of a diameter are (0,5) and (0,-1).

The endpoints of a diameter are (8,2) and (3,2).

The endpoints of a diameter are (4,-2) and (-2,6).

The endpoints of a diameter are (-3,5) and (-7,-3).
The centre is '(0,0) and a point on the circle is (2,3).
The centre is (4,1) and a point on the circle is (1,-3).
The centre is (-6,-5) and a point on the circle is (1,-2).
The centre is (5,1} and a tangent line is given by 3x + y = 6.

The centre is (7,8) and a tangent line is given by 2x + 3y =12.

Adaptations
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Concept B: Conic Sections
Objectives/Skills

2.c)

To determine the equation of a
circle in either of the forms
x2+y=1% or (x-h)(y - k=1
from some given data: centre and
intercepts, end points of a
diameter, centre and a point on
the circumference, centre and the
equation of a tangent line, etc.

Instructional Notes

Students could be given a series of exercises in which they are
asked to determine the equation of a circle based on information
given to them. It is expected that they should use various
techniques to determine the centre and radius from the given
information, and then use these to write the equation. In cases
where they are not able to determine a centre and radius they
should conclude that it does not represent a circle, that they are
lacking some information, or that they need to employ other
methods to extract the information.

The students may also be asked to graph the information and to
complete the analysis in each case.

Suitable real-world problems may be found and utilized in this
section.
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Examples/Activities Adaptations

1. Write the equation of a circle in the form
Ax*+ By* + Cx + Dy + E = 0, given,

a) Centre (2,0, r=4
b) Centre(-1,2),r=2
c¢) Centre (5,-2), r="7
d) Centre (-5, -4),r=3
e) Centre(0,0),r=5

2. What equation would describe the locus of a point 5 units
from the point (3,-2)?

3. What is the equation that could be used to describe the locus
of a point 11 units from the midpoint of (7,-3) and (-3, 7)?

4. What equation would describe the locus of a point 3 units
from the point of intersection of 2x - 8y = -1 and 3x + y =15?

1. Complete the square in each of the following; Computer programs are also available
a) X'+ 6X+__ that will allow the students to study
b) x*-12x+__ circles on their own. Many of the
¢ X*+5x+__ newer programs are interactive and
d y-Ty+___ allow for student experimentation,
e) 8x°+4dx+ rather than simply being a tutorial

book lesson. (IL)___(_f_TL)

-+ —~2——Convert eachrof thre following equations to the form |
r’ = (x - h)? + (y - k), analyze the results, and draw a sketch
of the graph of the equation using your analysis.

a) X¥+y-2x+6y-6=0

b) ¥+y+8x-4y-5=0

e xX+y+10y+16=0

d) x*+y*-10x-2y+10=0

e) 3x*+3y+12x-6y+3=0
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Concept B: Conic Sections
Objectives/Skills

2.

Circle

a) To determine the equation of
a circle in the general form
AX*+By¥ +Cx+Dy+E=0,
when given the centre and
radius.

2.b)

To change a given equation of a
circle in the general form to the
centre-radius form r’ = (x - hY? +
(y - k) and to sketch and analyze
its graph.

Instructional Notes

A review of the definitions associated with the circle may be
useful. Terms such as radius, diameter, centre, chord, secant,
ete., should be revisited.

Students could be asked to draw the locus of a point equidistant
from a given point and to discuss the result as another way to

describe a circle. If the given point is equated to the centre and

the equal distance to the radius, the circle can then be defined

by an equation developed from the distance formula. In other

words, if the given point (centre) is (h,k) and the equal distance
is the radius, r, then the equation of the circle is

r=(x-h?+y-k?>

Computer programs might also be used for learning about the
conic sections, including the circle. (TL)

To introduce this section, the process of ‘completing the square’
can be reviewed.

Once the process has been reviewed, students can utilize it in
several examples of the type
¥+yedx+2y=4.

When students have changed these equation to the form
r=x-h?+(y-k?,

they can be instructed to identify through analysis the centre
(h,k) and the radius, r. '
Once these have been identified for the equation, the sketch of
the circle can be drawn.

The teacher may wish to have the students further their
analysis by identifying the domain and the range for each sketch
and to note whether thege graphs represent functions. (CCT)
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Examples/Activities

What is the path of a point marked on the edge of a bicycle
tire as it rolls away? (Ask if the speed of the bicycle affects
the path of the point.)

What is the path of a satellite orbiting Earth at a distance of
600 km above the Earth’s surface?

What is the path of a point that follows 3x + 2y = 12 as x
increases from 0 through positive values? Can you locate this
point for any value of x ? y?

A goat is tethered to a tree 1 m in diameter. The tether is 10
m long. What is the goat’s path if it continues to walk
around the tree in the same direction? Explain your answer.

What is the locus of a point that is always equidistant from
the two endpoints of a segment, if all points are in the same
plane? if these points are not coplanar?

Adaptations

Students could be asked to describe
loci that they have seen in real life.
These might be from any subject area.
The class could then attempt to draw
the loci based on the students’

-descriptions. - This-exercise can be

used to highlight the importance of
communication in cooperative
activities. (COM)

An activity such as drawing the path
of a rocket to the moon may involve
some research from various
disciplines. In order to do this
example, one needs to know that it
would take over two days to travel to
the moon. The earth’s rotational
speed and direction of rotation must
be included, and the fact that the
moon alse moves in its orbit over the
two plus days.
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Appendix F

Mathematics C 30

Concept B: Conic Sections

Objectives Instructional Notes
1, The term locus is used to describe the path of a point. Some
Locus examples of loci may be given to the students based on their
a) To define and illustrate a experiences in the real world. Once students have learned the
locus in a number of meaning of locus, they may be given other methods of describing
gituations. the path of a point. Further examples could be discussed.
b) To sketch and identify a
locus given its description. Students should be asked not only to draw the locus of a point,

but also to describe the locus if given a drawing of its path.
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Now we get to the interesting point. Have them take the right-hand half of this matrix and multiply by
the constant columns of the original systems. We get

[Sm 2/9} [9}_[23;9]
-2127 119] |4] |-2p0
and

[sm 2/9] 6H16}9]
~2p27 19)13] |-19

They should recognize their earlier solutions in these results.

Now have them do

[ 527 2/9J 3 -6] 1 0
-2127 19] 2 5} 0 1

-

ki -6] 527 2/9] 1 0]
2 5([-2127 19]'}0 1]

and talk about the inverse of a square matrix. Have them do several inverses by this row-reduction
method. Finally, show them the formula for the 2x2 inverses as in C9. Emphasize that your method is

- --—general-for-nxn-matrices-whereas-coming-up-with-a-formula presents-a-formidable  task-for matrices with "

size greater than 2x2.
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Try 2x + 5y = 3, where only the right had side has changed. Ask for a matrix solution to both.

[3 -6 |9} 3 -6 |6}
25 |4 [2 5 13
[1 -2 |3} ]1 -2 iz]
2 5 |4 2513
[1 -2 [3} [1 -2 12]
09 |2 09 |1

1 -2 2 ]
0 1 |-1/9

10 |23/9] 10 ;16;9]
01 |-2/9 01 [-1/9

—— e ———————————————————— e e———————— e re)

Point out the obvious duplication effort. Ask students to consider a family of half a dozen such systems
(rather than two) where the only difference is the constant column. Obviously there is a huge duplication
of effort involved to solve them all. This is one very good reason why we need the concept of a matrix
inverse! Now ask them to solve

3x-6y=1,

2x + 5y =0,

and

3x - 6y = 0.

Try 2% + By = 1, but suggest they do it both at once, as

3 -6 |1 0]_1 -2[1/3 OHI -211/3 o]_
2 5 1012 510 1

1 =2 B o]
0 91}-23 1

10 527 2/9]
01 227 19

01 [|-227 19
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Appendix E

Matrices

Take a simple problem with two equations and two unknowns and solve in the usual manner. Introduce a
matrix solely as a notational convenience, doing the work in a parallel fashion and motivate the defining

of the matrix this way.

3x-6y=9
2x +5y=4

multiply eqn 1 by 1/3

Xx-2y=3
2x + 5y =4

take two of new eqn 1 from eqn 2
x-2y=3

Ox + 9y =-2

multiply new eqn 2 by 1/9

X-2y=3
Ox + 1y = -2/9

x - Oy = 23/9
Ox + 1y = 2/9

Eg: x=23/0 and y = -2/9

3 -6 |9
2 5 |4
(we have an %', a %y, and a constants column)
1 -2 |3]
2 5 |4

1 -2 3
09 |2

[1 2 3 ]
09 |2

“|—add-twonew eqn 2" to neweqri’1—

10 |23;9}
01 |-209

now read this as x = 28/9 and y = -2/9

]

We have solved the system twice in exactly the same way but on the right we have avoided about 10 equal
signs and about the same number of +’s. This is simply a good notation that speeds up the work. Define

this rectangular array as a matrix. Solve a bunch of systems this way to that students get used to the

operations on the matrix. These are exactly the row operations you talk about later on p. 641. They are
not confusing when related to something students know already like the solving of systems of equations.

If you like, now include sections such as C2 to C7. Now introduce, as C8 maybe, the problem of
simultaneously solving families of systems of equations; such as,

3x-6y=9,
2x 4+ 5y = 4, and
3x-6y=6.
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Lesson 1: The Need For Proof (CCT, NUM)

Our intuition often serves us well, but there are times when it will mislead us. Consider the following
problems and see how well your intuition serves you.

Problem 1I: A motorist drove the 300 km from Saskatoon to Meadow Lake at a speed of 100 km/h. Poor
visibility caused the motorist to make the return trip at .80 km/h. What was the motorist’s average speed
for the trip?

{a) What is your intuitive answer to the question?
(b) Let's check it out:

How leng does it take to drive there?
How long does it take to drive back?
What is the total time spent driving?
What is the total distance travelled?
What then is the average speed?

If the total trip takes 6.75 hours, and if the average speed had been 90 km/h, you would have covered
a distance of km. It is clear that the intuitive answer of 90 km/h is too .

Problem 2: Two containers, one holding a litre (1000 mL)} of cola, the other holding a litre of coffee, are
standing beside one another. A cup (250 mL) of cola is transferred to the coffee container and thoroughly
mixed in with the coffee. A cup of the coffee-cola mix is then transferred back to the cola container. Is
there more coffee in the cola container or is there more cola in the coffee container?

(a) What is your intuitive answer?

(b) Let's check it out.

Cola Container ' Coffee Container
Action Taken Amount Amount Amount Amount
Cola Coffee Cola Coffee

original situation

1 cup from cola container to coffee
container

"1 cup from coffee container to cola
container

As you may have realized from the above examples, intuition needs to be tested by investigating situations
in a precise manner,

Consider the problem below. Your intuition will tell you something is amiss. See if you can determine
what that is.
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Problem 3: On a sheet of graph paper draw the figure shown below.

(a)
(b)

(c)
(d)
(e)

8

5 3

What is the area of the square above?

From your sheet of graph paper, cut out the four pieces shown in the figure and rearrange them to
form a rectangle. (You do not have to flip over any of the four pieces.)

What is the area of the rectangle formed in part (b)?
What is the resulting contradiction?

Explain why this contradiction arises?

Assignment

1.

The distance from Regina to Saskatoon is approximately 250 km. If road conditions are such that a

motorist can only travel 50 km/h_on_the trip to Saskatoon, at what speed must_the motorist drive.on.. .. .. .. _._

the return trip in order to average 100 km/h for the round trip?

If it were possible to wrap the earth with a metal ring at its equator, you would need a ring whose
circumference was approximately 40 000 km. Suppose you inserted an extra 2 m (0.002 km) into the
ring so that it is now 40 000.002 km in length. This ring would no longer be snug against the earth.
Do you think there would be enough room for you to crawl between the earth and the ring? Check up
on your intuitive answer. (Hint: C = nd, use the value of n found on your calculator.)

There are many different versions of the following old mathematical riddle. A wealthy man at his
death left his stable of seventeen beautiful horses to his three sons. He specified that the eldest was
to have one-half of the horses, the next one-third, and the youngest one-ninth. The three young heirs
were in despair, for they obviously could not divide seventeen horses this way without calling in the
butcher. They finally sought the advice of an old and wise friend, who promised to help them. He
arrived at the stable the next day, leading one of his own horses. This he added to the seventeen and
directed the brothers to make their choices. The eldest took one-half of the eighteen, or nine; the next,
one-third of the eighteen, or six; the youngest took one-ninth of the eighteen or two. When all

seventeen of the original horses had been chosen, the old man took his own horse and departed.
What's the catch in this story?

Three fuel saving devices were invented in the same year. One claimed to reduce fuel consumption by

10%, a second claimed to reduce fuel consumption by 40%, and a third claimed to reduce fuel

consumption by 50%. A motorist decided to attach all three devices to his motor to really save on fuel.

(a) Intuitively, you are lead to believe the motorist would have a 100% saving on fuel. Why is that
impossible?

(b) What will be the actual percentage saved on fuel?
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5. {(a) On a piece of graph paper, draw a figure having the dimensions shown at left below.

VI

3
figurg 1 figm‘e 2

(b) Measure the base and altitude of the triangle in figure 1 and determine its area.

(¢) Cut out the six pieces of the triangle from your piece of graph paper and rearrange them as shown
in figure 2.

{d) Measure the base and altitude of the triangle in figure 2 and determine its area.

(e) Where did the paper disappear to upon rearranging the six pieces?
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Lesson 2: Inductive Reasoning (CCT, IL)

When we collect evidence, ebserve patterns, and draw conclusions from these observed patterns, we are
using a reasoning process that is termed inductive reasoning. The scientist is a prime user of inductive

reasoning, as observations lead to discoveries of regularities which in turn lead to the theories of the laws
of nature.

An example of inductive reasening that you may have already tried in Mathematics 10 follows.

On a piece of paper draw any triangle. Use scissors to cut out the triangle.

Then rip out each of the three angles of the triangle and rearrange the three angles as shown below. The
three angles appear to have a sum of 180 degrees.

As other class members perform the expenrnent havmg 1mt1a11y drawn their own umque tnangle the D

evidence mounts that the three angles in a triangle have a sum of 180 degrees. It is important to point
out that gathering this evidence does not prove the conclusion that is reached. It merely suggests that

conclusion. You might find it of interest to try and recall how you proved that the sum of the angles of a
triangle is 180 degrees.

Example 1:

(a) Draw any quadrilateral in the space at right.

{b) Determine the midpoints of each side of the quadrilateral.

(¢) Connect these midpoints with line segments.

{d) What kind of a quadrilateral seems fo result?

{e) Either repeat your experiment several times or compare
your result with those of other class members.

(f) What do you conclude?

(g) What kind of reasoning has lead you to your conclusion?

Example 2

(a) Complete each of the following calculations:
1x8+1=
12x8+2=
123x8+ 3=
1234 x 8+ 4 =
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(b) Based on your calculations above, predict the answers to the following calculations.
12345 x84+ 5=
123456 x 8 + 6 =
123456789 x 8+ 9 =

(e) Use a calculator to check your predictions in part (b).

(d) Does this pattern continue?

Example 3:

Consider the pattern suggested by the following figures.

Number of points connected 2 3 4 5 6

Number of resulting regions 2

(a} Count the number of regions resulting when 3, 4, and 5 points are connected and complete the
appropriate portion of the table.

(b) Base_a on the d;’_cé.mc-éllected, p;redigt.;milow many regmnscanbe formed when 6 points are -c-annectec{.- S

(c¢) Place 6 points en the circumference of the circle at the top of the next page and connect them in every
possible way. Count the number of resulting regions.
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(d) What does this example illustrate about inductive reasoning?
Inductive reasoning contains two key steps.

Step 1: Observe that for every case checked, a certain property is true.
Step 2: Generalize that the property is true for all cases.

There is a caution however. Your generalization in step 2 may not be correct since you have not examined
all possible cases in step 1.

Assignment

1. (a) Consider the number patterns shown below and verify that they are correct.

I= 1%

1+83= 27
1+3+5= 32
1+3+5+7= 42
1+3+5+7+9= 5°

(b) What are the next two lines in the number pattern if it is continued? Verify these.

(¢) According to the pattern above, what would be the sum of the first ten positive odd integers?
(d) Verify your result in (c) by actually adding 1 +3 +5+ 7+ ...+ 17 + 19.

(e) Do you think the pattern above continues indefinitely?

(f) What kind of reasoning are you using in this problem?

2. Suppose you are required to color a map of a continent whose countries are shown below. You must

color the map using as few colorTs as possible, but no two countries sharing a border are to be the'same

color. Determine the minimum number of colors required for each map.

(a) (b) (c)
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(d) (e)

N

(f) Draw a map of a continent and its countries that requires more than four colors in order to distinguish
the countries.

(g) Inductively, what conclusion can be reached about map coloring?
(h) Does this prove that a map does not exist for which more than four colors are needed?

Remark: It was not until 1976 that two Americans, with the aid of a computer, proved that maps
requiring more than four colors do not exist. You can read about it in the October 1977 issue of the
magazine Scientific American.

3.
(a) Draw a fairly large equilaterial triangle XYZ.
{b) Draw the altitude from X to YZ.
{c) Choose any point P inside the triangle.
(d) Draw perpendiculars from P to the sides of the triangle.
(e) Measure h, s, t, and u, the lengths of the altitude, and the
three perpendiculars respectively, to the nearest mm.

(f) Repeat parts (c), (d), and (e) as many times as is necessary
~ - until you can state d generalization éoncerning K8, €, andw, T T T
(g) Do your experiments prove that your generalization is true?

4.

(a) Complete each of the following statements.
23x64 = 26x93 = . 41x28=
32x46 = 62x39 = 14x82=
69 x 64 = 84 x 36 =
96 x 46 = 48 x 63 =

(h) Based on the pattern above one might be inclined to generalize that the product of a pair of two-digit
numbers is the same as the product of the numbers formed by reversing their digits. Is this
generalization true for all two digit numbers? Try a few of your own choosing.

{c) For what kinds of pairs of two digit numbers does the generalization in part {b) seem to hold? Search
your data in part (a) carefully.
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5. Consider the function f(x) and x* + x + 41. The table below suggests that whenever x is replaced by a
positive integer, flx} is a prime number. Certainly that is not the case for the function g(x) = x* + x
because g(2) = 6 and 6 is not prime.

X 1 2 3 4 5 6 7
flx) 43 47 53 61 71 83 a7

(a) Continue the table begun for f{x) until you reach the first value of x for which fix) is not prime.

What is the x value?
(b) What conclusion might inductive reasoning have lead you to had you not done part (a) of this

question?
(¢c) What then is the value of inductive reasoning?

6. Shown below are the first several rows of Pascal’s triangle. The sum of the numbers in each row is
shown at right. According to the pattern, what would be the sum of the numbers in the 20th row of

Pascal's triangle?

1 1

11 2
121 4
1331 8
14641 16
15101051 32
1615201561 64
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Lesson 3: Deductive Reasoning (CCT, NUM, IL)
Activity
The following is a game for two players.

Flace a pile of 20 toothpicks on your desk. Determine the starting player. Players alternate turns
removing 1 or 2 toothpicks per turn from the pile. The player to remove the last toothpick is the winner.

Play this game several times until you hit upon a winning strategy. If you wish to discover the winning
strategy more quickly, you could start the game with fewer than 20 toothpicks.

Deductive reasoning allows us to draw conclusions using logic that is based on information we accept as
true.

In reference to the game above, let us number the toothpicks from 20 to 1 as shown below.

20 19 18 17 16 15 14 13 12 11
10 9 8 7 6 5 4 3 2 1

Player A will win the game by taking the last toothpick--toothpick #1 according to the definition of
winning in the rules. This will be possible for player A provided he/she can take toothpick number 4. If
player A takes #4, then player B is forced to take toothpick #3 or toothpicks #2 and #3. If B takes #3, A
can take both #2 and #1 and thus win. Similarly if B takes #3 and #2, then A can take #1 and win. Thus
using logic, we can see that player A can win by taking toothpick #4. What will guarantee that player A
will be able to take #4? Consider what happens if player A takes #7. Then player B is forced to take #6
and #5 or just #6. If B takes #6 and #5, A can take #4 and win. If B takes #6, A can take #5 and #4 and
win. Continuing this kind of logical reasoning, one can see that player A will win by taking #1, which
means player A must take #4, which means player A must take #7, #10, #13, #16, and #19. Thus if player
A starts the game he/she should take toothpicks 20 and 19. If A does not start the game, there is no way

--A-can-win-if B-already knows-the-winning strategy--If- B-does- not-know-the-strategy,-A-could-still-win-by -

being sure to take one of the winning intermediate numbers as B allows A to do so.

Example 1:

Try the following number trick. Complete the chart using three different starting numbers. The first has
been done for you. . :

Directions 1st# | 2nd # | 3rd #
Choose any number o1
Multiply by 4 44
Add 10 54
Divide by 2 27
Subtract 5 22
Divide by 2 11
Add 3 14
Subtract the original number 3
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Inductive reasoning would suggest to us that the result would always be 3. We can use deductive
reasoning to prove what inductive reasoning suggests. If we let our starting number be x, then the step
by step results are shown below. Complete the chart.

If we accept the polynomial manipulations to the right of each statement as being correct, then the
conclusion that we reach, namely that 3 is always the result, is also true. Once again, reasoning in this
manner is termed deductive reasoning.

Directions 1st #

Choose any number X

Multiply by 4 4x
Add 10 4x + 10
Divide by 2
Subtract §
Divide by 2

Add 3

Subtract the original number

Example 2:

(a) Choose any two positive integers.

(b) Find the square of the sum of the integers chosen in (a).

(c) Find the sum of the squares of the integers chosen in (a).

(d) How does your answer to (b) compare in size to your answer in (d)?

(e} Use deductive reasoning to prove that your conclusion in (d) will hold for any two positive integers.

Example 3:
For any two positive numbers x and y, prove that if x > y, then 1/ < 1y.

Assignment

1. Replay the game outlined at the beginning of this 1eéson changing the rules so that 1, 2, or.3
toothpicks can be picked up per turn. Use deductive reasoning to determine the winning strategy
before you begin to play. What is the winning strategy?

2. Make up a number trick of five or more steps (see example 1) that always results in a final value of 6.

3. A number trick appearing in the August 1973 issue of Scientific American concerns a matchbook.
From an unused matchbook containing exactly 20 matches, tear out from 1 to 9 matches and throw
them away. Count the number of remaining matches. Add the two digits of this number and tear out
this many additional matches from the book. Tear out two more matches.

(a) Try this number trick several times. (You do not really need to use a matchbook.) What is the
result?

(b) Prove that this trick will always work.

4. Prove that the function f{x) = x* + 8x + 7 will never yield a prime number if x is replaced by a positive
integer.
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A drawer contains an equal number of identical red socks and identical white socks. If you reach into
the drawer and are unable to see the color of the socks, how many socks. will you have to remove from

On a 4 by 4 checker board place two coins in any two of the squares. Your opponent in this game has
7 paper clips each of which is large enough to cover two squares. You win the game if you can place

If 3 cats can catch 8 mice in 3 minutes, how long will it take 100 cats to catch 100 mice? Prove your

5.
the drawer to guarantee that you will have:
{(a) one pair of socks? Explain.
(b) two pairs of socks? Explain.
{c) x pairs of socks? Explain.
6.
the two coins in such a way that your opponent cannot cover the remaining 14 squares with the 7
paper clips. Paper clips may only be placed horizontally or vertically and they may not overlap one
another. Find a strategy so that the person who places down the two coins will always win. Use
deductive reasoning to prove your resuit.
7. Two fathers and two sons left town reducing the town’s population by only three. How can this be?
8. A bottle and a cork together cost $1.06. The bottle cost $1 more than the cork. How much does the
cork cost? Prove your result.
9.
result.
10.

Assuming both players to be intelligent, who started this game of X's and O’s, player X or player O7
Explain. .

>
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Lesson 4: Conditional Statements and Proofs By Counterexample (CCT, IL)
The following statements are examples of what are called if-then statements.

If you cheer for the Oilers, then you're a winner.

If two parallel lines are cut by a transversal, then the same side interior angles are supplementary.
If you are honest, then you do not steal.

Every if-then statement has the basic form if p, then q. p is termed the hypothesis of the if-then
statement, while q is termed the conclusion.

Example 1:

Identify the hypothesis and conclusion in the statement "If the Blades win five in a row, then I'll buy a
season’s ticket."

H-then statements are sometimes called conditional statements or just conditionals. Conditionals
may not always appear in the if p then g form, but they can always be rewritten in that form.

Example 2:
Rewrite each of the following statements in the if p then q form.

(a)} All parallelograms have opposite sides that are congruent,
(b} The square of an even integer is even.
(c) Eating candy will cause your teeth to decay.

A conditional statement can be proven to be false if an example can be found for which the hypothesis is
true but the conclusion is false. Such an example is called a counter example. It only takes one counter

example to prove that a conditional statement is false.

Example 3:

---Provide-a-counter-example to-prove-that-each-statement-below is-falge. = oo e

(a) Ifx >0, then Vx < X.
(b) If the diagonals of a quadrilateral are perpendicular, then the quadrilateral is a square.

When you interchange the conclusion and the hypothesis of an if-then statement, you form the converse
of the statement.

Original statement: if p, then q
Converse statement: if q, then p

Example 4: _
Write the converse of each of the following if-then statements. Determine if the converse is true or false.

(a) If a triangle is equilateral, then it is acute,
(b) If a quadrilateral has four right angles, then it is a rectangle.

Example 4 shows us that the converse of a true if-then statement may be true or it may be false. By
using Venn diagrams we can determine whether conclusions reached in an argument are valid. The
statement "if p then q" can be illustrated by the following diagram.
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Consider the true statement "If a figure is a square, then it is a polygon". The small circle p in the
diagram below represents all figures that are squares. The larger circle, labelled q, represents all figures
that are polygons. Clearly the relationship of the two circles is correct because all square figures are also
polygons, so the little circle belongs in the big one.

q

@

Example 5:

Examine each of the following statements in light of the Venn diagram and determine the conclusion, if
any, that can be reached.

(a) If a figure is a square, then it is a polygon. The figure I am looking at is a square.
(b) If a figure is a square, then it is a polygon. I am looking at a polygon.

(c) If a figure is a square, then it is a polygon. I am not looking at a square.

(d) If a figure is a square, then it is a polygon. I am not looking at a polygon.

Assignment

For each of the following statements write the hypothesis, conclusion, and converse. Determine if the
converse is true or false.

1. If there’s a will, then there’s a way.

2, If-bx+1 < 16, then x > -3. :

3. If AB and AC are opposite rays, then ZBAC is a straight angle.

4. If you are registered in a mathematics class, then you will need a calculator.

~-——Suppose-that-each-of the-following-conditionals-is-true—Assume-also-that the second-statement-given-in—— -~ -

(a), (b), and (c) is also true. What conclusion, if any, follows from the two statements? Use a Venn
diagram to help you with your conclusions.

5. If a car has anti-lock brakes, then it must be relatively new.
(a) This car is relatively new,
(b) This car does not have anti-lock brakes.
{¢) This car is not new.

6. If you are my student, then you love math.
(a) You hate math.
(b} You love math.
(c) You are not my student.

7. If it rains tomorrow, I'll pick you up for school.
{a) It rains tomorrow.
(b) I don’t pick you up for school.
{¢) It does not rain tomorrow.
(d} I pick you up for school.

8. I you own a Saturn, then you own a car.
(a) You do not own a car,
(b) You own a Honda.
(¢) You own a car.
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Give a counterexample to disprove each of the following statements.

9,

All prime numbers are odd.

10. If a® = b?% thena = b.

11.

12

13.

o

<a+1
b + 1 any positive integers a and b.

<2
k k for any real non-zero numbers j and k.

There is a prime number between any pair of consecutive multiples of 5.

The following four problems are puzzles that appear in many math puzzle books in one form or another.
These were taken from a book entitled Fun with Puzzles written by Joseph Leeming and published by

Scholastic Book Services in 1971. By using deductive reasoning and by rewording statements in the if-then
form, see if you can sclve them.

14,

15.

16.

A man owned a fox, a duck, and a bag of corn. One day he was on the bank of a river, where there
was a boat only large enough for him to cross with one of his possessions. If he left the fox and duck
alone, the fox would eat the duck. If he left the duck and the corn alone, the duck would eat the corn.
How did he get safely across the river with all three of his possessions intact?

A man went to town one day with $5 in his pocket, but returned in the evening with $15. He bought a
hat at the men’s furnishings store and some meat at the meat market. Then he had his eyes tested
for glasses. Now, this man got paid every Thursday by check, and the banks in the town are open on
Tuesday, Friday, and Saturday only. The eye doctor does not keep his office open on Saturday, and
the meat market is not open on Thursday or Friday. What day did the man go to town?

Three small boys were talking together when they were joined by an older man. The newcomer

17.

18,

noticed that each of the three boys had a smudge of dirt on his forehead. "Boys," he said, "will each of =

you look at the foreheads of the other two and if you see a smudge of dirt on either or both, raise your
hand." All three boys looked and all three raised their hands. "Now," said the old gentleman, "if one of
you is certain that he has dirt on his own forehead and can tell me how and why he knows this, he is
to raise his hand and I will give him a quarter." The three boys looked at each other for a few

moments, and one of them suddenly raised his hand. Can you figure out how he knew that he had a
smudge on his forehead?

Mr. Jones one day got off the train in Chicage and while passing through the station met a friend he
had not seen in years. With his friend was a little girl. "Well, I certainly am glad to see you," said
Mr. Jones. "Same here,” said his friend. "Since I last saw you I've been married--to someone you
never knew. This is my little girl" "I'm glad to meet you," said Mr. Jones. "What's your name? "It's
1he same as my mother’s,” answered the little girl. "Oh, then your name is Anne," said Mr. Jones.
How did he know?

Here's another classical problem.

A census taker came to a house and asked the mother for the ages of her three daughters. The
mother, being a mathematician, told him that their ages multiplied together were 36 and their sum
was her house number. The census taker, not being a mathematical slouch himself, looked at the
house number and quickly told the mother that she had not given him enough information to
determine their ages. The mother responded, "Oh, I forgot to tell you that the oldest girl doesn’t like
chocolate pudding." Given this information, the census taker was able to calculate their ages. How
old were each of the girls?
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Lesson 5: Integer Property Proofs (CCT, NUM)
Every integer is either even or odd.
If an integer is even, it can be written in the form 2b where b itself is an integer. Thus 54 is

even because it can be written as 2(27) and 27 is an integer. Thus 97 is not even because 97 = 2(48.5) and
48.5 is not an integer.

If an integer is odd, it can be written in the form 2¢ + 1 where c is an integer. Thus 97 is odd
because it can be written as 2(48) + 1 and 48 is an integer.

If an integer is a multiple of 3 (divisible by 38) it can be written in the form 3k where k is an integer. For.
example 75 is a multiple of 3 because it can be written as 3(25) and 25 is an integer. Similarly, if an
integer is divisible by 10, it can be written in the form 10w where w is an 1nteger

In general, the integer p is a multiple of the integer q if there exists an integer r such that pP=
ryq.

Any positive two digit number having a ten’s digits of t and a unit’s digit of u can be written in
the form 10t + u. For example 74 can be written as 10(7) + 4.

If the digits of the number described in the above paragraph are reversed, the new number
formed will of the form 10u + t. For example, reversing the digits of the number 74 gives 47 which is
10(4) + 7.

Armed with the information contained in the above paragraphs, we can begin to prove several properties
about integers.

Example 1: Prove that the product of any two even integers is even.

Example 2: Prove that the square of any odd integer is odd.

Example 3: Prove that the sum of a two digit number and the number formed by reversing its digits will
always be divisible by 11.

Assignment
Prove each of the following statements.

The sum of any two odd integers is even.

The sum of an odd integer and an even integer is odd.

The product of any two odd integers is odd.

The product of two consecutive integers is even.

The sum of any three consecutive integers is a multiple of three.

Any common factor of two given numbers is a factor of their sum.

The sguare of any even integer is even. ‘

The difference of the squares of two consecutive integers is odd.

The sum of the squares of two consecutive odd integers is even.

0. The square of a two digit number ending in 5 can always be formed by multlplymg the ten’s digit by
the next larger digit and "attaching” 25. (For example 75% (7)(8) = 56. Attach 25 to 56 and you have
5625.)

11. The difference between a two digit number and the number formed by reversing its digits is divisible

by 9.
12. The square of any integer is either divisible by 4 or leaves a remainder of 1 when divided by 4.

HO®0 o R e
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Lesson 6: Deductive Geometric Proofs and Indirect Proofs (CCT, IL)

The following four examples illustrate two column deductive geometric proofs similar to the kind of proofs
in the Mathematics 20 course.

Example 1: Prove that the pairs of vertical angles formed by two intersecting lines are congruent.

Example 2: Prove that the measure of the exterior angle of a triangle is equal to the sum of the
measures of the two remote interior angles.

Example 3: Prove that the angle at the circumference of a circle is equal to one-half the angle at the
center of the circle subtended by the same arc.

Example 4: Prove that the opposite angles of a quadrilateral inscribed in a circle (a cyclic quadrilateral)
are supplementary.

Indirect reasoning is often used in order to complete a proof. Suppose that you and your friend arrive
at a concert hall only to find that the two of you and the custodian are the only ones there. You are
convinced that the concert must not be today. Your reasoning would go something like this. "If this were
the day of the concert, there’d be hundreds of people here. We are the only ones here. Therefore this
cannot be the concert day."

In an indirect proof we assume that the statement we wish to prove true is actually false. With this
assumption we continue our reasoning until we reach a conclusion that contradicts something we know to
be true. This tells us that our assumption was false and therefore the opposite of our assumption is true.
In the case where there are only two possibilities, the proof is complete.

Suppose that when the principal went out to her car in the staff parking lot on Thursday at 12:45 p.m.,
she noticed that she had four flat tires. All of her tires were fine at 11:00 a.m. when she returned from a
meeting with the superintendent. She has accused your best friend Sally of this misdemeanor. If you
wanted to prove that Sally did flatten the principal’s tires, you could begin your proof by assuming that
Sally did flatten the tires. If she did flatten the tires, there would have had to have been a time between
11:00 a.m. and 12:45 p.m. where Sally had access to the principal’s car. The curling coach, Mr. Hogline,
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-~Example-7:—Prove-that V"2 is-an-irrational rmumber,

knows that Sally was on time for his third period class, which started at 10:50 a.m., and that Sally left
his class, going directly with him and the other team members, to the curling rink for a noon hour

practice. Sally and the team returned to school at 12:55 p.m.with Mr. Hogline. If Sally flattened the tires,

she had to have been at the car. There is evidence that she was not at the car. Therefore Sally did not
flatten the tires.

The following proofs illustrate the indirect proof process.

Example 5: A

Given:

{1 #/2, AB=AC e

Prove:

BX=CX B c

Example 6:

Given:

AB.PD, CDLPQ A B

Prove: C D

AB/ITCD
Q

Example 8: To prevent Al, Betty, and Cory from dominating the High Rollers Social Club, the
membership of the executive committee of that club was restricted by the conditions below. Prove that
Betty iz not a member of the executive.

(a)} If Al is a member, then Betty is not a member.

{b) If Al is not a member, then Cory is a member.

{c) If Betty is a member, then Cory is not a member.

Example 9: Prove that there are infinitely many prime numbers.

Assignment

1. Given: ?Q bisects Anﬁ, AP « EQ A Q

Prove PW * GTW
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2. Given: WXJ.)?Y,Z?,L)?Y,YW;Z_{’

Prove: WX « Z_Y

w
S X Y W
3. Given: a STW, ST = WT, TX « TY
Prove: SX & WY
4. Given: a STW, ST = WT, £TXY ¢ ZTYX
Prove: SX ¢ WY
.
Prove that there is no largest integer. questions 3 and 4

o o

Prove that V3 is an irrational number.
7. Use an indirect proof to prove that the product of two even integers is even.
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Lesson 7: Coordinate Geometry Proofs (CCT, IL, NUM)

Many proofs that take several steps to accomplish in a two column or paragraph proof can be much more
easily proven using coordinate geometry. The results from earlier courses that we may need to use in our
proofs are summarized below,

The slope of PQ is y, - v, ' Ay
X -%
The length of PQ is P{x.v)

V(X =%,) 34 (V- y,) 2

The coordinates of M, the midpoint of PQ, are

X Xy Yty
I 2 ' 2

The equation of the line through P(x,y,) with slope misy - y, = m{x - x,)

Slopes of perpendicular lines are negative 'reciprocals of each other. This means they have a product of -1.
Parallel lines have equal slopes.

Example 1:

Use coordinate geometry to prove that the midpoint of the hypotenuse of a right triangle is equidistant
from the vertices of the triangie.

_____ ) n . AY

2 Y A (e, f)

Remarks: The most important step in a coordinate
geometry proof is placing the figure onto the coordinate
plane in such a way as to make the mathematical

Ce,d) manipulations as simple as possible. Clearly had we chosen
the coordinates of the vertices of the right triangle as
shown at the left, our calculations would have been much

; more involved. We would have had to use the fact that AC

| 5 and BC have slopes that are negative reciprocals of each

? (a, b) other somewhere in our proof because of the right angle at

\

- C. Not having any of the vertices at the origin or on an
axis complicates our calculations as well.
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Example 2:

Prove that the median drawn to the base of an isosceles triangle is perpendicular to the base.

Cl-a.)

C(0.b)

Ba.O)

| Y C(b.c)

Assignment

_ For questions 1 to 6 determine the coordinates of the remaining points in each figure if the figure is tobe: . .

1. a square

47

D

Alop)

B(ax) %

3. a parallelogram

. n'(j

>4 <)

Ale,o)

Bla, g)x

A.0) M B(a.0) |

Remark: It may have been tempting to choose the coordinates
of the isosceles triangle as shown at left, but this immediately
would assume that the median is perpendicular to the base
since the axes are perpendicular. With this orientation, one
would not use the given fact that the triangle is isosceles. If we
were given that the median drawn to one side of a triangle was
perpendicular to that side and were then asked to prove that
the triangle was isosceles, the layout would be ideal.

2. arectangle

by

Al o0 g %

4. any triangle

lly
-

A o) B e
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5. an isosceles trapezoid 6. any quadrilateral

|j . l 53
D) ¢
) _ | p C
~> — X
A Hor) B(a,o> A lew) B(a;5)
7. arhombus
1Y
Da’;‘) c

Aloe)  Blawoy %

Use coordinate geometry to prove each of the following statements. You can use the coordinates
established in questions 1 to 7 to assist your diagram layout.

8. The diagonals of a rectangle are congruent.

9. The line segment joining the midpoints of two sides of a triangle is (a) parallel to the remaining side of
the triangle and (b) is half as long as the remaining side.

10. The diagonals of a rhombus are perpendicular.

11. If the diagonals of a parallelogram are congruent, then the para]leiogram is a rectangle.
12. The diagonals of an isosceles trapezoid are congruent.

13. If the midpoint of one side of a triangle is equidistant from all three vertices, then the triangle is a
right triangle. '

14. The median of a trapezoid is parallel to the two bases and has a length equal to the average of the
lengths of the bases.

15. The figure formed by joining the midpoints of consecutive sides of any quadrilateral is a parallelogram.
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Lesson 8: Proofs By Mathematical Induction (CCT, IL, NUM)

What is the sum of the first n odd natural numbers? That is, what the sum of
1+3+5+7+9%+ ..+ 2n-1 (nth odd natural number)?

To explore the answer to this question, let’s gather some data by examining the sum of the first one, two,
three, etc., odd natural numbers. Complete the following chart.

n, the number of S, the sum of the
odd natural Indicated Sum n odd natural
numbers numbers
1 1 S =1
2 1+3 S, =4
3 1+3+5 S,=9
4 1+3+5+7 S, = 16
5 1+3+5+7+9 S, =25
6 1+3+5+7+9+ 11 S; =36
n 1+3+5+7+..+{8n-1) 8 =7

The data in the chart suggests (but does not prove) that the sum of the first n odd natural numbers is n®
How can we prove this to be true? The techniques we have learned so far are sufficient to prove simple
statements such as "for all natural numbers n, (n + 1 - 2(n + 1) + 1 = n® " because we merely need to

_ simplify the left side in order to obtain the right side. How, though, will we showthat 1+3 +5+ 7+ ..

S Gn-D=n®

Mathematicians prove that statements hold true for the set of all natural numbers by using a proof
process known as mathematical induction. The process involves essentially two main steps.

Step One:
We must show that the statement to be proven holds true for the first natural number for which it claims
to be true. (Often we show that the statement is true for two or three of the first natural numbers.) This

step is called a basis step because there has to be some basis on which to claim the statement we are
trying to prove is true.

Step Two: _
We then assume that the statement holds for any natural number, say k . This assumption is called the
induction hypothesis. If on the basis of this assumption, we can prove that the statement is also true

for the next natural number, k+1, (this is called the induction step), then the statement is considered to
be true for all natural numbers.

An analogy or two may help to understand the nature of proof by mathematical induction.

Consider an infinitely long ladder reaching into the sky. What is required to climb to any height on that
ladder? Essentially only two things. I need initially to be able to reach the first rung. 1 also need to

demonstrate that having reached any particular rung, I am capable of reaching the next higher rung. If
these two things are in place, I can climb as high as I desire.
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Another commonly used analogy to explain the process of mathematical induction concerns an infinitely
long chain of standing dominoes. What is required in order for all of the dominoes in the chain to fall
down one by one? First, we must be able to knock over the initial domino. Second, we must be able to
demonstrate that any domino that falls over will cause the one next in line to also fall over. If these two
things are in place, then all the dominoes will fall.

Let us return to our original problem. How can we prove that
S,=1+3+5+7+..+2n-1=n*

Setp 1: (Basic Step)

Is the statement true for n = 1? Certainly our table on the last page shows us that the statement is true

" not only for n = 1, but also when n = 2, 3, 4, 5, and 6. There is definitely a basis on which to think the

statement is true for all natural numbers.
Step 2:

Assume that the statement is true for any natural number k. That is, assume that S,=1+3+5+7+ ..,

+(2k - 1) = k*. We have formed the induction hypothesis assuming that the sum of the first k odd natural
numbers is k%,

Having assumed the statement is true when n = k (it is true for the first k odd natural numbers), we must
prove that the statement is true when n = k + 1, (we must prove that it is true for the first k + 1 odd
natural numbers).

‘We must show that:

this simplifies to become 2k+1
which is the next odd natura! number

‘/ after 2k-1. (They differ by 2.)

Sk+1-1+3+5+7+...+(2k-1)+(2(k+1)-1)|=(k+ 1?2 (1)
! } L

the kth odd the k+1st odd

— - .. [ natural number. - —RAtEral-NUMBET - - o e e o e e e - e e e+ e e e e e e = e e e a1

Can we show that the left side of statement (1) above is the same as the right side?

By our induction hypothesis 1+ 3 +5+ 7+ ...+ (2k - 1) = k?

W 14+345+7+..+@k-1D+(2k+1)-1) (the left side of statement (1))
L '

'+ 2k+1D-1

P+ 2k +2-1

242k +1

k+ 11Xk + 1)

k + 1Y (the right side of statement 1)

R

| I LI | IO (|

(
(

Since the left side of statement (1) is the same as the right side, the statement has been proven true to
n =k + 1 (the first k + 1 odd natural numbers). Thus by the principle of mathematical induction, the
statement is true for all natural numbers.
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Example 3:
Prove that for all natual numbers n,

1,1 . % . 1, . 1 _ n
12 23 34 4-5 n{n+l) n+l
Example 4:
Prove that the number of interior diagonals in a convex polygon of n sides is n(n - 3), wheren 2 3
2
Example 5:

Prove that for every natural number n, n < 2™

Assignment

Use mathematical induction to prove each of the following statements for all natural numbers n.

1.

1+2+3+4 +...+n=n(n—+l)

2.
2+6+10+14 +.. +4n-2=2n?

3.
1+2+4+8+,,.+271=2"1

g e e et e ot 1+ et ot ot et ¢ et e+ i e+ eeme e

12+22+32+42+_,_+n2=_n(n+1)(2"+1)
6

5.

124324574724 .+ (2n-1)2= 220 DA 1)
3

6. n’+ nis divisible by 2.
7. n'+ 2n is divisible by 3.
8. n(n’+5} is divisible by 6.
9. n<n+1

10, 227

11. 2" >n’forn 2 5.

12. 2n < 2"

" 13. x° - y" is divisible by x - y.
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14.
a+{a+b)+ a+2a0+(a+3d)+...+(a*(n-1)d>=§[2a+(n—-1)d1

15. The sum of the interior angles of a convex polygon of n sides is (n-2)180.
16. n distict lines in a plane passing through a given peint divide the plane into 2n regions.

17. Any postage greater than or equal to two cents can be made up exactly using only two and three cent
stamps.

18. cosnn=(-1)* (Hint: use the identity for cos(A+B))
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Appendix H

Lesson 1: The Need For Proof (CCT, NUM)
Problem 1: A motorist drove the 300 km from Saskatoon to Meadow Lake at a speed of 100 kmv/h. Poor

visibility caused the motorist to make the return trip at 80 km/h. What was the motorist’s average speed
for the trip?

{a) What is your intuitive answer to the question? ?0 Kim /A (a' #ef” ju ess)
(b) Let's check it out:

How long does it take to drive there? 4. .. ot _ 300 &m

rate o bmy = Bhaus
How long does it take to drive back?
Yime = dist _  300&m 3.75 howrs

Tote B m

' i iving?
What 1s the total time spent driving’ 244 3.75h
= &.75h

What is the total distance travelled?
B0Pfm + 300Em

- What then is the average speed?
AVSﬁecaf= oist. = % = 38-? Km/A.,
_ +rme &.75h

If the total trip takes 6.75 hours, and if the average speed had been 90 km/h, you would have covered
a distance of _&£607.5 km. It is clear that the intuitive answer of 90 km/h is too [che. .
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Problem 2: Two containers, one holding a litre (1000 mL) of cola, the other holding a litre of coffee, are
standing beside one another. A cup (250 mL) of cola is transferred to the coffee container and thoroughly
mixed in with the coffee. A cup of the coffee-cola mix is then transferred back to the cola container. Is
there more coffee in the cola container or is there more cola in the coffee container?

(a} What is your intuitive answer?

(b) Let’s check it out.

Celat CC('CSQ = I Li

Cola Container Coffee Container \
{af ter +eans Pec oF P
Action Taken Amount Amount Amount Amount a - (__C . >
Cola Coffee Cola Coffee Lrem eola = cotres
original situation 1080 O P, /OO0 L %— O'p the Q50 m L

rc_;\»urnec{ o LT (‘_u(\*c;mer |
will be cola,

1 cup from cola container to

coffee container | 750 O 350 / @OO
o emame " | 800 | 300 | q00 | §00

As you may have realized from the above examples, intuition needs to be tested by investigating situations
in a precise manner.

Consider the problem below. Your intuition will tell you something is amiss. See if you can determine
what that is.

Problem 3: On a sheet of graph paper draw the figure shown below.

8 .
5/ s /d;?e %Mred
3 | 3 [aper fo smake precer
b i eosy o hand N
3 5
5 5
5 3

. 0 2
{a) What is the area of the square above? 6"\ U

(b) From your sheet of graph paper, cut out the four pieces shown in the figure and rearrange them to
form a rectangle. (You do not have to flip over any of the four pieces.) _ g
] .
(c) What is the area of the rectangle formed in part (b)? LS L2 3

(d) What is the resulting contradiction? 5

It appears FYhat rearmaging FHhe preces
Cavses Yhe area 4 ithcrasse Ay /et
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(e) Explain why this contradiction arises?

The Pfou!ﬂ" lies (n +hat I’e'c{'nngla ABDE dormed bt{'HN. four lp;'eces ha s
"hidden" within (1t & ara e log e m of area 1 w?. The figure belrnr
has been ezagcraied 4o show +he Pgra!fefaim,... bot dhe coxlee lafiom o

\/er-'(-[ dhe cloin above. The eye May no be able 4o see ~flot
Pouh{: B,F, aand E cwre rmot collinear bt

& '3
A O+ [cEk+X =+ (80F (see bei ).
2
= 8
; sTe = "5 N |
3 3 e =t ((8) = 69 wewo
LCFk= F0°

8 c = b -2 = 21.8014°
G -f—ﬂ,"a=.§,.‘.x=4"' =

O+ lCFKia = 6% e s B 20 B0 = IR 2Usy ’

[-]
o JBFE = 360°- /5. 2ysy’= 178.75 %6

B‘l P»f-l—kAjom;) BF= v&*3* = \/'-7? S«'mikr/-.j,FL:= VEre2* = J?{? . ‘Sx'r‘wf‘l'wr
Cﬂfcu(.a-l-fw\:s <hes EHE F72 awd BH= J29. .. BRF EH I's a”ﬁvm (opp.srole:au "=-‘)
We Enow +L‘\5\‘{' +{/\€ are a OF e A (s 3."«'5«; [;3 _% ab S:'nc) so Hhe +he
oea o b @ Hg,m (‘2 x 43‘) is absaic . (see gyu,re bl )

" anea Ngm BFEH = (F3)(VER ) suic 178 7546°
/.ooos - ( The rean Fhos

LZC" e Ymbue (s mofexactly o€ (5 hecqur
oF o raemdlong cn o frulvfing &
4 2
o o
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.{d} Does this pattern continue?

Lesson 2: Inductive Reasoning (CCT, IL)
Example 2:

fa) Complete each of the following calculations:
1x8+1=9
12x8+2=98
123 x 8+ 3 =987
1234 x 8 + 4 = 9876

(b) Based on your calculations above, predict the answers to the following calculations.

12345 % 8 + 5 = 98765
123456 x 8 + 6 = 987654
123456789 x 8 + © = 987654321

{c) Use a calculator to check your predictions in part (b).

Example 3:

Consider the pattern suggested by the following figures.

Does 1234SL 78910849 = 9876593210 7

Number of points connected

Number of resulting regions

2

q

8

16

(a) Count the number of regions resulting when 3, 4, and 5 points are connected and complete the

appropriate portion of the table.

(b) Based on the data collected, predict how many regions can be formed when 6 points are connected. 22

{c) Place 6 points on the circumference of the circle at the top of the next page and connect them in every

possible way. Count the number of resulting regions.

673



only 31 reﬁr'ws
(wmax) will result .

{d) What does this example illustrate about inductive reasoning?

Induc-liuc rea..fonina Can lead -1LD wronj conelusions as well ac
cortect ones. .
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Lesson 3: Deductive Reasoning (CCT, NUM, IL)

Example I:

Try the following number trick. Complete the chart using three different starting numbers. The first has

been done for you.

Inductive reasoning would suggest to us that the result would always be 3. We can use deductive

Directions lst# | 2nd # | 3rd #

Choose any number 11 a00 -7
Multiply by 4 44 | J00 | -4¥

Add 10 54 | 3L | —1I%

Divide by 2 27 | o5 | -9

Subtract 5 22 Yoo | ~|¥

Divide by 2 1 Qo | -7

Add 3 14 | 303 |~¥

Subtract the original number 3 5 3

reasoning to prove what inductive reasoning suggests. If we let our starting number be x, then the step
by step results are shown below. Complete the chart.

If we accept the polymomial manipulations to the right of each statement as being correct, then the

conclusion that we reach, namely that 3 is always the result, is also true. Once again, reasoning in this
manner is termed deductive reasoning.

Example 2:

~ Directions
Choose any number X
Multiply by 4 4x
Add 10 4x + 10
Divide by 2 ax +5
Subtract 5 AX
Divide by 2 ps
Add 3 x+3

Subtract the original number

(a) Choose any two positive integers.

(b) Find the square of the sum of the integers chosen in (a).
{c) Find the sum of the squares of the integers chosen in (a).
{d) How does your answer to (b) compare in size to your answer in (d)?

(e) Use deductive reasoning to prove that your conclusion in (d) will hold for any two positive integers.

675



(o) 851 Let aandb be Hhe duo positree iak
z z.—. e eT &K aAan e Pos: o0 (jerj
Ch) (g+q> =17=289 ( > (a+ Io)z:: A%+ 2ab + b*

(¢) g+ = 6418l = (45 = a*+bt+2ab
() %uwofgm > fdmm!c Smer @ and b e posf'h'ue so 15 2al
Sjud‘/k's Joati bt 2ab willbe > atih?

S (atb) T >a bt

Example 3:
For any two positive numbers x and y, prove that if x > y, then 1/x < 1/y.

-1 <O, “+he n iw:‘“be < 1 .

S
4 -1 = y —X Sirecae w and j Cire. Fog#,'w)
X v =<3
xﬁ i's Pos,'_{.,ve. Since x>j +her y—x v.5 ’?f'jar’;'ve.
Yy-xX - = nezaﬁ&e#’-‘ - = m.:faﬁ-’rczﬁ"
‘K‘j a ,aosf'f.‘uc#

Y

< £,
x g

Siace £ —9’ s negative,
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Example 3:

Lesson 4: Conditional Statements and Proofs By Counterexample (CCT, IL)

Example 1:
Identify the hypothesis and conclusion in the statement "If the Blades win five in a row, then I'll buy a

's ticket."
seasons hicke H: The Blades win five in a row
C. IT' buj oo seasons -ficked

If-then statements are sometimes called conditional statements or just conditionals. Conditionals
may not always appear in the if p then g form, but they can always be rewritten in that form.

Example 2:
Rewrite each of the following statements in the if p then q form.

(a) All parallelograms have opposite sides that are congruent.

Iifa -pt‘gure is a Fam[le[ogrm)%.m its oPFosiJ-c s icles will be congraet.

(b) The square of an even integer is even.

If an integer i's even i ts sgusre wif/ be even.

(e} Eating candy will cause your teeth to decay.

T{ Yo eat co.nd'..j, Fhen your leeth will decay.

A conditional statement can be proven to be false if an example can be found for which the hypothesis is
true but the conclusion is false. Such an example is called a counter example. It only takes one counter
example to prove that a conditional statement is false.

Provide a counter example to prove that each statement below is false.
(a) Ifx » 0, then Vx < X.

b SO0 but \/Z m";_lL is vet less 4han %_{.
(The shalemend is ke £ any ¥ valae such Yt of,v/_/.)

(b) If the diagonals of a quadrilateral are perpendicular, then the quadrilateral is a square.

Th e~ rff\cwxlﬂhs —+he dl‘aﬁomfj ave L. but & rhembus
(% HO‘I‘ o SEcu:zre.

When you interchange the conclusion and the hypothesis of an if-then statement, you form the converse
of the statement.

Original statement: if p, then g
Converse statement: if q, then p
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Example 4:
Write the converse of each of the following if-then statements. Determine if the converse is true or false.

(a) If a triangle is equilateral, then it is acute. /\
I*Pa—h'l'auglg is @ecute, d4hen ({ i egu,'(aiero.l_ (Fa(s:) :

(b) If a quadrilateral has four right angles, then it is a rectangle.

Tf vadrlaleal Vs arec-l-amgfe’-l-ken it has fowr rig hd a_w.ﬁfes
e (Hrne)

Example 4 shows us that the converse of a true if-then statement may be true or it may be false. By
using Venn diagrams we can determine whether conclusions reached in an argument are valid. The
statement "if p then q" can be illustrated by the following diagram.

Consider the true statement "If a figure is a square, then it is a polygon". The small circle p in the
diagram below represents all figures that are squares. The larger circle, labelled q, represents all figures

that are polygons. Clearly the relationship of the two circles is correct because all square figures are also
polygons, so the little circle belongs in the big one.

q

O,

Example 5

Examine each of the following statements in light of the Venn diagram and determine the conclusion, if
any, that can be reached.

(a) If a figure is a square, then it is a polygon. The figure I am locking at is a square.

J. the Li@uvc is & Pot.jj""“ (x+ yolare i “"“"‘F’Wm‘-"c"r"eﬁ'>

(b) If a figure is a square, then it is a polygon. I am looking at a polygon.

No conc lusion possi ble . (bu'nj ingide civcle 3_ doesn '/ prcan you are tnside
crrele P)

(¢) If a figure is a square, then it is a polygon. I am not looking at a square.

huesii (ble . i tside ciced doesn't mean you are
No conelusion POSSJ 4 (be nj ,;ucf’:'cfee. %l:c ;afmgh'f' e om‘;f'o’ey? also. )

(d) If a figure is a square, then it is a polygon. I am not looking at a polygon.

. I ans not IOOK- =t o mre ( bemj outsde ecirele 7
means ou cre de ﬁt‘mF?(Y oud's circle P>'
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Aot 1ot b be At izt o

Lesson 5: Integer Property Proofs (CCT, NUM)

Example 1: Prove that the product of any two even integers is even.

+ '//{ Frun ever nfegers e & andd 5.
'ﬁ;é’n 65::. 2B andd &Ze 42J' where éama{)'afefh@ez;
atr = (26)(2) = %% = 2(2%/)
a—é I5 o ma/{:/é a:l[ ol ('?/éJ ) Ih,é?é’(‘ f3[ éénd’

Jare integers — z'rr#?ef_r are closed
.'-05 r'y evert, e mder mo(f;(l}?/-'ca;‘r'mﬂj

Example 2: Prove that the square of any odd integer is odd.
let o be any e /b@e/
= Lw+rl] where b is aw /m/grr
2
eats (Zwel) = Hw Yt/
= 2 [zag?#&.\.)}-{- /
Since. W IS dwn /'nkfef) 50 /S Cew #Cus,
L a z - ,2(:',1#7:/)4 ] which meres /3 ool

Example 3: Prove that the sum of a two digit number and the number formed by reversing its digits will
always be divisible by 11. '

(/zg// A Ciwst or .
Theo 10ttt s Fthe nicaber ettt A aﬁﬁﬁé teurrrad

[0t /OM'fo = NEtA A« = //(‘f-{u) ehich rs &
tonfiyle of .

679



Lesson 6: Deductive Geometric Proofs and Indirect Proofs (CCT, IL)

The following four examples illustrate two column deductive geometric proofs similar to the kind of proofs
in the Mathematics 20 course.

Example 1: Prove that the pairs of vertical angles formed by two intersecting lines are congruent.

gﬁ/fﬂ Pl andll are yertreal L
g L3 and [# are verfrcal L% |
D pmw; Lr=d2; L3=/4
2 L1423 = /j80°  LAWEB /s a shacsht L

CQ . g1+/3=y312 Subistibutsore|@ ink (D)

A @ o ll=L2 Subkechon 0 L3 in slep@
® Li+LY = 180" LDWC is & straight L
@ . fr4l3= fingd Subst'he hom @ /m&@)
& - ¢ B=ys4 Subbachors of L1 o €

Example 2: Prove that the measure of the exterior angle of a triangle is equal to the sum of the
measures of the two remote interior angles.

Given. L' s an exkrior
N \ Z of HABC
Fove : L 1=L3FLF
—= = esin®  Simn of measures
D P < @ L 24 LY #3050 e = 1t
() Lirer=r80" LDAEC is & staight L

3 Subshitubonof @ inh @

: = VA T4 )
D . L1HL2=L[27 sabection ofd2 sbp(3).

@  LI=(44(3
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Example 3: Prove that the angle at the circumference of a circle is equal to one-half the angle at the
center of the circle subtended by the same arc.

Tatoduce o
g L2=L34LY Yot Lof A = 3 of 2. z'm’.éj_j

Given ﬁzwt as L= LSveLd
dadh K @D 2142223444 #(5+6  (@cblbon of (O ,c@)

PFUV'C L \‘ @ OC= k=058 (: rddrl'l‘)
[CKS :if [cos - @ 2. AKOC and L KOS are isos. (e isos. 13)

G L3=¢9, (5Lé (basels of rros A)
6 S LIRLLE [ ALY LTS (Saé:/}; arf@ ;h}@)

S B) (Ii2= 204425  (SimpliFy(D))
2, L4l 2= 204 7s) Rk @)
[CoS= a JCKS (terowel$ (n(7))

(-_-'-n bfj 2 i-r\.@)

/O
17, _-2..’4C‘DS= LCkS

Example 4: Prove that the opposite angles of a quadrilateral inscribed in a circle (a cyclic quadrilateral)

are supplementary.

@ ¢8Ap= £ 602

L af crrcwnfeyonce 1t
} Aa/fany/e a:‘(‘-emér.

3
3B 8o =4 rethe /80D
c G L8AD + (8D = L LBoD+o rethsllOD (PN o /D +Z)
A @ £8AD+LBcO = 3 (480D + wellex 230D (Rckr )
& [BAp+lBeD= £ (307 (480D+ :/g‘;{gop
(BAD+LBD= 180 (Smly(D)
D 8 L LBAD and [BCD Gx sze/p.éﬂ:n{u/ (aéff,, a}(
AD sl &D sepp. L :)

it 5 ;'n)lroaluf"n
@ Simih 4 Zave LABC zf-\’-,ﬂﬂ/éﬂeﬂ/j' Adc

e o /0
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A
Example 5:
Given:

=== 1} 2
L1 #/2, AB=AC
Prove
etk ) Assume Bx X Cx B c
TIn AABX and A ACX X

@ AB & AC (fj""c"‘)

@ /o&' ¥ AY (commen sic’e)

@ oA ABX A Acx (Sss. sleps @,@;@)

@ J. Lt/ 2 (Ccfr.f:arls‘o(’-!A'sa-re __c.:)

@ This contadicts +he q:.v’t" informaton that

Lig [2. J.oowr assumprion wf O s fzlse .
S Bx ¢ Cx
E le 6:
xample o
Given:
— e A B
ABy PO, CDLPQ
c D
ABlICD Q

i _—
@ ASS&M 7175) is not 1/ ?—/-S A -

2 “«——> W
@ . /-\f) amncA CD /'nérr—rc-f, 5‘17 .

o3 in the cliagram oo Hhe right /
@ -C_:I_D A _PE C af'vem) c
@ S l2as arv‘j/n‘é ( deh J“') &
@ . é?:?o“ (({FICM f‘i'j/tf' é)
@ L= [ R*L3 (e.\cr’. L = Stem o/ 2 ramofe Jnferiy .{';)
D Lt=rL3 ( Subetn () iﬂ/o@)

. ° @o°+/3 > 90, wnless (350 " which T am
@ S L4 >0 ( c;.fs&fminj i/fr) not — Yhe! wanld  preman fJZ Goanel
C?j c L4 is noFa E0 Cornerde ).
right L (detn. r:‘yﬁr’-é)
vy O efn. L
% . AL P (deh LD

Tha conhaclicts  the fven {aet dhat ﬁ_l__ﬁg? Sour
@ ai'sm«p-lim is false. ? A2 / Eb .
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Example 7: Prove that V2 is an irrational number.

O Assume +that /2 75 ratonal

Zwi=b? (—:-@Ej 2)
. V2 T A where aand bave fn%ger; witl

. > . f
C:) seven (defn even)
b I l.f'S amu.Ha’l:

Nne Conamon -Fnc%r . of 2

‘. (5w l'ﬁbmcdo(
@= szz— @ - bis g'fs sfm-:m{d
;. at= 2P boe odd )

atis even (@) shows a™is « muliple o F2)

C:’F’ o were ada/) aTwenld be od )

= i (de&'m'lrrk D!et/ﬂﬂ) ,‘
- 1"' : (5- N’I.ﬂ‘e@ ) @ Compren écéf D)[ o . —7Z XY
a = 4 Conbadichs the el Fhat

O e 257 (S’J&ﬁ/ﬂk;ﬂﬁ)@) o and b are /)?476'/3'4«/;‘/;
1o Commcar fchkr (Shoz)
@ e Our A samep Fhirer i5 Flie w0 VI /s
crmbirrad

-,

S beth & asmad (‘sﬁtps@,@)

barcevwen

G"‘) aand b have a

o s even

- -

®@Q®@®? )

Example 8: To prevent Al, Betty, and Cory from dominating the High Rollers Social Club, the

membership of the executive committee of that club was restricted by the conditions below. Prove that
Betty is not a member of the executive,

(a) If Al is a member, then Betty is not a member.

(b) If Al is not a member, then Cory is a member.

(c) If Betty is a member, then Cory is not a member, @ ¥
ASSJM""C- &ﬁ/y IS & rmember

an o implie ot S'Arénrnffﬂ)
Al is not a member (Ifp, 'M'Mj, dn f;, /1 :fv p)

T :""C’Er'/ _/'S 4mw'érr“F$/ﬂéMmf“a;“))—_"' T

Bety is not a prember (5/‘;44«.”:7’ (c) I{}f;;/r:rfn:r‘p) . 4 .

Example 9: Prove that there are infinitely many prime numbers.

@ Su.ffose “the number of prime numbers is finife

@ Then theve rust be some ﬁre.a.-fcs‘{' prime rumber vey .

& Lc-l—ca be the t'nieser' which is lgrca\(er Han +he Prw(uc‘f‘
of ail +Hae ,an‘mc rusnbers

Log= (&){3)(5’)@)(!0@3} - (PO
4 S ‘ﬂa c pPrime 'pﬂC'FU"'S . (I'( toe c{:‘vid'e la
O grl'mz :ae Pwil( a’wau[s have a remairnder Zf jﬂ W"‘:‘j
@ 2. % L Pn‘mc.
@@ Simce i = (-?—)(‘3>(S') - - (/D)—(—f JEis ?ﬂ'f/;ér- FA A

@ This contractich @ .o Ot as'sam/p%r'm s Kolte
S the nuadler off)r‘:'me: 15 snknite
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Lesson 7: Coordinate Geometry Proofs (CCT, IL, NUM)
Example 1:

Use coordinate geometry to prove that the midpoint of the hypotenuse of a right triangle is equidistant
from the vertices of the triangle.

let A and B have coordinates of (0,2)and (bo)

ﬁj .'.M: (Q_-*-?er;q_:—_:O): (_@'i>§i_»
Al(o,0.) AM = \/(0_ £>1+ (&—%)1 _ %i- C_L; & 14&;1.

e uz%-m-(%-oy' \/;’_ T

EIRE

C (0;0) B(lf,o) S/nce f‘l'/’r - /./,3_ /fc‘ Vod2s e?urr/_r/uz‘ 14’1‘»1 /IJJ?"/C

A y ‘ A(e)'F>

Remarks: The most important step in a eoordinate
geometry proof is placing the figure onto the coordinate
plane in such a way as to make the mathematical
manipulations as simple as possible. Clearly had we chosen
the coordinates of the vertices of the right triangle as

shown at the left, our calculations would have been much
more involved. We would have had to use the fact that AC
and BC have slopes that are negative reciprocals of each

C. Not having any of the vertices at the origin or on an
> axis complicates our calculations as well.
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Example 2:
Prove that the median drawn to the base of an isesceles triangle is perpendicular to the base.

47 Cib.c) - slepeof CH = <-0 . ¢
T A B~ a < b —a_
B 2

=~ Hec

“hea,

because AAGC (s isosceles, AC= BC
AC=\/C0—b)L+(O-cy' = /b*+c*
Be= (@b (00 = Ja=zabib rc =
SoVbirct = Ja® 2abvb T4
Sob* et at zabwby e
O E— al-- 26.19
0= a (a-2l)

. =D(,’m/:aﬂ'-"é(¢)o'v P Zb:.c; '
(K a-2h=0o 5 Sﬂyc of CAT ‘s

A T N
ALY M B(a.0) ¥

Since fhe Zﬁx, ;g; hras = Sé/c a:fo)
e must Shaw that fhe shpeof Fhe
IHediin -—_/?/'_s wnhdyned.

H= (242, e22)= 2 o)

Fol - YA
2b-a -lfa-2b)
-~ 2¢

—i(e)

=~ zc

o
:undf{(nu‘.

. Hhiess M-"“W‘-ﬁl‘ of
¢« covvdinak pant baing
Y N 2 eol. PV"NE

C(0.b) Remark: It may have been tempting to choose the coordinates
of the isosceles triangle as shown at left, but this immediately
would assume that the median is perpendicular to the base
since the axes are perpendicular. With this orientation, one
would not use the given fact that the triangle is isosceles. If we
were given that the median drawn to one side of a triangle was

Cl-w0) B(w.0) perpendicular to that side and were then asked to prove that

—> X the triangle was isosceles, the layout would be ideal,
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Lesson 8: Proofs By Mathematical Induction (CCT, IL, NUM)

Example 3:

Frove that for all natual numbers n,
i, 1 . 1 . 1 ., 1 _'n
12 23 34 4°5 n{n+l1l) n=+l

7
. -1 4 whern n=171
gasl.s S-kp- I5|4 Yiie L s
Does A= = 4 7 Yes
-2 s

T nduckon h Po-}hesas
/4516(/?'( 1"@-/ "‘/{ Syé#m’rﬂ:{/} 74‘1(5

A dny i tecra ! nemider & Thatis

£
¢ Lo L oo d gL
assume $he /2 23 32 z%/dn) z@+/

Prove now Hhut +he sladement s tyue when n= kv,

e Prove Hhak __ .
_.L+-.J_ -L..L .{..-.4-.J_ +—-[——-— é—”
2 23 3 Bls1) (éf—t)@#/*{) Bl 41
il £ . 1 2s/
indutfH Z .
by o HOE— 3> oy +(£4f)(é*2) | 2+
= #lbe2) + 7
LA ri)(frz)
= % Py Y
R riEt
(et 1) (lr2)
= [(&+0)ls
(R1r)ks2)
= Zus
Zr2

Since L4 S = f2 45 IR Shihonari
15t whea nchel, . The stabmeens cs

Hne forod
ne teered nceondenr,

686



Example 4:
Prove that the number of interior diagonals in a convex polygon of n sides is n(n - 3), where n = 3
2

Basis Sép. Ts Fhe strbmeat True
When =37 A convex polygem ot

three siles s a 4. R B har O

Fnlerior C(t«'affanaf.r. Jt{’ﬂ::’) 3(3-3) =0,
A s Prue fov 1= 2. f[ﬂ:g} *

The /3"/79:0: iy & f«ﬂw’. crhich Aa s

2 inkrir deagomad. Y(#-3 =2
P

Toducton Aypolbesss. Afssunce that
o ('awmr/:q‘/yfrn of K srdes has
"((“; 3) rnfriev 0/(4?9(/7424'
We must rgze D1 ve Fhat Fhe Shotonpens
15 Frue F metvr. TheArr e P e
Show that e Convex /;0(5,9074 o &/

Sides Aar (#50)( kv 1= 3D
2

or (K1 Yk-2) a/r'a\jma&
2

“The extra vertex obfeined when we change Lo a
&gaﬂ fo a R+l gen cdun be Co:wnec-ko(_“"’ £+1-3
Verkices +o FA d«‘d-ja-na!s. (To form dt‘a_gonais You
can't Connect +he B+lst verlex 4o itsell ror 4o-the
4wo acﬁ'acerﬂ‘ vertices hence +he BL]-3 ). Ey
infroducing Hie il sd verlex Yo However will

allow fov | more diagcmal' fovncedd /m/ C’anne:-!inj
the o werdrces acU‘acen-l- 4o (one on Et'-Hufs:-'d'edf)
the K4lsf vecdex. Thus the dotal number of
new diaopnals Lor aned bﬂad"{”‘ﬂ the Eiilsd verd s

s K+l =3 41 o ko dr‘ajana{c.

Since G Conuey pdya-m o'p K sides has
K{K-3) jnlerimd (agonals (¢n dleetrirm by!wlk\?.‘r)

2
and srace Crcd#ﬂj c kv ! Gon caAis £~/

df'd_gm{r + the Agure , Hhe oM/ nawderal
Ssagowrs is  KIE=3D 4 gy o K@-BDARE-1D =

2

-
K220+ 24-2 = £26.2 = (k-2Dkw1) | T

-t -3 2
15 what e haod fo SAns toprve Fhe sholament drme Ao
nelrl. J.tree fovast noteral riamber = 3,
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Example 5:
Prove that for every natural number n, n < 2™

7

Tsthe stkmettrac v n=1,23 .

(Basrs ‘SLZF :
(< 2

; 242") 3L 23 — yes ali e Prae

oblwsis. AssumeShe cdalorment 15 hye 4v n= o

Thatlrs @sswme ‘hat R < ,2‘_
We nust riow preve fhat the S Fatomar? 15

Pore pohen s2= Kov/ Lt veeerS Shocw Fhad

)
fer < 277

By our assumpacr'm é £ ZK
Ml&""llplyl'ﬂﬁ both sides 4
b\f 2 yrelds RE L 22 @

LR 2% 2 .2‘""@

Tnduction I'\jp

but £ > 1 o 1< A Surce
we Eand our stafement is Hue
frvnz=l o "55'&’«#-&’1431/\. that
Necorbcr £ ol es £ >y
S5 if 1< fhem
It <krh o J+k < 24

R ) T

.. w’_:’&é‘fﬂjz 'S ‘AK{ NZM
n=kel, . ifir Prie Ao
all natarm/ riiembprr,

688



Appendix I

Mathematical Proof - Assignment Solutions

The Need fov Pt~

SOLUTIONS

|, Toavrage (00Em/h , the hime faken
dodrive the DOEm  Found Frip wonid be

SOEM. v & hours - HUH?VCf +he +ine

(0O Em
~
. ZS'DtM
orsS has - . ~the nrofprist cvrn kil have
o retern i O heurs. Tt 5 I‘MfQS.S‘.r'Lé_
Thare (s Vr-osru-t abwhich -}MMOJWH')L
could rekon fre thes o hagper .
Z. C = d
. _C__ - d
- o0 = o= 7
e o i N = 1'2.'73?-3‘7608buw12732_3¢é_a@m

when C= 4 p 0pp oL B d= ¢ooo0.00%
63397/mh’ ﬁB"‘I"CM- :I‘F"'H‘\l r'r'nﬂ

ke d.ﬁﬁv_ma. rn diamelers o

Ghe stume drstasee b =

rewiains
Hon o Q:o'{'\ of space “D vl wmdey 1ha ring.
o~ 31 Tco (wﬂc > e ,-,;:j 5 jaﬁm—d et Mjﬂg&:«

could ean‘& Crae! cmdar-
hive Ha R p3.dom @
3. The probln lies in that Hhe wealthy fab it po7 v icte eop

his entie estl 3 +3 +—91’— 7; = +ZS’ 7§ Tie Aad lir

not actenld £r 7:" th of his eshic.

b (0) Tf yoe Zrel 1002 ox fos/ fon woHLdnF need e A oee -
—fé Srave! — /'/u/n.rffl%_ '

(b) I 100L were mrmatly wsed Yhen only 9OL would be
needed & Gt 57 Hhe Frret %V/(c}f &0}/ of the Fof tvesety
be uscd Ho get hythe secomol Hvice (& SYL el
st of e SYUL v 27/ wruld fe vocd A ged 4
e Hicd chores. Thins Hhe coafoa! soving oot b
731 o[“/'?«f.a a'“r.-‘fl'n_t/ 160l so flore & be < 73 a/s-fw'fj
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“The Need for Frot
SOLVTIONS
g (b) base = fDu.n-"‘l(j)' altifede = (2 M/%/_ gt = é—/(/o)//z):éa,c'z

(d) pase = (Otent ; Gl fade = /_meér) Gred = Zlffo)(/z)céaz,."j

Thare is A Aole 7 Hhe conbrohFome i 1) or 2a° This bdves
arta of 02 or Fu™

an ﬂﬂé!&f/ = -
(0 méﬁsﬂa! figure is nof really atfriorgk. AS AndAc P
hot rea% line segemem‘s, +hat s, A D, @wd B
awt not collinear wise A, E, avdt Cax ot
d collinear. | |
o j;' £ b= .;7'. o= g
| = J—h,\-i by
Bz (%) d 2 )
o= 2317550517 X7 68,198 5705
’ J RDE =90
o4+ JFPEF O = 1§1.397/581°
~'-9MD6 Caio &1.39761°= 178 po2EITT
Kink ( dczjs!e5>

b3 F & C “Thus there s
as Jrzee from B b A . TIn exagqcmfcd Loven F looks (it

o He prea of AADS (ths extrprece

on the JefF ) s 4 o7 /58 st 178+ E025/F

0

_ LSoriu’
&
i‘m:'/pu/ L AEC has ern-Gie® é/-ﬂ«“'

o e argr‘ad/ @we s Gee
réed 01[ P73 . .Z(aj"u“) :5'?‘;‘2"'
Yo cam ven by 146 /77 adArrg Soge/ Far

Her areasr of Fhe /}M.‘?Ehé-fl/ (preces.

p——

G’ c
) i —_— al right
sg’ﬁé‘,’i J?Eax‘éafjut f;_faé;:ﬁ/z{h OMHT‘V see 4

Aok : /wast 6 = fo @z) +90" 4 fom” (7/3> g <

- 1N¥. 602819

A PAR e anrr 4 (@)(E)fm 175 -6028i9°

! MAF’QE=. L&J""R APS’/’AMM-SL’"
N e seCR Figure 5

i3 -ﬂ‘ WWO[ =, K ‘?—w
588'“2' Pw He 2 mini A% each ofarea St fv a ﬁﬁ/f/f'?q_l-'

-]

—~
L TR
-—
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T holuctive Fea sonin g
SOLUTION S

Loy =17 13=9=27 (43457 9= 37, H3#T= 16247

[+3+54749= 25=5

y =

LY [+ 345+ 74941=6
[+ B34 S+ T+ T+//+/3 = 7%+

&) ID7ev i
c[) (4345+ 7 2T+ FIB3+15+174 19 = 10D =10
e) \/e.s

) du.c-ch reaseming (S éa wused écaom bt Fre ﬁsw'n
£ éuﬁmm;n 04%2?‘»-(. g =

(b) 3 colns (c) 3 colos (d)z-/co/m (e) 45‘5/4‘::;

Cene

L (2 2 eolovg

(f) that's I'MFCS.SJHG'
@) wlv —pﬂrao[ws (Mﬂx:'mum> are peedesd fo coler = WMC{

drs#n:@uisln the bordaxs-
(k) No . our amoluson smas based oy o 0ar aAormgpe 1),

3 (&) answers will v
S (‘; ) \'\ T -i-"t Sy -( See e vP!-a-
X

(uea & X1 = (hta A PIZ + B AXPE +nen AXPY
Lhoh=J (v2)a + L(x2)t + 4 (xr)a (D

hat Y2 =XZ= X{, so -,"a/:'nj@ ég 4 Kz

Loe have h= g+t +u
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4 (a)

(i)

(e)

§ ()

_:7;:c/uc Lroe ?ea.Sonnlj (go/uaé'on,r)

{13-6‘4: 472 {%'?3= 2418 {4/-28= 18

32.ub = (472 62-39 > a4/y -8 = yvE
{@7_ o = Lt {3’:‘ ‘36 = 3B02¢
96 U6 = HHI4 4563 = 3o2¢4

53.7| = 376> ) ’. \'-[-\‘S'm:l" ‘{?u-g-rallww
3517 = 595 of 2 digih.

s 0('

For each of +Aaj“w£m licled +he product of e

len's digibs is +he some ao the produstof the wnits dig s,

T 8436 fcesawple , (BX3)=(4Xe). The can

also be proven . TE the dow nuwnbers ore of +ha

—Po-vm X _!?. < d tha~ Qoa.qt.b)(wcd):(l%-fa)ﬁ&ﬁ{)

——

_E’_ & .-C—L— < 06 ac+10ad+robc+bc{
T\ T = l00bd +I0be+(bad +ac
‘g's ’ WI'HF
digit digit 1. (boac +bd = obd +acC
_ &ac — bd =0
—_— = éa(

A feean €xceresse 13 Ao fomcd all Fus
df'?,-/ nusehers +haf Agve -;‘Za-f_/;ra/eﬂy’

1z (% 1 Y S { ) 17 & ‘9

< ) o t :
2z 3«7 %83 &2/

1= 13 IS\ 72 191 223% 4S5 =8I

2o 2/ - - o/
461 503 ___._ (763 = &/ -3

Sinex -p(x):::_ w &4 )(4—¢4|) f x = 47, Fhsn
Gl vdl4udl = 4 (ut+i1+1) = YNOEDY

,I—L\j_ P-roﬂmm)ll‘s-lcd ow Hhe. next pege, Camn be wesed
on the TI-82 4o find +he prine focdons o
o nunhess T4 fs Preﬁ‘j well ecseddial F N
ot o do s {){D}o,m i < S nudes.
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Tnductive ?easo—w‘rﬂ (fo/wfrmu>
ProGrAM : FPEM FCTES
i Tnput "NMBR?" N
2 P

CoLbl
: Tf it (N/P) = N/P

Goto 3
255 (7N )1 el Ll ek e T ST
6:1:: od T+ mears ('ncrcmemlé«c/:ffp /'r[
: .191 3 @rea/ef-fﬂen
Pl
. n/P—N
Pausc_ P - ?a.'u-a—- ftfn'n"‘ %WCD?CP-
: Gotk |
s Ll 4

., 'I-F!J-f-'l-'.Dr:‘oA/

5('0) Tduckive reasoning rmaght (ead we 4o believe Hhat x%3 x v

a!wads resul\“s in o Pn'me nnboer .

be able ‘LD(OYW‘ T+ (nforms uc of He obsorved Fa.#crn.r
lowt does not prove Fhoat +le [oa#ern: alwnys hol . '

20-/ ,?
b 25 e 27 o 514 288
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Dec\udﬁ Je Eeasc:n I ”ﬂ SOmel'fms

. Towin You st Aok doothpick # 1. Vo cam do Hais F youprel wp fostlpicc
H 5 (and slupHnue.). )/o'u'” a/way; be a bl 76?61/4‘-‘5— i F Yo §¢r‘#? (o b

Ahare) . Libecsise }/ﬂﬂftﬂ, Ao prefup /35 and /7. So -/Djaerzmé.g a
toin | lef ymra/ymeﬂvzs'k«7’- That ity ot YV e ahie A GeF # 17 o1 your

Bt furn.  The segucsrce of "f"”"””"ﬁ foothpicts” 5 47 13, 9, S,/
Ldz-lffﬂf (A’ﬁfﬂ Vﬂ‘ A& /o 2. ,é—n#/ud’r 7%1 yz‘nrnnj 5¢7M¢na.MJ r?) /g/

t3, 10, 7,7

2 (= Choose- duyzm;zﬁ/h’ = /o
(6) Double #he nambes Zx zo
(c) Sibhact ! 2%~ 7
() Trple yourommor €% "3 57
e) A3 6x éo
v Her
&) e:;%nfjmwéff 6 6

3. TS x rodibes dre rewnoved there will b 20 —jc patihes remasing
Since [ £ X= 9, fhe deu’s gt of 20-XK mut bea/! Guw f b dnis
a’;gr'/ of 2o~x oeill be 1O- . . LAt St of Hhe o/_x';/,;éa/
—,%e_/uowé&r of sakies folL 1 tboe trok s lY be /AsO—c o ii-pe, TH

o i e et remsied hare il ey T 7 R

v D mabehos /..’# 7;4»-:7 ot Z move nym‘:ée_; lezrer 7,

Sﬁrﬂ’anér

zZ0 20 2o 2 2o 2o 2o Zo 2o

- -2 -3 -¢ - =6 “7 —& 7

/9 /8 17 /6 /S sy (3 iz Y
— /0 -9 -&8 _7 & s o d 2 .
— e —————— —— ir——— N e — =

7 7 9 g g g g 7 p

7 7 7 7 7 7 7 7

4. ¥ tiBx+T= (x4 '7)(>(+D , Provideod X+0O ,in which case

248x 47 world gue T, x 8w+ 7 will be fochrable.
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Dec‘ UC" ive ?eason inj So’w]' fons

5—(0-) 8~1 Pu"ll"ﬂﬂ out on\\.l 2 =wecks ym could have | rech @and |
wlm'l-e. gu’ i‘)u{fn'ng owt 4l —Hn'r:‘ soct” }/au. o il c‘e-ﬁr‘niiefy

have e~ pair.

(b) o 3& 2 pairs we bnmo Hhat 3 secks will cectminly provide
llodl'f leaving le xha sock . The 4th seck mﬁj not mafch tre ochra

sockt  but the st cocle woill match e terdhe 44k sock
OY“'L\»Q _CK'I-ra, socld . S5 socks Zire Vejuf'fea(

(e.) TO 9&+ x Fdif's O-C sock’s ,-{'L.c mrnimmm!abro")c seockts

ﬁw—au[d e eed v ld be =Z=x s ocks . Now ZLx (5 aswcven

Aimber of socts . T T Aad Lot Sven riiomebor 0F recls aerd
o prori e 3T

LKt EVEN Wa/wéf}é; Abrur LA Socts o AL
2}:} PR d/'ﬂcf?.r: M/z//“{#

1S Aéwevn’ —/Az';
onsrrt of ot oA Acconber o sty comil Fomn oA Setimher
pr 74 P Y irFo vt A srnle <o

ol ohites Gimie TP
& vitm W Jir g% g 4 fgre Zer Wm-{or dz/rfq_/s- ezar
MJZ”/ Wa/th 9//-/‘/;4'_; T vrny &d/é -é -té?m 2

15 . _,Z_w/// AC ﬂ//a -4 -»47;-1_ x -/ ﬁ{qr’: Adyz;y
) exha  redd zweot (exbra white . %ﬁmr-uré-c ey ,4'44//@,7

slsods . Loutl hhre o pell G2t [ mrre sock Lo o foked of 2T [ socts.

o 2?5 +/ 59&&1’ are fffz.(lllfﬂ/ ﬁ/&eaaf/éc Z/w/)j'.

é. T4 Fhe person /;«754? o s #Ahe Corns Covers eddor =2

At sgunres Or L2 WA Sgeckres HAe JrrSen aibh Fhe papor s
Can'd woin. CLUFh Aeven fager Chps , (& sgowres corl/ Adve 4 be

Comrﬁd 794[6.14"6( wet? o aé/‘é' onnd 7 o/wbc[ dvz//& ol hor e (eac/L
clip covers [ dart Gud / cdrte siufg) Thers iF e [r S v AL
Ads Cormn bhas Covered S2y 2 AartE S‘fmze_r_, Ahe bocrd rennais
tith & Oarte Sg akres g B puhite Sgrwares maé‘mf v A lonmssibh i
b Cover 7 of cach cofer.

7, 77!-1 't! ree ere ﬁr“dé%—// ré./ﬁ-’ Gt Serm -
8. 4+c= 100 Moy Hasle dhoe bottle cosb | and
b —c = (o0 He et sy ¥ .06
2b= 206
A=003
Soge 3
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De C\u.ci e ?ea Sow inj .%/untlcms

9. T hltes a  cat 3 minwdes do  catch o mmowse.
(00 cuts  ceded (DO nice tn 3 idewides also.

(0. IF i weve X's Aurn ) X‘wmld wirn e i s be
O’S —l-wm . Since +here are "L‘DG'DO'.\C eaclh. a]madj

marled , 0 ruast  have slarded .
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Concdtima ] Shedoments el Pk By Gurks

Solutyons
. hu[r)o-ibusis'. "dlare's « g(” " )
conclusimns “thare's 4 i "

Comnverse - TL Haere's a way Hen there's awill .
Hee ccttoms of

thHM-[-L\.L ComvETSE l's-l-rue_ s Argu.cab/e. :J-;Jﬁrnﬁ lpj
—Hurrugh life ehavs [l will. Hm/.,

Sl rJEOPL’— i &y
have no desire a-rﬁoafs . So is thoirwill dohave nowill 7

-S4+ 1< /6

2_ hﬂrzo-mlsfs .
Conelusion” x>— 3
coperse s TF X>=3 Shem —Sx+/ </6
Comverse I5 Hroe .
- —
= "\ycﬂ\ﬂu'— AR gl AT Cuve opfvsi-[-f rajs
Conelusim LBAC (s a shrarsh! anple _ .
CLon verse Tf £L8AC i+ 4—5#‘/_5*/@1!7/:‘) Men AB L' AC dire Waﬂ"é.
rﬁyx.

Converse (5 frue.
f\ othesi s : ym ate r@.‘sbred in @ moth class
jp " need & calcalater

Conclus Lol
i e o - I)[ ...5_4(__”?{_4_.&.._@,/5“.@

Conve 3 :
i th class.

Cornverse IS fntie -

7 (@ )
a) no comnelws ivn Po;«;ible ' y uden t

b) ne corchas it po;s{b/e.
1‘+ Cbgs ﬂU‘" L-n\.rg a,n+f lock Ismkﬁ.f c)

a) ‘fw dond puan & Stbura,

@ b) no Conclusion possible:
ble .

¢) no comchus ivn possi

o) I Y pick wrw wp
B I+ did net rain

) re conelusior poSsilai’z
d) ne cenclusion Pb’sf'“’.
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9.

fo.

(.

(2.

2 _ﬂaue are nNo PFI'MCS
Gi= 137, 92= “%-2 ,93= 3/-3, PY=¢72 .

l4.

5

Conc‘f—}'l‘wal ﬂa-‘-ememLs and Froots ?j Cownlen l:_xam,,[v_-

(50;,o1|o~s)

2 (s prime bt i1l aven

()% % but "SFES
2 4 B e 205
o

: — 2(- . -l oS-
I.[’J:—IMK—-Z +hew 31*“‘3:2' Smée —24 >

be, Luun. qo . qs_ )'E‘Yt?mv»\f’/c, '_"x’z:g_

First he 4pek —he duck ocross —the river.
Tlhesw he +ook e -Fox ecross cand redurned wiidh te duck,

Thae. he ook 4+ e corn acroes cmnd retarned back A
ge+ die ducle .

“The man perr! A b o Tae_rday. K conbln’/ frye Gore m%,_,‘&/
o Frd’a.y because fhe meat marlet wes nof Goen. Lo coufiiy ' Aave e
on &14«'0,17 éGCM»C ‘/é fye 066}"" L7-£e CW 4m¢f7//ére @7&,«!,{,{‘
blnde £ carh Ais Check Sipce he cmme Home trdd moone srvomney Aeoe
/m-_ /e/,éuff%. 71«-1‘ Acm/ ﬁdw_ jm '/Oqéwnm -Ee—: 'f/u a-”.fy

Ffmdfnmjaéy?‘éa/ He bawl curs open dod 7 mand Hoglif Guioc

/6.

Fhe eye dochrr.  (Assteane thet he séa//cq’ on the Sciere a’éy A
et fo tha ééwf)

ypise Ha poys nawes coere Al bem , and G Lgmosc A/ cuar fhe
oo o racse  Fi5 hand. M comdd fave rezsome o a5 fatpus. TL T
O hdve Hirf on my bead Hen Berr ovar/ rasced
Feir hands Hhe Ml Ame becawse exch of Ahvw Saco Ao
Aivt o~ each offeris Aad aund Aidnl/ see Quy on tin<. ZA Aha #
were Hroe then Sare/y Beyr ov Car/ Covnld realice why Fhe ofhen
hool rarsed his hand Fhe Lok fyme Frel eock wonld lons Hof
he /laﬂ( (/f'r/ oM A'_r bsad amnd boald Ae raf:r?nf his Aénd 70(;
Second timt. Because neidier Bewm ney Carl 13 ra(sing hir bawdf

Ha cecomet Hma it pust net he ot T At have Sirfom
nince. —77'!(1‘4"6 I oo A@vc Q/f‘r/—d}rmf/w-”
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Conds Hrime/ Stak ments v Prols f/ &?uoérf:mm/é_

(SocuvTrons )

7. His Siornd wms = /aa//. nota man, and Aer pame wes y

/8. Since Hlair ages mu/#/ﬁ'u(—té Bé)v‘ltf st fave beern 1, &, ana{
or 2, 2, and 7. Tor cack case The swom o their ages [s +Fhe Sime,
(/4”7 oHer possible Combinations ofages  fita [, =, 9 o 2, 3,6
grve wmgue 55‘-"'-") Since Fhe offest j/'f/ oo not frke
chocokete /a/d?'fy Hherr ages nwust  fidve beern 2, 2, EndZ
e cavere L -//e/ fad e [, & md s Ahrve cowte nod Acve

boen cn oAAA j/r/.
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?roo-Fs Abgut The :Pro]oerw’-l‘ts OFIﬂ‘I‘ejers

SoLuTIONS

[ Let +he due ocld in-legers be frand <
V. ,5‘:‘— 2&4—[ and £ = :(J-'*-I wh"‘éa’“d\/.mlhﬁjc/;

A= 2k+l+.?_j'+|
= 2{&4\]‘4—!)

b+e (5 exn Since R(éﬁ'-f-{)fs evert.

e Let +he even indeger £ b

[elb H odd inkeyer ¢~ <

L. ,6-:'2& amd <= 24+
46—.*._(‘:— 2&4‘ Zd‘-]-l

~ 2 (k+{D+ |
oo bye vs odd sinw ,2(éﬂ')+l

3. Let +he oo odd in-[egas be G and<-
" 8—: 26+

Soooe= zJ‘J- {
= 4kj s 2b+2)+]
= 2 (24 Pka)+ !
. be is odd Since 2(2@'+éfj)+! rs He fome of Zon
g dA inleger

s odﬂ[.

4‘ L_e-}’ +]f\?.. er Coﬂsccu-‘—fug ‘?\-[.e_j.e,-s Be_ C;LG-HO‘LO.—J-,.
Now if @ is aven ,Hhew o= 2R 2eel a+l= 2o+

alos) = 2R(2k41)= Ak 2k = 2 (2 ubichiteven.
No o l'.r Go Vs odd , Hew C= 2\)”62»‘4&( o+l= ‘2.J'+-2 .
a (a+1) = (2_]44) (2_]-1—2)-‘- 4j2'4 é/J'J 2+ L

e sz‘,uo{' of 2 conmsecudie :__;4.)' -:6\) +—1‘
l‘hlegﬂs wi”afw-as be even. T (2 + 37+ |> whech
(s even .
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5.

6.

0.

PFO‘J-% )‘{LOH The Prqoor#@s Cx Iﬂk@er;

SoL UVTioN S

L&-L 4he -U\ree. Consecuiive u%!-eger_s loc X X+ and x+2.
Sodheirsum =2 K A+ |+ K22

= RByw+3
= B(X+1) hichis « mu(#ple of 3.

S«Appasc 4 (s « commmtaciret x andy .
Then x= £k awnd d-_-:(:J

X+y = Lk +Eg
=t (B4

LoEs o cymm.ﬁ;b[!v-r of Hheir s,

Lc+ 4he even inchof be <
= 2R

» 41":'- (ZK)(ZK) = 4—K1‘:‘.— 2(2.(?') whichis ef-x'ﬂl;"l 'g*rm

Le 4 4he 4eoo C.ovxscc:u-“u'ﬂ m%m—: be x cond x=+ 1.

2 . o
- (XJ—D — xT 2 xTa x4+ - x* = Zx+| which (s

= odd Lo

Let+ dhe Hrvo oddd fﬂkgers be x gerdd x+2

Stk ()= X xPE Uxs w 2x Pt = 2(xY s
whiehis of even -Qrm.-

Let dhe len's Gf(gi"' L)e_ T . Since the number euds 1n 5 it com
(o: wrilen as 0t +S.

s (tot +s§1= (0Ot "+ oot + 237
= (oot (t+ DN +2%

I NG

(O digit mext e, I8 s 207
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’Proof—s Akou'{' _ﬂf\e. Pmror-!-t‘es O'F Im-(—egw
(501@41‘0‘7\5)

i. Lled dhe 4o cliﬁ\"l' rwmber be (OE+4WL
The ruumber coith dugii-_s reversed Is [Ow+-L

10t4— (tloust)

= Jot4 tt-(ou-t

= 9L -9 :
= G -ni) which is of Fbe Aormt 4o be a ralbph o 9

2. let % be 4he inleger . IF % s ever , thew X =26&.
')41: (Qﬁ-)q;' 4% ohich s 4wa1Lr)°/f— of 4, ITf x isodd
then x=2&+1. [ x*= (26+)= 4tiak+l= a(KRep
whiehis b dhe forpn {o be | more than « alfiple of 4.

702



5.

.De’_du.C‘l'f\J& Ge_cvwe‘!‘fi'c Proo-{j and :E;\CIW?C" P('oo-)(j

oLV TIONS

Assume dhat P X Fw . Since P buets AB dhen Aw EBN .
Ako [AwPx [PwWB since 1‘/(7 are verieal Gngles. Thur & AwPE APwE
by 55, oo £ 5E ( rempmiiny pick o 345, Ths et
Fle Given foct bt AP E Bp . .. ourasumphin /s A ;J;j: e

Assume that WX 2 ZY, Since i L XY dwd 2T LKG Fhen
Livxy ’-EZZ}’X sirece bt aire f_/'jl/dd?éf‘. /_‘_/f_’ Xy ’-.’5-;;(— (KMﬂm
side) so Awxy = A Z5A (5.A.5) = fw £ XZ (almw-,lj
parts of ZAS). This pomhadichs fhe Givee fact Shal VI i X2
‘. our assummphion is falee. - WX ¢ ET.
hasime Lt B2z oy, Mew TT & T (given) s LSE LA

(Tn ASTE i ST & T fhen the Brghs a//a:z'i%ﬁr: & Sifer are
. ¥ e v (comes.

Slhe=). L ASTK & QWTY (5A4.5)
arl'r c( 2 Ar > Tiars contradrcts +e giwem. -@c‘f L lat
XT & vr. . Qrd.r.rmﬁm o ,{éf- s Sx ¥ wr.

Now BT 2 i (given) so LS L (% L5

A ssume Hat Sx E wY,
A SXT & awr7T (s.A.5.) se

lie o//)omé & sifer inad ) )

st_r-_::v____Awr?'_(c:rm/;”é_o/?é}_)__ . LTXYE LTVX (2‘4')/ e

suﬂ,mém = L éSxTMa’ZNﬂ_ since LSXY gimd LbvrX cre
staight angbs. This confradich She Gorem facd Shart LTXY gb LT2X.

L owr QSSW»«/;AIM s fale - S0 B # wy,

5. fscume fhat Fhere ;s /ﬁnyes/ /'/h“?er -3

Since +#e /}?kyef;drc Closed o Ter 220 A ( FRRE IS Lhe s pa
01[ ety ﬁVJ /;'fkfﬁ’f FAEC i f”-@fc'r) +4 e /é,z_/ i e ""*é?f-'/

Since K IS Fhe ‘argest integer, thew Kst /<K
L LO (Rbbnct £ foonn

' €A srwe )
C/Eﬂ//(/ / 7£ O . . oer G EE s p ot Lt s ;é.«g’—e_

" There ts svo /ér?e_q-r" /a:éfrr
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Declu.c"'n'dc. &a-me'l-rl'c Prwmf-; O.Mdj;ﬂdl‘ffd Prwng'

( SoccuTrons)

Assume Jbot VE s rodional number. Ten V3 = a o har
a a-d b are ;‘n-l-egcrs with no commen fcdor & =
a=/34
a% 34"
A% is cmatbplof B, TL 2205 a mallple sf 3, +hom
so /s ‘@ a el e ef 3. @»/ m«/,é/p/f 4/3 /if«e %f

—

-/Aa;‘drem#//uat[i‘ Comsrotar /", 2, f{ s’ 7t ek
dﬂ/‘f 3 é 1) 7, efc @re M«/v‘r//efa‘i(j‘)

/

-7.7[”6?. -1 W/A//eg/ =2 Jf{/} 4' Bw Where wis

am inbegor. - Smce A% 36%, Hem (90) =36 o
G = 3b% 40 Bw*= AL U b Vi s el PY AR Ry
Fhes bis Gualipl o 3. . both A awmcl b ar alsiohsa £ 3.

w

Thes Caonbadicts he Lact Jhat o /B s rakiens/ 2 ard b have

e Cornrmrn ik, . Oser ASSteamptton IS Aade . c /3 fIfmﬁ/‘nw/

Assumte Hhint Hhe /ﬂ#&/a/—éw even /'ﬂ»‘gvr: s od
“Thew i f 2 and b e -H_,_ ml—ejusp b 2B+ where

Cven

k is am.ml-c.aeyr Stnee ”CZ..“a_nd ”bf(me_,(mkger.r -HM

Sw a_,f,—:: (2w)(2j>“-‘- 'Z—é—f-(
S Hw) = 2B+

Hw(—| = 26
Fewy—/1 =4
=

24t =R
Snee 2, to, comd j G tifegers, SOk 2w .
But 2w —.'E/. conted nit be om inkger. This
Contradicts the fact FhatR is am infeges.

»

S, Owr aa’fam/#}n o 7Qr(
S e /rv-dac-/ of Ao eveer z'mfe/aeo- i even
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Coordinade Ceometry Proorls
(SoroTrioNs)
. C(aa); D(o,a)
2. B(ao0); D(odr)

3. C (O.-I-ﬁr_, 4)
4 C (u(f,,c.) or amy oo obher Varables that Are not the sameas ‘&”

ov eiwh other.

5 C (a-ﬂ-, <)
&. C (ﬂ‘)¢>) D(d,e)
7. C (a+t, ac) )
g, Let +he coovdinates of dhe verbices of +he rectangle be as

S hown !

M pce Jlamod (b-d™ = B
D(D)ﬁ) = (mg.) D= J(T—a)”+(b—o)m = Ja i
S, AC= EBD,
Al Bee T

9, Led 4he coordinates of +le A 194_ as shmﬂf

A | ' b+o |
A(hie)  MS covdinaksan (522 e0)- (89
N'S Coara/r‘na/crdrg.- (qu')Ei'_"): (lia._ N S>
= = 2 2
WAL N o Wdbasaskeof %% = 2 _g
bt —jp “a '
.k - S
5(010) C(G;O) -gz also L\.as Cﬂ‘.S{QP{ 04 o ( x at;'_;)

. MR /B
The lEngH«of '_62,: oo . "I'Iu_\a,,‘gﬂ,\ojf A SJ@%_?_)L*(Cé-CA)

—_ PR - . P
a, = — ==
S T e

R s length i35 hif o} BT s length. -
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Coa-vc‘r‘ru-l-e &rm‘]ﬂ’j PmEs

SoLUTIONS

. LeH'LL Corthinales of dhe rhombacs be s showm:

N — ee e
( ) 6{0p£0£ Ac = e = OTE
D 6’/‘ C(a.-’—b‘)c) _
Slkpeof BB = <€-—o _ =
- b—c

e s E S{/l.opd -(-ka.{—
No.0) &(a,0) X aJ.@)C - ) = —|

Since ARCD s & rhombus we Enowsthed A2 = AC
[eoaa - Jama i
a"'-— b2+ c™

—br= c ™
Then c"' = a*>bx _
(od-b tar o P—a? B

. —Hu.j (;‘EM D_573 are P&rr_wuc[-‘cufa/r

(. Le+ the coovdirales of 4 Pm’“ajf'** be as showm.

(atb-a) +(c0)™ = \/Zb-a)'?— (c-0d™
. (at) Y= (lp-a) T4t

> e +btsct= bZ2ab+alec™
A {o,0) & (a;0) To2ab
', 2.a.(9= — Zab
L dob =0

L= O v bb=o0
o can't /-'-C O becaure ')IA&n_
Bwau/c/ Co1nceole v ith Ao
+he ﬁjura Cowls nif he a
PM//://?R&“. (7"“4.19 s he 74?“4!)
b newrt be 0. This ratanes
D ,l'eg s -—l—fuj axis , . ZDA/3=90‘3

. ABCDIs a recl—p-»ﬁ/c Since A Fara/é/gmm.
hﬂw‘r\_g | rc‘gM“L (s & rec‘)(:u:j/e.

D(InC) T T b AeSyE T
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Coo-rcln'n.a-fe M oo

<SoLoTionNs
1. Zef’ Fhe coordnates o She -14#/?20:':/ (iosceles) be as shaun.
Aj D(EJ : >
b pex D e
- m

= [ zab+at+c™

Alo,0) 8(@0)
S AC=RD

|2. Led 4he -Ha‘amgfr. have vertices as sham.

We nred o s hoaw AQ,_L/SC. . e
¢ (b,e) will by b shon Hhad 4 Produd of

+e SLQP.SQC Ac vl BC is = L

Slopof AC = < = <
b-o <4
aﬁ:.

S(cpeo-fﬁc— €0 =

et Yo m) @@-g

Alto,o) M B (o, o)

M e maJpo.n+ OF A@ has Caafdmw‘c.s‘cp( >°)
C Smie AM= MC , then | (% -0 (00T (b—g)>+ (e- o)™

. (b-g) et

4
ar . pr—absat 4 c
4 s
o= br-abk ™ Frf"@
ab-—b e @ I

= :bél-—b

Gowvg bac k J—o@ we hove <€ 7 —_

Lo ApNBC s ari_/)h"r A
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4.

CO(H cL' /w-Le &omf'!'(:j P/b'D‘E!

SosLOTIonS

[ed “he "'rﬁfaewic( have coordinades as =hsiwn .

A D@/C) C(uﬂ-;C) X hag Coordinc &5 (aj%_'o "c‘f.'o =(g'%_
X y V/f&ffan/fm.ér(é%“ ; Cll‘:é’) =(/>_*'_: N %_)
/ \Y S ‘Slopc of Xy = h =7 = O
A(o,0) % (2,09 bia -4 bra-d
— — =©
T (W AB sime ABs shpeis abo O
AR = J(a-0)t (p-c)" = &
ve JEE-EL)w (%-A):  =tETE - bia-d
De-= < + _ _ X Su.[g-}mc-/—
ﬁé-d—) ! CC_C} - o d- Coordfmﬂp‘(: so

1 (A+oc) = L (o +b ~d>'— -a+f_*c1

Adilferences remain
(Dosa‘-!-fuc. Otlar wise

Lse abealude valie s

+hat the 5/0/:207[ VX cond X are both E_(. Lo
<

Cie

4

Lo Buad XY ZW is a Hem .
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e | when Yorfelle e VT "
{5- Le-{ Ha ?ua.c/ have. Cowrdinales cs :A“M: -
Y C(CJA) <ls ¢o_-f:—y_/-€—'= -F—-E_,'é _%l__
) N (s 4) = _3 -4
\" ' e -4 e-6
=
v : S/OPE 0;2_& = —ﬁ -© = £
A.0)  w(ge) B(8:0) T2 T
L — - — £
vkl BV .  Sipubrly one e sho e — ¢



Preots 'g_'j Mathematrcal T duction

LSoOLUTIONS

Ts Hhe skitenten) oue tihen +7/5 Sty 3 7
Does |4 2-4-3:? B(2+1)

Basis

‘S-n‘ep 6 -: 3@ =
‘-/e:
A—sgunc -/-Ae s/a‘émem/ ‘s 7444 fé?’ M= é
& assume HHat /42+3+c/-(----+é= Jéﬂéw)
Now preve dhat dhe sfakment isdre whew n=r(.
Tﬁ.a-t I'S) Prove -“n-o-'f:'
46£anyrﬁhg -
LS = é(‘é;')'-i—é-l-l (fﬂ)(sz)
= Slkr) + 24 |
i
= (tm)(t+2)
— =

Stmer AL.S. = ff'.;r. twc buiee /ar'n/eﬂ Ao shrlovaccos ruam FIue

2 Tothe slalement e When n=3 ?
Does 24640 = 2(3)° 7
Basis - ch)?
St '&
g 1g=1& %e.:.
ASSW—L -"‘Aﬁ‘l’ 'H-L Skkmen-‘ 'S —{-m.L .&qnsﬂa
=
L‘;L O s Sunne 4—[&0\* 24 6+0+ (H+ -+ 4p-2 = 24
N prove that 4he < Fadement vs dviw v ne ksl

That is, <has +hat y
D+ toAtdt e F L-2 +4(@+|}—2= 2 (ﬁ-ﬂ)

" f 7
/.S = 28F+ 4 tY4—2
= Zéz'f ql 7 2 -'-—f—-yw \C‘/a”
= Q(é?'fzéa‘Q m_}wm,{

= 20810)F
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Prowps 67 Ho»H\:ma'J'l'CO-{ Imduc-kéu
SoLUOTIONS
3. Is 4he 5-‘-5.4emen-+ +Yu-&. ~Fv~( Saj =23 7

Does |+ 24+ 4 = 23-—( 7
1= 7 es .

A-Ssumc He stoderment /‘:74245,4« =t

M provee Fot 1] is Frac A r1= o !,

. ¢ or/—( y 23
G Puoe thal [+ 244454+ 2 +2 = 2 —

= 2‘1/4—2'& /

= Zk-l-'zé__/
= 2(2%)-1
= 2%y

.t steademont is Frue fov all nabure! musloors.

4 Ts he s ladewnend b when n=137
Thes | *+ 224 51= 3(344)(2(3)41) 7

6
(4 4+q 2 30D
— e
PRI
&
I =14«

Acsuume that +he s okarens i3 Frut wohen 17 =4,
& genome At %2 i A Bl obe)
&
Prove ot the shikemen? 15 frece whee 11 =kr /
_‘:é: fW J’Aaaz' / Z,& Z z'-,f-ng‘/a“_... *é ?-+ (é/—d ?.g /éﬁ)/é{_/* I)(z&',“‘)* /)
L_/—-"“_“\.——-—-————J

= Lie, )k T &
_[ﬁi%/__i_’) + (frr) (bri)se) (280 3)
= é(éw)(?év‘d'Fé/é"Dz ' -
Z (8e)(2k % TR ¢)
= (é-f-f) [k(‘?':'l"’)-* é(é"'!ﬁ .;(k;.[)(Z‘igy‘k“' 2)
= (£+1) [2eBb16f46] = &
’ = . LS = S

L Sroe fov oif vigkera/ Pidoboys,
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5.

6.

vafs Bj Mathe matical Taduchm

<OL UTIOoNS
T dhe stlement hia when n=372

Toes 1243%45%= 32+ =
=
Hases < 3 ( 7)(s) 7
=

35 = 35 v
/455&(1::5 -/4&;‘ -//f 5,&%4«/ s 74«: hihesy 1= é-}
& Qssume Hat 12355 ..+ (2l Al26+1)(2k-1)
=

PW"/’/'«"‘)J the shidarentis Frice tohen v=dor/ .
2 fne Hat 1% 355t - v (2-)0F (2“‘1“)")1‘ (Bt LY 2t )+ 3’»‘*’)-’)
———"

=
_ t(2b41)(26-1) 4 (2&4—()1 (+1)(2k43) ( 26+ )
= =
=  Er2k+1) (2k-1) + 3(21.’+_O__2
3 | /{
= (2kep(Bl2ém1)+ 3 (2**’0
3
= (i) (2 fot Ebt3)

. 3 3
- I'/I'J' /?‘IAJ 741»&// ﬂﬁ;éafd/nwﬂé&:f,

T 5 thae ﬂﬁuémm/v{ru whent = &t 7
T o 4 < éj 27 '
s 20% by 2 z .Lﬁr.
4 s 500me Ahat the o fadernent= (5 Prue whon 71=K.
That 13 Qsmcme that 2 2 b s alinsibk {7 2.
rve thad +he shatermnt is Frue for T2=kt!.
That is, prve fhat (1) 2t (4] i a/r;r:‘s/aé% 2

(s bs]| = B212bs/+£+/ = % 2./ + REL 2
=L b 208+7)
L C——
a’r‘n‘sﬂk@ ivisrle @

a2 2 by o
a:.ru«plz—r»

R L 1 sl '4? .
P 7"‘51.( ,4- Py 4 q,;évl/ﬂmé"f.
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HProols @g Motbemalical Taducko

7. To dhe shlement —Husfht:-:fii

a (s 4420« divisible Py 37 .

cd+8 =72 which is drvisibk bj =,

A,‘S'Sumc gt dhe Sfotowend i's Dot cuken r=g.

(B A SSuwre Thal é%— 2& is Arvixebit éy 2.

Frve Had the stalemert is e fv n=£&41.

it Prvv-t.—{"fxa-i— ( &+ r>34—2(é+ t) i's elivrsible bj =,

. L2 3B+ | v+ 2k 2

L3 fer BRTIZE AT
= pP+2k + 3 3+3
S R it
O mis sy & of v srese[FHE
B Loy a5t of 3
S s A ISR o 2.
. Free Ara//m/ca-c/nmkf.r:
8- IS-//!’r Sséé«tﬂ/—/n;u. .,47,4._-_5'7
7. s (s%s5) dinsible by 67
Is s( 30) devisible 45 67
Is [SD clwisihte @ £7 &3
 pssime At Ha_Shdmert 15 e Fr ok
Wows 5 b Hhe she - J
G 2 Fr Shert Shekwant is Fee for Nz b |
& Shns Lot  (E+ I) ((é,c f)2+s') (s ohvisrék by rd
= (b+1) (&3 2+ 1+5)

= (#&+1) (ﬁ’a‘:’-ﬁ— Z.é-//)

‘é(f@-r)-#t(zk;r).#/642;3.)4_,(2@__“)
= E(byi)+ 2kUES % e+ 284
-~ &(k%s)+ 3£ +3R+E
= L(&¥s) 2 (LU liR)

. & () +3 (B(L11)+ z)

s
o rWA-HJ'pff 01[ [
bg ass re

il

L'/"__""_"-J

ol iple ot 3

bug-prrrv‘)bu.i' St et é&nﬂiéﬁ {
Gt Crv secuhive jnbeger s, e provtsct

wiilt be even . Oneven Auwmber 2 s
stl even - <. fo (ot 1 )42 oo tve -

- 3(&(‘@“)./-;) 5 &lko & nmﬁp/ea/é_
D . A Swom ptt! be a sl Fiale a/é.
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PYCDL‘S Gj Ma%cmr‘#wlfmducl—rm

SOLUTTIONS
@ Ts e slodemed +re when n= 2 7
Ts 2< 241 7 Mes.
Assume Hrot 4he Slalement s frne ohem =k,
4ot s, ossume Fhat b ot l.
Ts +he sthlemert dre when neéet?
w PBuowethet L4 < il +1 w (#42)
Sumet b < &+ ((mj asrwhé«)
ok | = 1
Hun £+ 1 L £+l +1 (+n ot | -!‘D‘vo*&-—?ra’e:).
Lt £ iz . drece bt n= 1
NP Py v all nokem! osin bers:

@ IS-M\&W'&W— whmnzg?
s 22 2°7 s.
Qesume +hot e elafement is trwe Lo n=k.
& QsSwme “Hrat 2L 9_,&_

Now Prwr—-\-ha.-(—- e §fafement = frue for n=frl.
&+ /

& FPrve Hat 2L 2

o’ (as_‘fm/’*’”) e

2. P 3. ;’—é (m//. ﬁy?—)
o £
bt 2
2 2 2A+/

S Hhe 5%{#1’5% 7471?:191'1’-
e Lrra fovad nakerss Wéﬂ:‘.r
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Fooks 63 Ma#iermr’-r'cal Toduchon

< oL T/oNS

{l. T sHhe S-Iﬂw dne hen N=6 7
@ w 26> &7
&4 > 36 G“L‘_i‘/
D ssicore hat She Sted emens is Fote for 1z Ko
U pssume fbat 2*) ™
New  fprove fhat Fhe shatawient 5 Free sow 1= [
o prove S At 2‘7/ > /{é.ﬂ) @ prove 2z
Tr 28 >&" O (ass0mpion D
the ok ks 2%eer (addiheef 2% fo buth sider oAD)
" 2(2") > 2Feer
- Zt-i-\ > 2‘*_‘_&1. @
will be v fe T4 2l “ﬂ
The, < fri—r ‘4 /e = 2 Gl

So il Cx-f-}uw;hf lpe -!"YM..I.- -Q-r g valir S N>
Sinc Bl s 2B @ AN 2 Kr b » %P 2krL,
Hen 2.&'” >‘&L+2&+[ el s whaf e retol Ffoprne

(3. |
v Loy atl podera e titns .

By p 22+ (3D

N '2.‘E -tz
'2_& v Y 2+l

T 203 £ 2 7

LEF 4*455/
Assiwauct Hiat e sfée,éaceﬂ//’.‘;éza cudito N=Fe.
. y 3
L2 Qssaww Phat 2k = 27
/‘/WJ /brav-t 'MAJ"/'A‘ sk fopreerd i 74141 Cuhem P=doy /
Thatrs, /Drrw A Q(é-})) = ik-”_ @
Simee 28 £ 28 (o ssumptim)
Hew  af28) £ 2(2R) Cmatt by 2)
qé < 2‘4—’ @
Yow dmes 442 corymre Ao 20&vt)
o fe — -2('@'9 = 2L—/ tuhich is FO:/A'M
Since o2 2 1.

O u{ Ghe — 2(bst) is Foj)'xr'/f r"z{(’- 2(,64./) L &é @

Condining (D ame (B tre laze

&
2(&ct) £ 2 ”4.4,54 provver 3O

— 1‘}1\4_ 74)’&17 a,g,é»r&/ rr,aoné‘n'
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<oL UTioNS
3. Is +he 545'161.“:44'}' e ohenm n= 2 ?
Tsg x?'-—g“' cs crvisible fwj X~y ?
- S
Sinee (x_‘ﬂ)(‘("_‘j) = x -—‘j-"’""b‘-“‘ H o~y e diuisi ble
laj Y—:j .
/jr.SSume Mm‘ ke S/éaémr/r;f 74%:4 oy VEY 3
U AsSimee FHaf 2 B otiisible éy K=o
/VmJ Prpwe At %ksvé,éamw;/ r Aot tohee 1 =vs
7y prove fhat *_ yéﬁé o iviss ot A/ X_ﬂ‘
&+l k4
Now X —

& :
= ¥&+ _‘\{j 4+ ¥ A_jki-f

rca((:j o
= ¥ ( W, “) 1—3 (K :j>
drvisibie Adivesy ‘/c A
bﬂ ““j o - Simnce X‘-j
fOU a:n..m,ek-— 5o ;évc;‘-r
Since. ecck forp ir Qevesrble é’y X~y 5o 05 Mer'r srcam .
< fu L poconts /5 74‘4..4 sihen sehen/s. L Bwe Ay st roarm!  psew fir,

4. Do the sholewsnt drce hen n=37

Dhes g+ (atd) + (a+2d)= % [2a+ (B*l)ﬂ 7

Does 3a+3d = 2 [2a+?..{j ?
Za+ 3d = 3 (asd) g‘f.".
Aﬁw -,lAa_-;( +the SMMMJ /s 7;&‘4 WA-&H n=k£,
W assume +that A+ (atd) »(as2H)t o * (a+ (’.é..,)a{} [26.4—(5-;){?
Rrove Hhat Hhe slotumed is e chen neleat,
@ prove Hat @+ ta+d) + (@atzd) + - - + (@4 (k—n)a()—l— (cu-(&-n I)aL) _

-@:—_(_ [aa.-!—&@-n ﬂa(]
% 1:3“'(&")”(] + (CH“'“ -1) | ﬁ_e_..._l [20--!- ﬁ.og
-~ -é [za-}(& i)aﬂ + Q(o.i-ﬁd)
= R D(2a+Ad)
= 1 fPo+k-nNd ]+ Z(al-éd) g [een(2e .7
2 [265’452/1# 24+éa{j
i 1[24.4£d—a(_7"‘ 34*Zédj
oL
Y, 2fa st A kA 4 2a 'r‘?él 47 QC,'
:i [ 2ha £y 201 zi] wt v atd

715



3

A

PﬂJ‘O‘:S Bj HOL‘]'LCMQ‘{'\'CG-, Imciuc‘!fl&m

SoL U TioNS

Ts 4he <dmlouent +ree when = 27

& doesa A hawm inkrior L's Uhese sumis (3-2)150 o IS0 7 Yes.
Assume Hraal the stelemend o i when nejk.
& assuwncthal o convex Pol'jﬁm ot B siAes has zo indrioe aAng/e
2w of £-2)ig.
Is f'l' +ru-!. = &-Ff

Rw-c that -the inbkrior am.gfes of -0~ Comvex szjgm o-FGJé-!-!)MJ
hove & sun of (kr122) 185" (D

A Paljam o-F ‘fv’_ sides Permf-l's ome 4o c'mw é—j it rgior
c{;‘aﬁmafs Lan o Pﬂr!—:‘cu.lav verdex , sy A hecawon
Ca-ymealrmj A do itsel £ v do ks acfj‘afrn‘{' verfrces (omne pPer sz Y
dots not create inlecier Bj dm,wrn_g A-3 clraﬁa—na(:
e POIjﬁm i's C{’-“d’d it é—-Z A'S each of cvhose
Stums o 18° heace Glong Ha (b-2) (8° fht. Hhoo

-Huc. b+ | aF veckx o Creald -chw-t- +he E+lsd siole ~Fhem
A o oo Comnecied 4o e more verbex resuf‘{_,,,_"l e

+Hae cve atronn
S of (&0

avals.

a-‘: oL pvievE A whese infeerve L A‘vc a_

& foly gran of 4l sides twt) hove
ko Lsen of (£22)60" 4 152 < poli-ee )

L
e _s. & _a. S —
X Siotley

rRcreare

b e /eh 50l
Srorer @ =@ e s em? 15 7"{&: cohresr r1=r) . Free

4,4://17&4«7&/ Pt berr /ﬁ =),

Ts 4t shadearrens —Au-e Cudierm 1= 2. re ,/,, R/ a/ Y y
. . . » m?
a ?nma. /)om/ cfr‘w e FAe Pé‘nc ik b reqirns 7

IS s
R

Assrume +he s-l-a.lc,mmi (s Froue whea n=/. [#3 Odbtisnnt Hhot 7&

bines thadt {rass ‘-H\n‘vjt’\ Puoill divride e !o!fu-ne. indo 2/ regrons.
Rrve thod Hlu shdement is dnee wien nebil. @ proethat Ha

P[“M will be divided 1k 2(kert) regims L,j il hinis-
Sinee 2 lineg dl’wicje Hee

fame nb 2f regrons,  When |
more line is draewm ‘l"'r\rm.g,k P it will adt "H\.ra'nﬁh Frwe £
2 mrwe ¥ (o»ms Ze

feglons C reading (ecch of Fhese, regonrs
s et ink 2 rv\l-‘f*wf 4 roions where belore Hete woese 2). Jothareare

ex.f.r:"x'h-’
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SsoLUTioNS
how 2&+ 2 fegian s ow 2 (1) regiems Which 15 whaf e

had b shad S dle sfment s e wohewm nekst. & dds
‘{'n:_a L all nakarsl  numbers .

(7. I= +he shlemend e when n= & Can « poskge of ¢ be

ma..r}{ U‘P 'u..ﬁ'nj '4'009 'CM+ dirnch -'Hnrce Coo‘\‘l 'S-Lﬂ/vvf:? y" Sd = /(2¢)7‘ /./34

Ascwone Shat fhe 5,&%!1:‘5% whenr =& . e 2 g lesme A
’po!/nﬂc of £ d can A.')Wegyy sty St ek dw A Ahree cemdt

5 -
Shins it Hhe shdosmmd (s Hun shon pp= o] . i show Hat |
ol /‘,‘bséfc a;f i/ Cents Chs be e copy of Huo aard Hrec

Cend -s,émy,-:.

It é’ 15 oded Ao Bpl il be ewer. . Brl € can
be made (srrg j’(éﬂ‘/> feo Cend 5;4-(/:. Tf & rs evert Lhow
il will he odd awd -2 wuill be cvem. Tht £-2 & chans
be rracle wp of é/é-2-> tewo cent Shaoy éy useng [ Shree cont
Stprgs R AAA Him fo Fhe 4 (b-2) fowo Couet 5',447¢_;- |
male sop geur frskge of £t [ comk - Tt Shefowens /s froc
tihen nckis. oo 1700 bew f Glf makena) Atomifiors.
/8. Is Hhe 5&%#«1 tohen v2e 3E Doy 0”377:_(_,)3 7 VEJ‘
cnzm= =1 = )%, A /D
T HE
Assuune that The s fatoinent (s Frice tohen Nk, & Qciume fhaf
coator = (= P that Hheslukemert is Frun cohin nekesl.
2 prove coo (B0 = (-1)"@'”

Now co (ke = Coo (Bn+n) = Cokm CnT - S foTi AT
= )R - emtn)(e)
- @ —o

o stulemend is e Lohea n=les 1. . 4 —;—ru._:.-f,,_,,

el madural numbers -
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